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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax* + bx + ¢ = 0,

.= -5 % -,/b2~ 4ac

2a

Binomial Theorem

(@a+b) =a+ (’;)d"‘b + (;} a7 4.+ [n]a”b' o+ B7,
r

where # is a positive integer and e i = a(n—1)...(n-r+1) .
ri{n - r)! ro- -

2. TRIGONOMETRY
Identitles

sin?d4 + cos? A =1
Tsec? 4 =14 tan’ 4
cosec’d = 1 + cot? A
sin(A=x B) =sin Acos B+ cos 4sin B
cos(Ax B)=cos Acos BFsin Asin B
tan(A B) = tanAdxttan B

I¥tan Atan B
sin2A4 =2sin Acos 4

c0s24 =cos® A-sin? A=2cos® 4—-1=1-2sin’ 4
13“2‘4:%
< I-tan” A4
Formulaefor 4A4BC

a b c

sind sinB

sinC
a =B + P - 2bceosA

1 -
A = ~absinC
2azrsm
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1 () Simplify 21-144- zx—i. 2
(i) Hence, solve [21-14a]= Ex—l +40-15x. B 3 |
2 Therange of solutions for x such that a4 fx—4x? >0 is —%<x<3. Find the value
of a and of b, where & and b are real numbers. 141
3 @ Solve 4 -20{47)=1. 31
545 25 x
(b) QGiven that = , find the value of = . I ¢}
625(5) iz y Bl
4 Inthe expansion of (ax+l) in descending powers of x, where a and » are positive -
x
integers, the fourth term of the expansion is the constant term.
(1)  Find the value of » and hence, express the constant term in terms of a. . 4]
(ii) Using your value of 1 in (i), determine if a term in -13— in the expansion
* Ry
(l—-x)(ax+%) exists. @

16/S4PR2/AM/1



{8  Solve JI-2x—3x=1. 3

®) y
5—iz
B
30°
cl D
3+

In the diagram above, 4CD is a triangle such that B lies on 4C,
AB= (s— 12Yem, CD =(3+J5)cm , ZBDC =30°and £BCDis aright

angle. Find 4D? in the form p+g~/3, where p and ¢ are constants. 4]
(a) Differentiate In l;—jx . ; i3}

® Giventhat ['f(x)dx=6, [ F(x)dr=2 and [ f(x)dx=-3, ind

® [f)ar, m
@ [ r(x)des | £(x)dx, m
(i) the value of b, where I:hr‘ +2f(x)dx=180. 2

5
3
The equation of a curve is y= 3(§+a) . The normal to the curve at x =% is

parallel to the line Sy+4x=2.

7
Show that a=~—._ 4
i) ow that a =~ “
@ii) Find the equation of the tangent to the curve at x= —;- 2]
@iii) Show that the curve is an increasing function for x> {% 2

16/84PRU AM/L



10

It is given that cos140°=—k and tanA:—-i—,whcmkisaposiﬁvc number and A4 is 2
reflex angle. Without finding the value of 4 or of &, )

(i) find the exact value of cos24,
(i) express tan50°in terms of &,

(i) express sin(40°+ A) interms of k.

The points P({1, —2)and Qf1, 4) lic on the circumfercace of a circle with centre C.
if the circle is reflected in a vértical line, P and O remain unchanged in the reflection
and the x-coordinate of the centre of the reflected circle is 5.

() State the equation of the vertical line of reflection.

(ii) Show that the equation of the circle with ceatre C is x* +)* +6x-2y-15=0.

(iii) Theline 3y+4x=-9 intersects the circle with centre C at two points, 4 and B.
Find the coordinates of A and of B.

(v) Determine if AB is a diameter of the circle with centre C,

A particle moves in a straight line such that at £ seconds after passing point O, its
velocity v m/s is givenbyv= t«7+%, where > 0.

Find

(i) the acceleration of the particle when it 1s first instantancousty at rest.

(i) an expression for the displacement of the particle from O.

(i) the total distance travelied by the particle from ¢=( fo £ = 5.

16/S4PR2/AMA
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6

11 Solutions to this question by accrrate drawing will not be accepied.
The diagram shows the quadrilateral 4BCD in which point A is (-2, 1} and point C is
(25, 7). The point P(7—2—, 7) lies on AD such that AP : PD= 3 : 2. The midpoint of
BC, point M, lies on the x-ais and direcily below point D.

B
() Fiud the coordinates of points D, M and B. [61
(ii) Determine if ZDAB is aright angle. 13}
(i) Caloulate the area of the quadrilateral ABCD. 21

End of Paper

This document it intended for tnternol circulaion i Victoria School Mb! No pan af ms document may be reproduced, stored in a retrieval

sysien or transmitied tn any form or by any means, ek P Png or olh withomt the the
s e or By < r oltherwise, withon prior permission of |
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Answer key
W 20 20 7() Y

—:-;—f_’.-?.xi OIT —3' y—4x 32
1(i) 02 (D) (4 7

x—217 or 12 (NA) Show dx>() for x>16.
2 a=6, b=10 8m 7

25
¥Ha) x=L16 8(i) k
1-1*

) x_, 3Gy 4 g 3,

>
4@ Constant term = 20a* 19 x=1
46i) A term exists in ;,l— 9 (0’—35 and (-6, 5)
5(=) x=0or — _g_ NA) 9(iv) 4B isa diamcier of the circle.
5() AD*=51-63 100 2w
6y 1 3 2+3x 10G) 2

5(1 1_3x) OR 2G-1) s_3-—7t+12lnk+1}
6} 9 10Gii) 4.63m
6(il) 7 1O  p(14, 1), M(14,0), B3, —7)
6(bii}) ~=8 11(ii) 4£DAB isaright angle

113H) 210 units®

16/84PR2/AM/



§4 Prelim 2 AM Paper 1 Answers

1 () Simplify lll-MxI—l%x-—l‘. R4k
(i) Hence, solve 121~—14x[=‘~§—x—l|+40—15x_ 31
" 2 1
® p1-14x- a—x—l=7l3—?.x[—5l2x—3i Mi
=D o or Lpox-g A
3 3
" . 2
(@ p1—14x]~§x—1l=40—15x
2
;21—14.‘{—[3;:—1 =40-15x
20
—3~!3-—2.r|=40—15x Mi
3 .
- —2x}=—-(40-15
p-24=>(40-157)
=6——9—x
4
3—2x=6—2x or 3—2::2::—6 M1
4 4
2 Al
x=12 (NA) or x=2—
17
2 Therange of solutions for x such that a+bx—4x*>0 is —%<x<3.Find the value
of g and of b, where a and b are real numbers. 4]
B1 for correctly identifying factors

Given that —%<x<3, (x+%-)(x—3)<0

(x+-;—)(x—3)

[ TRLIVS W P
2 2

B1 for comrect corresponding
P2-Sx-=<0 1
2 2 -(x-l-a-)(x—ii) >0
—4x* +10x+6>0 e
M1 for muitiplication
sa=6 5=10
Al

This paper consists of 6 printed pages, including the cover page.
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3 (a) Soive 4*—20(4-* =1. _ 3]
4..{
. 52 25 x
Given that ————= , find the value of —.
@) Ot s Tz ¥ B3]

@) 4°-20(¢4~)=1

4 —(47)-20=0 M1
(4= +4){4—5)=0 , M1
4 =—4 (NA) or4*=5
Igs .
.'.x=-l——z»s}.16 Al, with 4° =—4 (NA)
e .
R I
625‘5’) 125
5‘-; 5%
=TT M1, changing all to base 5
54 (57) ,sax
5" 5T = 5P x5t
Sltx 53 M1, for simplifying indices, OR
x=3y below.
X
y Al
OR
52 5%
54(s*) T M1, changing afl to base 5
x 3x ’
4-—f—ypy=2y-—— M1
2 YT
x=3y
X
;:‘ Al

16/54PR2/AM/ 1



N
4 Inthe expansion of (ax+-l) in descending powers of x, where @ and » are positive
x .

integers, the fourth term of the expansion is the constant term.

(i) Find the value of n and heace, express the constant tcrm in terms of a. {43
(i) Using the value of  in (), determine if a term in % in the expansion 21
(l—x)(ax+—l;). exists.
.

(ii)

When n-6=0,

n=6

[
Constant term = (3}:""

'=20a°

(l—x)(m&i-).

For aterm in -l-—,theremustbeatennin —!3-
x

*

"
or —1‘— in the expansion of (ax+1] .
x x

General term = (6] a*rxs
r
When 6-2r=—4,r=5

N |
Hence, a term exists in —.

2

16/54PR2/ AM/ T

M1 for general temm

M1 for equating power of x=0
Al

Al

Alternative method: Full or partial
6
expansion of (l—x)(ax +l}
x

Mt, for considering — term
X

Al



5 @& Solve J1-2x—3x=1. . )]

®) 4
512
B
ct 307 D
3+3

In the diagram above, ACD is a triangle such that B lies on AC,
4B=(5-+12)cm, CD= (3+B3)em, £BDC =30° a0d £BCDis avight
angle. Find the exact length of AD? in the form p+g+/3 . M

@ izx3x=1
—2x=143x .
1-2x= (14-3:17)z M1, for squaring both sides
=1+6x+9x
9x* +8x=0
x(9x+8)=0
=0 orx=— % (NA) A1, must reject negative value

M1, for factorising

(b) o BC
tan30 _3+ ]3 M1, to see

i _ BC tm30°=L and correct ratio

3 3+43 V3

AC=5-N12+B+1
m5_ 2B+ 41 M1, 10 see addition and V12 =23

=63

2 _ 2 2

AD _(3+ 3 +(6"‘/§) M1, for Pythagoras’ Theorem
29463 434+36-1243+3
=51-643

Al

16/S4PR2/AM/1



6 (a) Differentiatc In !;'—35 ) . . {3

®)  Giventhat [ f(x)dx=6, [ f(x)dr=2 and | f(x)dr=-3, find

® [[f(z)ax, _ n
i) [ e(x)an+ [ £(x)x, i
Gii) .  the value of k, where L‘hx2+2f(x)dx=180. 21
@ g4 -,1—3;: id . M1 for spplying
‘Z(ln e =—2-E;[ln(l-—3x)—lne ] quoticat law
1d M1 for applying power
= 'i'ax—[]ﬂ (] —3I)+ I] law
1 3 24-3x
=—1
2( I—Sx) Or 2(3x-1) Al
OR
1o, x
1 (1-—31:)7 e~ (3)-(1-3x){(-=7)
d 1-3x) 2\ €*° e B1 for comrect
= lnv = IF T numerator
— 2
(l _Zix) B1 for comrect
€ denominator
—3+1-3x
=—e~’
e
€
__2-3x
2(1-3x)
_ 2+3x
2(3x-1) Al

O (e ['e(ar+ [ e(x)ar

=6—-(-3)
=9 Al, mustsee 6+3

16/84PR2/AM/}



6
(bi)) J:f(x)dx+£ f(x)dx =ff(")d"".[:f(x)dx

=9-2
e Al, must see 92
(biii) f:’“z +2f(x)dx=180
x‘s
h[? +2(6)=180 Ml
]
21h=168
- Al

16/S4PR2/AM/1
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g 1.
The equation of a carve is y= 3(—’2+a)6‘. The normal to the curve at x =5 is

paraliel to the line 5y+4x=2.

0]

7
Showthat g=——.
A"

(if) Find the equation of the tangent 1o the curve at x =?12» .

(ili) Show that the curve is an increasing function for x> —’%

1]

2]

5]

0]

(i)

3
y=3(§—+a)6
dy S5Y x
b s e |
a (6)(4+

QGragdient of normsal = —%

Gradient of tangent = %

s
‘When x=l, y=3(—l-——7—)6 =3

T

i
When x:}—.’ Ey_=_5_(l+a) ®

J°

2 8 64) 32
Equation of tangent is
(35,1
Y \3z) "2
5 1
=2x—-" OR 32y=40x-17
ST y =

16/S4PR2/AM/1

M1 for differentiation

Mt for Grad 1

g~ Grad__,

dy
Ml for 2|, =Grad,,,

2

Al

M1 for finding y-coordinate

Al



8

@ .‘11:2[5_1)_;

N
M1, for showing ———>0
x 7 T SNOWHIE 3 64

dy

~. the curve is an increasing function for 3 3
. Al, with conclusion _é; >0

7
x>—.

16
it is given that cos140° =—k and tan A =—% , where k is a positive number and 4 is a

reflex angle. Without finding the value of 4 or of &,

(@ find the exact value of cos 24, : 2}
(i) express tan50°in terms of &, ' 3]
@i express sin{(40°+ A4) in terms of k. 3
@ 3
1
-k
140° ,e A a
— y
* 3
5
@  cos24=2cos* 4-1 cos24=1-2sm* 4
2 2
=2(i] -1 OR - 1_2(_2] M, for cos A =4/5 OR
5 5 sin A=-3/5
. =T
T2 "2 Al

16/S4PR2/AM/1



(i)

(i)

tan 50° = tan(90° — 40°)
_ 1
tan 40°
k
1-&*

tan 50° = tan (90° - 40°)

sin (40°+ 4)
=5in40°c0s A —c0s40°sin 4
=i«11—k’ 3

5 5
OR
sin(40° + A) = sin{180° - (140°- 4) ]

=sin(140°- 4) :
=5in140°cos 4 - cos140°sin 4

= %\h—k’ %k'

16/S4PRUYAM/E

M1, for tan(90°—40°)

M1, for tan(90°~8) =1§11'5

Al

M1, for tan(90°-40°)
M, for t:m(90°;0)=L
tan &

Al

M1, for identity
Alfor } ana -3
5 5

Al for V1-#2 and k

M1, for.identity

Alfor 3 ana -3
5 5

Al for I~&* and &
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The points P(1, -2)and (L, 4) lie on the circumference of a circle with centre C.
If the circle is reflected in a verticat line, P and Q remain nnchanged in the reflection
and the x-coordinate of the centre of the reflected circle is 5.

{i) State the equation of the vertical line of reflection. 1

(i) Show that the equation of the circle with centre C is x* + y* + 6x—2y-15=0. [3]

(iii) Theline 3y+4x=—9 intersects the circle with centre C at twe points, 4 and B.

Find the coordinates of 4 and of B. 4
(iv) Determine if 4B is a diameter of the circle with centre C. {1]
O =x=1 . Bl
(i) 4-2_

y-coordinste of centre = — i

x-coordinate of centre = 1 —(5-1)= -3

Coordinate of centre = (-3,1)

Radius of circle = ,f(~3-1)" +(1-4)
=5 umits

Equation of circle is

(x+3) +(y-1)" =5

X +6x+9+y' —2y+1=25

4y 4+6x-2y—-15=0

16/S4PR2/AM/1

B1, either x or y ooordinate of centre
correct with working

M1, for finding radius .

Al, with method



11

@iy 3y+dx=-9
y=-—-§-x—3

X+ 3y +6x-2y—15=0

2 2ao3) rer-af-Lx-3)-15=0

+H =373 +6x-2 -3 1-15=0 My gor substitution
x’+%xz+8x+9+6x+-§x+6—15=0

22x’+5—01=0
9 3

X +6x=0
(x+6)=0 M. for method of solving quadratic
x=0 orx=-6 o * equation

Whenx=0,y=-3
Whenx=-6,y=5

+(0,-3) and (~6,5) A2

(i) Substitute (—3,1} in 3y +4x=-9
3+ 4(-3)=-9
Since the centre of the circle lies on the line,

AB is a diameter of the circle. AL with method

OR

Length of 4B = \J{~6-0)" +(5+3)’

= 10 units
Since radius = § units, AB = twice the length
of the radius. 4B is a diameter of the circle.

Al with method.

16/S4PR2/AM/1
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10 A particle moves in a straight line such that at 7 seconds after passing point 0, its

velocity v m/s is givenbyv:-—t—'f-l—-t-l%—]-, here £ 0.
(i) Find the acceleration of the particle when it js first instantaneously at rest. 31
(i) Find an expression for the displacement of the particle from O. {31
{iii) Find the total distance travelled by the partjcle from t=0tos=5. 3}
@) Wheav=0,
g 12
"’7+m"0 M1, for solving v=0
(e-7)r+1)+312=0
1 —6t+5=0
(e-5)(t-)=0
t=lor5
v=i-7+—12—
t+1
_ M1, for differentiating v wrt 7
i‘1=1—12(z+1)‘ > &
&
“whent=1, 2=1- 222 g pys? Al
dr 2
@) v=t-7+—]}—
41
2
s=%—7l+121nll+ll+c ML, for integrating v wrt ¢
. ) M1, for findk
When 1=0,5=0, c=0 L. for finding ¢
Z
s=%—7t+121nlr+ll Al
(i) When? =1,
1? M1
s===7()+12In2
=1.8178 m
Whesx;t =35, . M1
S=7'—7(5)+l2hl6
=-0.99889m

16/S4PR2/AM/ T
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Total distumce travelled =2(1:8178)+0.99889 n

=4.63m

16/S4PR2/AM/1
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1} Solutians tp this question by accurate drawing will not be accepted.

The diagram shows the quadrilateral ABCD in which point 4 is (-2, 1) and point C'is

(25, 7} . The point P(7%, 7) lies on AD such that AP : PD =3 : 2, The midpoint of

BC, point M, lies on the x-axis and directly below point D.

¥y

A

)

20

Cc(25, 7y

o M

() Find the coordinates of points D, M and B.
Gi) Determine if £ZDAB is a right angle.
i) Calculate the area of the quadrilateral ABCD.
@) letDbe(x,y)

=2 5 _1_5

7%—&4) 3 mda 7.1 3

x=14
=~ D(14,11)
OR

AP=0P-04

7§+2
5

7-1

93
5

6

16/S4PR2/AM/1

{e]
31
{2

M1 for x-coordinate
M1 for y-coordinste

Al

M1 for AP



(i)

15
AD=24F M1 for E:%Xﬁ

)

> D(14, 11) Al
M(14,0) Bt
Let Bbe (p, q)
p+25 q+7 =

7 =% ma Tz 70 M1
x=3 g=-7
B3, -7) Al
Gradient of AP = — 1}

ento N 3 2) M1 for finding both gradients
3 (
=3
3
Gradient of AB = — -
3-(-2)
=8
S

Since Gradient of AP x Gradient of AB =
5 (8)_
relyh -1 M1 for showing 1, xm,, or
AP is perpendicular to 4B and equivalent
£DAB is aright angle. Al

16/S4PR2/AM/



(i)

16
Area of ABCD

12 3 25 14 =
“2lr 7 7 1o
=14+ 214275+14)-(3-175498-22)] M!
=210 units* Al

16/S4PR2Y/AMN
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2

Mathematical Farauiloe
1. ALGEBRA
Quadratic Equation
For the equation ax’ + &x + ¢ = 0,
- JB = dac

2a
Binomial Theorem

(@a+ by =a+ (';)a"'"b + (;)d‘“’b’ PR [n}z”b' b,
r

1 —..{n—r+1
where nis a positive integer and e d = "(" ) (n=r+1)
: r ri(n — ) rl

2. TRIGONOMETRY
Identities

sin?d + cos?d =1
sec?Ad =1+ tan> 4
cosec’d =1 + cot® 4
sin( A+ B} =sin Acos B+ cos Asin B
cos(Ax B)=cosAcos Bxsin 4sin B
tan( A By = S ALan 5
15tan Atan B
sin24d=2sin Acos A
c0s24 =cos? A-sin® A=2cos? A-I1=1-2sin’ 4

. thA:iEn._?_
1-tan“ 4

Formulae for AABC

16/54PR2A AMZ2



°3
The variables x.and y are connected by the equation y-+a:= ~x(x+1), wheré gisa
constant. Using experimental values of x und y, u graph was drawn ia which y+x was
plotted on the vertical axis agninst x on the horizontal axis. The straight line obtained
passes through the point (-3, 1}. . :

Calculate the
@) valueofa, : 3]
(i)} coordinates of the point on the line at which y=x(3—x). 23

(a) Find the range of values of k such that the line y = kx—4meets the carve
45 ~(k—-x)=2y+3x. - 31

(b) The equation 2x*—7x+6=0has roots 2a—1and 25—1where &> 8.

(}) Without solving for @ and B, find the value of - 8. {41
Hence,

(i) find the value of &~ £°, 21
(iii) state the quadratic equation whose roots are ¢'and —f°. ny

“— 20cm —»

The diagram shows an inverted square-base pyramidal tank of height 30 cm and base
length 20 cm. The tank is filled with water and is held fixed with its square rim horizontal.
Water leaks out of the tank at a constaot rate of 15 cm” s™. After ¢ scconds, the depth of

wafer is A cm.
(i) Show that the volume of water in the tank, ¥ cm?, af time ¢tis given by ¥ =%h’. :

2]
(i_i) Find the rate of change of depth when k=5, - 31 -

16/S4PR2/AM/2
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@5

@

®)

(i)

G

4

Given that f(x)=a(3* +1)+ 72" ~105” +bx and that 4x*+7x—2 is a factor of f{x).

Show that a=4 and b=~14. {51

Find the remainder when f{x) is divided by x+1. i 23

The Popelation White Paper released by the Government of Singapore in 2013,
prajected that Singapore’s population will hit 6.9 million by year 2030. The
population of Singapore, P, increased from 5.399 million t6 5.535 million from 2013
10 2015. Given that P = A¢", where A and k are constants and ¢ is the time in years
from 2013.

(}) Find the value of 4 and of &. {31
If the population continues to increase at the same rate,

(i)} ~determine if the population trajectory for year 2030 in the Population White
Paper is accurate. . 2]

The diagram shows the line x=In4 and part of the curve y=e + —e. The curve
intersects the x-axis at the point 4. Determine the area of the shaded region bounded

by the curve, the line x=In4 and the x-axis. 4]
Factorise completely the cubic polynomial x* —x* +3x-3. 2]
2° =5x* +10x—3 ,

Exj “~5——————— in partial fractio 5

P S  +3z3 P o ™
Differentiate ln(x +3) with respect to x. Hence express I de

> —x? 4+3x-3

the form a+ b2, where g and b are integers. {51
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(=)

)

0]

@)

@ii)

5
i _l—cosé

Prove the identi = 3
Ve e e eeBtcoth  sind

[3]

c E
\
X Y
A
The diagram above shows a triangle ABC whose vertices lie on the circimmference of

a circle. D and E are the mid-points of 4C and 4B respectively. XY is a tangent to the
circle at 4. Given that CFB is a straight line and angle FDE = angle DAX.

Prove that

(i) DEisparallel to BC, : [i]
(i) AFDE iscongruent to AEBF, . - - B
(i) DEBFisa parallclogram. ‘ ' 21

On the same axes sketch, for 0 < x <2, the graphs of -
y=2sinx+1 and y,=—cosx 4]

Given that fx)= y, +y,, express flx) in the form psin{x—g)+r, wherep,gandr
are constants to be found. T . 4]

State, in exact form, the
(a) pgreatest and least values of f(x), . . 2]

(b) amplitude of f{x). m

16/84PR2/AMP2



18

W
[=]

Y

= IO

The diagram shows the vertical cross-section PQRST of a structure, consisting of a
triangle ORS of height 30 m and a rectangle POST. The structure rests with PT on
horizontal gronnd. To hold the structure up, a 15 m rope is secured at O to a point, 4, on

60siné

T

the ground. It is given that 04 is inclined at an angle, & radians, to QF and

PT'=60sin&m.

() Show that the area, 4 m?, of the cross-section PORST is given by
. . A=900sin8+45051n286.

(i) Given that 8 can vary, find the value of & for which the maximum amount of paint is

required to colour this cross-section.

{lit) Hence, find the maximum value of 4.

A trapezium of area, 4 cm?, has paralle] sides.of length px* cm and g em and its
perpendicular height is x cm. Corresponding values of x and 4 are shown in the table

below.

X

1

3

4

A

1.75

5

1125

22

(i)  Using suitable variables, draw, on a graph paper, a straight ;Ix'ne graph and hence

estimate the value of each of the constants p and g.

(ii) Using your values of p and g, calculate the value of x for which the frapezium is a

rectangle.

(ii)) Bxplain how another straight line drawn on your diagram can Icad to an estimate of
the value of x for which the trapezium is a rectangle. Draw this line and hence verify

your value of x found in part (ii).

16/84PR2/AMI2
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11 Gravitational potential energy, measnred in kilojoules {kJ), is the energy a body has due to
its position. It can be calculated by the following equation:

mgh
Gravitati tential =—2
ravitational po energy = 1o

where m is the mass of the body in kg, g is the gravitational ﬁeldstrengtthlkgandk is
the height of the object in m._ The gravitational field strength, g, on Earth is approx:mate!y
10 N/kg.

The gravitational potential energy, E, in ki, of a pirate ship ride can be modelled by the
equation, £ =100(1-cos kt)+a, where k and @ are constants and 1 i3 the time in seconds
after starting the ride at loading level

(i)  Given that the mass of the ride is 1000 kg and at an initial loading level of 3 m, show
that @ =30. _ [i1

(i) Explain why this model suggests that the maximum gravitation potential energy
possessed by the ride is 230 kJ. m

The ride takes 6 seconds to travel from one peak to another,

(lif) Show that the value of kis % radians per second. 2]
(iv) Calculate the gravitation potential energy of the ridc at 1=8 5. VA]
(v) Iiftheride continues for 60 seconds, find the exact duration for which the ride
possesses more than 80 kJ of gravitational potential energy. 51
End of Paper

This docussent ts intended for internal eircalotion tn WWW} Napnnofthtsdowmmybenymwgvismmibzanafm

system or transmitied ia any form or by any means, el P pying or athervise, nlrhwdllmprlorpcrm{sdmofﬂle
Victorta School Interno! Exams Commisze.
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i |a=2 8 {ii | 2.24sin(x—0464)+1
o 1 Il) 11 | a) Greatest value of f(x)=1++/5
27 2 Least value of f{x)=1—+/5
a | k<932 or k2332 b) Amplitude of f(x)=+/5
bi i 9|1 | ShowQP=15cos0
5 {120 il X
64 3
i xz—-—?‘—‘}x—G%‘l}%“—“O i | 1170 m?
i Showbaseofsimﬂarpyramid=%h 10)1 Fot S —
= plt == o
i | 135cms" plag | T=gpR e
. 1 p=0.500
; Letf(z)—()andf(—z)—o ’
1§75 i | x=245-
ai | 4=5399x10° k=0.0124 iii { Draw or
i | Showr=17, P=667x10° or 24_ A A_ o5
_P=69x10°, £=19.72, Year=2032 x *
24 A
Not accurate or —x‘=6 or ;—"—3
b | 477 units? x=2.45
i | (x-){="+3) 11{i | Sub.m=1000, g=10, #=3
1 4x
i | 24— i b, =—
i PR ii { Sub, cosit=-1
el 2 . 27
iii -;—2—;_—5, 6—2In2 il Penod=—-k—=6
bi | Mid-Pomt Theorem iv | 180k
ii | AFDE=AEBF (AAS) v | 40s
i ¥
4
3 —t
¥ =2sx+1
] -
! ’ ;/' >z
7

16/SAPRZ/AM/2




Class_ Register Number

Name SOLUTION

4047/02 18/S4PR2/ANI2
ADDITIONAL MATHEMATICS PAPER 2
Thursday 4 August 2016 2 hours 30 minutes

PRELIMINARY EXAMINATION TWO
SECONDARY FOUR

Additional Materials: Answer Paper
Graph paper

READ THESE INSTRUCTIONS FIRST

. Write your name, class and register number on all the work you hand in.
Write in dark biue or black pen.

You may use a pencil for any diagrams or graphs.

Do not use paper clips, highlighters, glue or correction-fluid.

Answer all questions.

if working is needed for any question it must be shown with the answer.

Omisslon of essential working will result In loss of marks.

You are expected to use a scientific calculator to evaluate explicit numerical
expressions.

If the degrea of accuracy is not specified in the question, and if the answer is not exact,
give the answer to three significant figures. Give answers in degrees to one decimal
place.

For #, use either your calculator value or 3.142, unless the question requires the
answer in terms of .

At the end of the examination, fasten all your work securely together.

The numbes of marks is given in brackets [ ] at the end of each question or part
question.

The fotal nurnber of marks for this paper is 100.

-

This paper consists of 7 printed pages, Including the cover page.
) [Turn over-




2

Muathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” + bx + ¢ = 0,

~b + -Jbz— 4ac

2a

Binomial Theorem

(@a+8) =a"+ [;’) b & [Z)a"‘zbz P (n]a""b' b,
r

n) w_ a(n=l)e(n-r+1)

r rt(n — rt

]

where 7 is a positive integer and

" 2. TRIGONOMETRY
Identities )
sin? 4 + cos’ A4 = 1
sec?d =1+ tan’ 4
cosec’d =1 + cot’ 4
sin(A+B)=sin Acos B cos Asin B
c05(A4 + B) = cos A cos B Fsin Asin B
tan(A+ B) = tan 4t tan B
1¥tan Atan B
sin2A4=2sindcos 4
0524 =cos? A~sin? A=2cos? A-1=1-2sin* 4
2tan 4

tan 24 =
1-tan® 4

Formulae for AABC

sinA  snB  sinC
a = b + o — 2becosd

- A = LapsinC
2
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‘The varisbles x and y are connected by the eqnation y+a =—x{x+1), whereaisa

constant. Using expenmental values of x and y, a graph was drawn in which y+3? was
plotted on the vertical axis against x on the horizontal axis. The straight line obtainéd
passes through the point (-3, 1).

Calculate the
® vaueofa, 31
(i) coordinates of the point on the line at which y=x(3-x). 21

[0)) y+a=—x(x+l)
’ yta=—x'—x

‘(y+x’)=—(x)—a Y=mX+¢c —— Ml

Sub (-3,1), 1=—(-3)-a ~<+— Ml

a=2 <+———— Al
Note: Y=-X-2
Gi) y=x(3-x)
y=3x-x

y+x*=3x =Y=3X

s 3X=-X-2 <«+——— Ml orfinding x=—}2— ory=-—1-i—

coordinates of the point (—%—, —]%) —— Al

16/S4PR2/AMI2
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2 (a) ~Findtherange of values of & such that the line y = x—4 meets the curve -
A -(k-7)=2y+3c. . B33

@) 4" —(k-x)=2(kx—4}+3x  <——— Ml for substitution
4 —k+x-2kx+8—3x=10
4x* +(-2~2k)x+{8-k)="0

B*—4ac>0

(~2-2k) —4(4)(8- k)20 ~——— M1 for substituting 5* —4ac
4(1+&) —4(4)(8-%)=0

142k +k* =3244k 20

K +6E-3120

Let K +6£-31=0

k= -6 :t\f6z —4{(-31)

2
_ 62160

2
=3.32 or —932 (3sf)

Sk +6k-3120
k<-932 or k2332 <+—— Al

16/S4PR27AMY2
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2 (b) Theequation 2x* — 7x+6=0hasroots 2a—~land 28— where a > f.
{fy Without solving for & and g, find the value of a— 4. [43
Heace,
(i) find the value of o — 2, 21
(ii) state the quadratic equation whose roots are &’ and —8°, I
(i) Sum ofroots: Product of roots:
Qa-1)+(2p~1)=L +——B1 {(20-1)(2f-1)=3 +— Bl
; 2 3=daf~2(a+f)+1
Aa+p)-2= '3=4aﬂ—2(%)+1
=1
ath=3 af =1?5
(a=p) =a*~2a8+p*
=(a+p) -208-2ap
=(a:+ﬁ)z—4aﬂ
Y _ 1)
'(4) 4(8) M
=L
"16
since a > B, (a—-ﬂ)::ll- <+« Al
(i) o —ﬂ’:(a-:-ﬂ)(az +aﬁ+ﬁz) o (a —,B)’:a’ ~3a’f+3af -
=(¢z—ﬂ)[(a+ﬂ)z-—aﬂ] Bl - g =(a-p) +3a'f~3ap’
=(1)Hu)’ _E] =(@-p) +3ap(a-p) +~— BI
o (-
9 a) B e
== a1
=127 64
B 12
64
" (iii) The equation is x’—%l—x—(—]g—) =0

x’—-zl—x—623—=0 or  512x*~728Bx-3375=0 <«—— Al
64" 512

16/S4PRY/AMA2



A

The diagram shows an inverted square-base pyramidal tank of height 30 cm and base

length 20 cm. The tank is filled with water and is held fixed with its

square rim horizontal.

Water leaks out of the tank at a constant rate of 15 cm® s™. After ¢ seconds, the depth of

water is frcm.

()  Show that the volume of water in the tank, ¥ cm’, at time ¢ is

(if) Find the rate of change of depth when A=35.

4
ivenby ¥V =—H.
given by o

2]
131

{0} Using similar triangles, 319::% “+—— B1
1=2
3
2
V=ln(3k) 2
3 43 Al
Ly
27
iy Ay aw__
B =z") aw- B
=g—h’ <«——— Bl
g av _dv
dt dr de
da 9
—=—15+ -—
dr 44 Mi
=135
4%
when /2= 5, rate of change = ——1—3§7
4(s)
=—1—7- cms”? or —135cms”
20

16/S4PR2/AM/2
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4 Given that ftx) = a(x* +1)+ 7’ ~10<* +5x and that 4x* +7x—~2 is a factor of £{x).
(i) . Showthat a=4 and b=-14. 53
(if) Find the remainder when f{x) is divided by x+1. 23
® A +7x-2={4x-1){x+2) <«—— BI

(i)

4 3 2
f(1)=a[(1] H]”(l) —10(-1-) +b[1)
4 4 4 4 4
257 7 5 1 :
0=356" e 5 2°

0=257a—-132+645 ---(1)

4

Ml

£(-2)=a[(-2)" +1]+7(-2) ~10(-2) +5(=2)
0=17a-96-26 <+——= Ml
0="544a-3072-645 ---(2)

. ()+(2): 0=801a-3204 <+—— Ml

a=4 (shown)

(1): 0=257{4)~-132+64b Al
b=~14 (shown)

100) = 4{x* 1)+ 75 105 - 14x
Remainder = £{~1)

= 4[(-1)‘ +1]+7(—1)’ —10(-1)*-14{-1)

=5 < Al

16/34PRY/AMR

} El either line



8
5 (a) “ThePopulation White Paper released by the Govenment of Singapore in 2013,
projected that Singapore’s population will hit 6.9 million by year 2030. The
population of Singapors, P, increased from 5.299 million to 5.535 million from 2013
t02015. Given that P = Ae”, where 4 and k are constants and ? is the time in years
from 2013.

(i) Find the value of 4 and of k. {31
If the population continues to increase at the same rate,

‘(if) determine if the population trajectory for year 2030 in the Population White
Paper is accurafe. . 2]

(@ @) 5.399x10°= 42"
A=5399x10° or 5399 million «———— Bl

5.535x10° = 5.399x10%*® <+—— MI
ot =333
5399
k= —I—In (25—32)
2 (5399
=0.0124389
=0.0124 (3sf) «— Al

(i) P=5309x10%001™* . OR:
6 S _0.0124389;
6.9x10° =5399x10%e"**™ [M1] | _ o000 oniaoy7

0.01243867 __ 6.9x% 106 P= 5‘399)(10560.0114:5907) M1

~5399x10°
3.399x1 = 6.67 million (3sf)
= __.._!—__ (_6_'9_)
0.0124389 5.399 .
1972 6.67 willion < 6.9 million
Population did not hit 6.9 million. Al

Year to reach population of 6.9 million - sot accurate
1AL} =2013+l9.72

= 2032 (nearest year)

.. not accurate

16/S4PR2/AM2
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—’-:
The diagram shows the line x=1In4 and part of the curve y=¢ 2 —¢. The curve
intersects the x-axis at the point 4. Determine the area of the shaded region bounded
by the curve, the line x=In4 aad the x-axis. 41

1
() At4, y=0, 0=¢7 —¢

1
-=x

e=g 2.
=

=-2 < Al

—-l-x -~ -lx -]—x
r‘(e 2 —e)dx] <+«——— M1 also f z[e 2 ~ede or —_[m[e z —e]dx
.2 nd -2

4
{ 1
—=x

]

={l£ zl —ex <+———— Al for integration
L 2 2
- ’ 4

=[|2¢ 7 —ex}
L -3

_|[ g -—e(ln4)j|—[—2e-%(_1) —e (_z)] l

| (i-etng)-(-2042)]
=1+elnd

=4.77 units? «——— Al
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() Factorise completely the cubic potynomial x* —x +3x—3. 2

2x* -5x* +10x-3 ,

(i)) Express B J e in partial fractions. [51

3 — —
@) Differentiate ln(x’ +3) with respect to x. Hence express f %-;——TXT% dx i
- < —
the form a+5In2, where @ and b are integers. 5]

[(1] x}—xz+3x—3=x2(x-—l)+3(x—l) < Ml
=(x—l)(xz+3) <« Al ’ 2

x —x2+3x—352x’ —5x*+10x-3
2x* -5x* +10x-3 ~3x* +4x+3 B

i =2+
B e T (=-1)(x*+3) ML ~(2%° - 22" + 6x~6)
=244 +B’:+C Bl ~3x* +4x+3
x~1 x*+3
~ .A(x’+3)+(Bx+C)(x—1)
- D (P e3)
S35 +ax+3= A(x* +3)+ (Be+ C)(x—1)
x=1, —3+443=44 x=0, 3=3-C x=-1, -3-4+3=4+28
A2 4=1 C=0 B=-4
2.7?—5,\;:+10x—3=2+ 1 jx - Al
2 —xt43x~3 x—-1 x*+43

@) %m(x’+3)= 2x_ . _ p

x*+3
s 2x% —5x* +10x—3

2x —5x"+10x-3 P 4x
2 P —x*+3x-3

x-1 x*43
S 1 2x

={ 24——=~2 &
: SV (x‘ +3)

=[zxem(E-D-2m(*+3)] ——— Al M2

=[2(s)+mm(4)-21n(28)]-[2(2) +1n(1)~21n(7)]
=6+In4-n28* +In7
4x7?

28%

=6+ln(l)

4

=6+ln2*

=6-2ln2 +—— Al

dx=f2+

=6+1r

16/S4PRUAMYZ
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1 _l-cos@

Prove the ideati = . 3
T e iy cosecd+cotd  sind B
(b) The diagram above shows a triangle ABC whose vertices lie on the circumference of
a circle, D and E arc the mid-points of AC and 4B respectively. X7is a tangent to the
circle at 4. Given that CFB is a straight line and angle FDE = angle DAX.
Prove that
B
(® DE s parallel to BC, (13
(i) AFDE is congreent to AEBF, ¢ ¢ 13]
. (iii) DEBF is a parallelogram. . X ” r [2)
() —~1——~=1+(~.‘—+°‘.’5‘9) —t
cosecd +cot§ singd sin@ cosecd+cotd
B1 change to sin and cos =1+l_ﬂ ___M B1]
_sné cosec@+cotd
- _Siné  1-cosé (cosecl +cot 8) (cosecd —cat 8)
1+cos@ l-cos@ = 0.+ cotd
sin 8(1~cos6) cosecd +col
=— = cosecf—cotd
1-cos* @
_ Sin9(l—cosa) =_:.1__c.036 B1]
Bluseofidentity ———»  sin®d :me gsme
; 1—-cosd — €05
= — =— Al
ey Al snd [a1]
(6) (i) Since D and E are the mid-points of AC and 4B respectively, ) . .
By Mid-Paint Theorem, DE // BC. Bl Mid-Point Theorem
Gi) In AFDE and AEBF,
LFDE=/DAX (given)
LEBF=/DAX (Alt. Segment Theorem) B1 must state reason
-~ LFDE = £EBF
£DEF = ZBFE (alt. £s, DE/iBC) <«—— B1
FE=FE (common side)
AFDE = AEBF (AAS) Al
(iii) Possible Proofs |(iii) From (i), DE // BC and since # is a point on BC, . DE /I BF.

v 1 pair = & // lines

v 1 pair = angles &
1 pair // lines

¥’ 2 pairs // lines

v 2 paits = angles

From (3i), since AFDE = AEBF, . DE = BF. } Al either condition
Since DE// BF and DE = BF, . DEBF is a parallelogram. «—— Al

16/S4PR2Y/AM2
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8 (i) On thesame axes sketch, for 0<x <27, the graphs of
' y="2smx+l and oy, =—toix - {41

(i) Given that {x) =y, +y,, express f(x) in the form psin{x—g)+7r, wherep,gandr
are constants to be found. {41

(i) State, in exact form, the

(a) greatest and least values of f{x), 2}
(b) amplitude of f{x). [1]
® 7 B2 Shapes (No eqn = 0 mark)
1 Bl y-1,1,3
31 7z 3z ix

1 1 } »
2 5
—1
Yo =—COSX
(i) HRx)=2smx+1l—cosx
=2sinx—cosx+1
=psi:n(x—q)+1
= psiaxcosg— pcosxsing +1 Bl
peosq=2 --(I)  psing=1 ---(2)
2 2 .
. W' +(2): Q) psing 1 _ o1
) poosig+ pPsin g=22 + P (1) poosqg 2 2
p=5 q=tan“(—]-)
p=5 >
=04636 (4sf)

~ f6x) = V5sin(x~0.4636)+1
=224sin(x-0.464)+1 (3s) «——— Al

(i} (a) Greatest value of fx)=1+5 <“— Al

Least value of fx)=1-+5 <+—— Al
(b) Amplitude of fx)=+5 +—— Al

16/S4PR2/AM/2
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The diagram shows.the vertical cross-section PORST of a stvucture, copsisting of a
triangle ORS of height 30 m 4nd aesetangle POST. The structure rests with 7 on
herizontal ground. To hold the structurs up, 2 15 m rope is secured at 0 to a point, 4, on
the ground_ It is givea that 04 is inclined at an angle, @ radians, to OF and
PT=60sin8m.

() Show that the area, 4 m®,of the cross-section PORST is given by

A=900sin 8 +450sin24. 41

(i} Given that 8 can vary, find the value of @ for which the maximum amount of paint is
required to colour this cross-section. 5}

(iii) Hence, find the maximum value of 4. [}

@ TmA4QP, cosG:-?—sP
OP=15c0s6 m

Area,A:%(E)O)(QS)#-QS(QP) i

.2

i

r L)
=(%x30x 605in0)+605ina(150059) M2

=900sin 8 +900sinf cos &
=900sin 6 +450(2sinfoosd) <«—— M1 implied sin26
=900sin @+4505in28 (shown) «+———— Al

- 2
6 gA—é=9000050+450(00829)(2) 3—914;—=900(—sin0)1500+900(——sin26)(2)
=900c0s6+900c0528 «— Bl =-900sin§-1800sin2¢ +—— Bl
At stationary point, 5= 04— M1 When =2, L P
d9 d2 3 daz . dzA
900cos 8 +900cos 26 =0 Since _&g <0, Al only if a5
cos 6 +(2cos® 0—1):-0 x | iscomect

. A is maximum when §=—
2c05* +c0s8~1=0 3

{cos@+1}(2cosf~1)=0

cosf=—1 or cosd=L (i) Maximum value of 4
2 =900sin(-’5)+4505in2(-’5)
8= (reject) a =L3‘. 3 3
x 2T, . =900 5B +450 B
= 3", "'3—' (reject) 2 2
= =675J3
8= e a1 ,
3 =1170 m* (3sf) <——n Al
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10 A trapezium of area, 4 cim? has parallel sides of length px* cn and g cn and its

perpendisular height is x em. Corresponding values of x and 4 are siown in the table
below.... ..

x 1 2 3 4
A 1.75 5 1125 22

(@ Using suitable variables, draw, on a graph paper, a straight line graph and hence
‘estimate the value of each of the constants p and q. 61

(ii) Using your values of p and g, calculate the value of x for which the trapezium is a
rectangle. 21

(iii) Ekplain how anothex straight line drawn on your diagram can Jead to an estimate of
the value of x for which the trapezium is a rectangle. Draw this line and hence verify
your value of x found in part (ii). 31

16/54PR2/AM/2
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Plot = against x?
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Gravitational potential energy, measured in kilojoules (kJ), is the en
its position. It can be calculated by the following equation;

11 ergy a body has due to

- - - .mgh
Gravitational potential energy = *~or
fonape B To00

where m is the mass of the body in kg, g is the gravitational field strength in N/kg and & is

the height of the object in m. The gravitational field strength, g, on Earth is approximately
10 N/kg.
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The gravitational poteatial energy, E, in kilojoules (kJ), of a pirate ship tide ¢an be
modelled by the equation, £ =100(1~ coskr)+a, where k and a are constants and ¢ is the
time in seconds after starting the ride at loading level.

(i) Given that the mass of the ride is 1000 kg and at an initial loading level of 3 m, show
that a=30. 1

@) B(plaixi why this model suggests that the maxinum gravitation potential energy
possessed by the ride is 230 kI, (1]

@ a=1000x10x3

1000 .
=30k <—— Al

(i) Since ~1<coski <1,
When coskr=—1, Max. £ =100{1-(-1)]+30
=230 kJ
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11 Thcndetakes 6 seconds to travel from one peak to another.

(i) : Show thet the value of £ is g radians per second. 21

(iv) . Calculate the gravitation potential energy of therideat 71=8s. 21

(v) Iftheride continues for 60 seconds, find the exact duration for which the ride
possesses more than 80 kJ of gravitational potential energy. {51

Gi) Period=3k’5=s «——— Blorsub =6 & E=230

k= +—— Al

Wy

(i) E= 100(1—cos§:)+30'

=8, E=1oo(1—ws13’-(8))+30 +~——— BI

=180k <«—— Al

) so=mo(1—ms§:)+3o <~——— Blsub £=80

l=1-—cos-7-r—r
2 3
cosZe=1
2
a=cos”’ .=z “— Al
2 3
£l=£,2ﬂ‘——-—- +—— Ml
3 3 3
t=1 5s

' DurationwhereE>80§nlswing=5—1=4s — Ml
'No.ofswingsin6Os=66—0=10

Total time =10x4=40s <«—— Al

End of Paper
This ok s ded for inserital circulation in Victorta School orly. No part of this document may be reproduced. siored tn a resrieval
sysiem or transadtied tn ony form or by any mcans, €l i honledd, ph pping or otherwise, without the prior permission of the

Victoria School Intectsal Exaes Commlieee.
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