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Mathematical Formulae
1. ALGEBRA
QOuadratic Equation
For the equation ax’+ bx + ¢ =0

= —b+.Jb? —dac

2a

-

Binomial expansion

(a+by'=a" -i{?]a"“’b +(§}a” -2 +—(n

. }-

]an-—rbr “‘F...‘i‘b};,

! _—nr-_BD....(p_r+i)
¥

. e {n
whete 1 i3 a positive integer and L_J— TS

2. TRIGONOMETRY
Identities

sip2 4+ cos?4=1
sec24=1+tan24
cosecZd=1+cot’4
sin{ A+ B) = sind cosB xcosd sinB
cos{4x B)=cosd cosB FsindsinB

.. tand=tanB
tan{4+B) 17 tand o
sin?4=2sind cogd -
cos? A =costd —sin2d=2cos24 _1=1- 2sin?4
tan2Ad = 2tanAd -

1-tan?4
Formulaefor AABC
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1 @ Show that the roots of the equation ax’ + (2a+ b)x+2b=0 are real for all

values of 2 and 5. [2]

(i)  Hence write down a relation between a and b if the roots are real and equal. [2]

. P
The diagram shows points 4, B and C lying on the circumference of a circle. The point P is
such that the lines P4 and PB are tangents to the circle. Given that B4 = BC, show that

6] triangle BCA is similar to triangle PBA , 2]

(i) ACxAP=(4B). 2],

3 Solve, for x and y; the simultaneous equations

logg(2x +3y)= % , -

V547 =37 . [5]

Preliminary Examination 2018 - Additional Mathematics Paper 1
Sec 4 (Express) = 4047




4 The roots of the quadratic equation 3x* = 7x—1 are @ and f. Find

10

§) Show that the value of o+ §° is 1057. [3}
(ii)  Find the value of —ZE—JF—CL. Hence form an equation whose roots
a .
are _é_ and < {3]
2o 24

5 At the beginning of 2010, a certain type of bacteria was found at the bottom of a

seabed. It is known to grow with time, such that its population P, after ¢ years is

given by
P =50 000e", where & is a constant.
@ Given that the population. doubles in two years, show that k= —;—ln 2. [2]
Hence find
(ii) theyearin which the population reaches 450 000, [3]

(iii)  the size of the population of bacteria in 2015, giving your answer correct to

the nearest 10 000. [2]
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6 @) Show that -y = In(§+3:] hasno tximing point for all values-ofx. [4]
x—
. . - . 8+3x
{if)  Determine the range of values of x for which the graph of y = ln(3 4)
r—
is decreasing, 3]
7 {(a) Given that 4l - ——\/—g—+-—l—-5— = M— , find the constants 4 and B.
27 3 . \150 6 .
. 1 J6 15 6
Hence, given that |, [4~ -~ +——~ |x =m~2 +n4/6, find the values
8 ( 2 3 \/150] V3+1 V6 .
of m and of n. [4]
{b)  ‘Solve the equation log,27=log,a—2. 4]
8 (a) - Evaluate J;ﬁ2 sin®3x dx. [3]
() () Differentiate ——— with respectt 2]
i) Differentiate ith respect to x.
Jx+1 P
(i) Hence'evaluate | :—31&; dx. 3]
. V(x+1) -~
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9 Solutions to this question by accurate drawing will not be accepted.

ABCE i‘s a trapezium in which 4B is parallel to EC. D is a point on £C. 4D is the
perpendicular bisector of EC and is parallel to BC.04 lies on the y-axis and the
coordinates of D and E are (2,~ 1)and (-2, —3)respectively.

b
A

/

E 2,~3)

0] Find the coordinates of 4, B and C.

(el
(i)  Prove that 4BCD is a square. [2]
(iii)  Calculate the area of the trapezium ABCE. 2]
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. ‘ - 4 |
10 (a) ABCisatriangle and tan5= 211- Without using a calculator,

@) show that tand = % o [21

(i)  find the exact value of cos(B+C). v 2]

® ()  Provethar 207 1*SIn0 _, o - 2]

- l+sin@ cosd

(i) Hence find all the angles for 0° <@ <360° which satisfy the

equation CO?Q +1+Sme:tan29—2. - (4]
1+sind cosé

11 (@) A bank offers an annual interest rate of r%, compounded haif—yearly, fora

deposit of $25 000. After ¢ years, the total amount left in the bank will amount to
;¥
$25000(1+———‘) .
200

) Given that # = 5, use the expansion of (1 + x)6 in ascending powers

of x as far as the term x°, to estimate the amount of money received

after 3 years. [5]
(ii) . The percentage difference for the estimated amount in part (i) is
.given by A- x100%, where 4 is the actual amount and £ is the

estimated amount. Calculate the percentage difference, correct to two

decimal places. ' {3]
1 16
(b)  Find the coefficient of the term in x* in the expansion of (x —E—J . [3]
) | *
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Marbematical Formulae
" 1. ALGEBRA

Quadratic Equation

For the equation ax” + bx + ¢ =0

o —bi1!b3 — 4ac
X= p

2a

Binomial expansion

i AN YR .
(a+by =a™+ }nia""lb-i-{n’a”"zbli- ......... H g+ b
=y 2) r ' '

e e K 0 (it —D......{n —r+1})
where » is a positive integer and | |=—L—e=
b sapo get a l;—) a1t s

°

Identities

2. TRIGONOMEIRY

sin?A4 +costd=1
secld=1+tam’4
cosec?d=1+¢ot24
sin{ 4 + B} =sind co3B +cos4 sinB
cos(4 + B) = cos4 cosB T singd sin®
_ _tand:tanB
tan{d+B) TS tnd Tk
: sin2A=_2sinA cosd
cos24 = cos?4 —sin? 4 =2cos?d — 1=1 - Zsin?4
; 2iand
tan2d=——"r—
1-tan24

Formulae for A4BC

a?=b%+¢? —-2becost
=1 4
A~zabsmC
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1 The variables x and y change in such a way that, when x = 2, the rate of increase of x

with respect to time is % times the rate of decrease of y with respect to time. Given

5 -
that y=~£, ’ﬁ—x where £ is a constant, find the value of £. [5]
S Vx
2 (i) - Express —m—zin the form A + B + ¢ 5 3]
‘ (1+2x)(2+x) 142x 2+x (2+x)
8x+13
ii Using th ver i rt (i), find | —M———— 3
(i) g the ansv n part (i) j (1+2x)(2+x)2 31
3 The equation of acurve is y =3sin2x+2 for 0<x<7 .
'§) Find the coordinates of the minimum point. [1]
(i)  Sketch the graph of y=3sin2x+2 for 0<x<zx. 2]:
(iif}  On the same diagram, sketch the graph of y = |2 cos xl for 0<x<rx. 2]
. . 3sin2x ’
(iv)  State the number of solutions of lcos x] -1= for0<x<r. {11
Preih-:inaryExamination 2016 ‘3 Addifional Mathemab‘cs Paper?
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In the diagram, O4BC is a square of side 1m. D and £ are points on BC and A0
respectively. DE is parallel to the sides of CO and B4. X is a pointon DE and ¥isa
point on CB such that DX is x m and CY is kx m, where k is a constant and 0 <k < 1.

4] Show that the sum, S m?, of areas of triangles OXY and ZBX, is given by

S=~(1-ke+h). [3}
2 :
(i)  Find the value of x such that § a minimum. [3]
(iif)  Given that x can vary, find the minimum value of S in terms of &. [1]
Preliminary Examination 2016 4 Additional Matherﬁatics' Paper 2
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In the diagram, P is the point of intersection of the curves y=¢** and y=¢*~.
(@) Find the x-coordinate of P. - 2]

Hence, evaluate, to two decimal places

(b) (i) the area of the shaded region, 2]
.(ii) the area of the region bounded by the two curves and the y-axis. [3]
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Sea Level

. o 4 —— -

The height difference, 7 m, between the jetty floor level and the sea level changes
with time due to the tidal effects. It is given that / can be modelled mathematically as
| h= 1.8 —1.sink

where £ is a constant and ¢ is the time in hours from midnight.

The time between two consecutive high tides is 12 hours.

@) Show that the value of & is . [2}
6 .

(ii) State the range of values of 4. [2]

(iiiy  For boats to dock at the jetty, the difference in height must not be more than
1.5m. Find the total length of time in hours in a day when the boat landings
are possible. [4]
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7 - ‘The tangentto the curve y=3x"+2x>—5x+1 at the point where x =~1meets the
y-axis-at the point P.

(i)  Findthe coordinates of the point P. 3]
The curve,m:éets the y-axis at the point 0. The normal to the curve at the point 0

meets the x-axis at the point R. The tangent to the curve at the point where x =~1
and the normal to the curve at O meet at the point S.

(i)  Find the area of the triangle PRS. [6]

8 A particle P starts moving in a straight line with a displacement of 1 m from a fixed
point O. After  seconds, its velocity v m/s is given by v=2sint+3cost. Find

(ij the time at which the particle first comes to an instantaneous rest, {31
(ii)  the acceleration at = g seconds, | [2]
(iii) an expression for the displacement of the particle from O in terms of £, [23
(iv). the distance travelled in the first 3 seconds. - [3]

9 The equation of a circle C, is 2x* +2y* —16x +4 py =22, where p > 0. The radius
of C, is 6 units.

()  Find the value of p and the coordinates of the centre of C,. 4]

(i) Determine whether the line 3x — y =6 passes through the centre of C,.  [2]

(iii) The circle C| is reflected in the line x = 3. Find the equation that represents
the reflected circle C, . 2]

(iv) Find the equation of another circle C, which passes through the origin and has

the same centre as C,. [2]

Preliminary Examination 2016 i Additional Mathematics Paper 2
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10

In the diagram, ZOSR = ZPOQ=6°. 0S=7 cm and OP =2 cm. PQ and SR are each
perpendicular to OR.

()  Show that the perimeter of the figure is P = (9sin€° +5c0s6°+9)cm. (2]
(i)  Express P in the form of R sin(<9° + cc)+ 9, when R > 0 and « is acute. 3]

(iii)  State the maximum value of the perimeter P and the corresponding

value of 8. ) . 3]
(iv)  Find the value of & for which P =17 cm. 2]
Preliminary Examinafion 2016 8 Additional Mal;‘:e/r-ra.lics Paper2

Sec 4 (Express) 4047



11 Answer the whole of this question on a sheet of graph papér.

The variables x and y are related by the equation =2 =a, where a’ and b are

constants. The table below shows values of x and y.

5

10

15

20

25

150

600

1350

2400

3750

(i)  Use the data above to draw the straight line graph of Ig y'against Ig x, using a
scale of 4 em to represent 0.5 unit on the Ig x axis and 4 cm to represent 1 unit
on the Ig y axis. - ' 37
(ii)  Using your graph, estimate the values of @ and of 4. (4]
(iii) On the same graph, draw the straight liné graph representing the equation
y=x", and hence find the value of x for which x** —2 ~a ) [3]
12 Giventhat f{x)=2x"+ax’+10x+b has a factor of (2x+1) and that it leavesa~
remainder of 30 when divided by (x—2).
@) Find the values of ¢ and of 4. [4]
(ii)  Solve the equation f(x)=21x. 5]
(ili)  Hence obtain the solution for 2x° ~3x* =11x’ 6. (3]
Preliminary Examination 2016 Addilior:al Mathemalics P:g;e;2
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. Solutions

1

o #(2a+b)x+2b=0
K —dac

=(2a+bY - 4{a)(25)
=4a" +4ab+5* ~8ab
=d4a’ - 4ab+ ¥
=(2a-5)' 20

2
Since b*-dac20,
and 5. (shown)

2 _ "
the eq & +(2a+blr+26=0 has real roots for all real values of a

If the rcots are real and equal,
b ~dac=0

(2a-b) =0
h=2a

2i

PA=PB  {extemalangentgocitcle)

LPAB= £PBA {sinceiniangie PAB isanisoselestriangle)

But alse ZPAB=LACE (sltcrnatsegment thorem)
Sincealsogiven8A = BC

IhenZACB= LCAB (sincetriangle PAB isanisoselestriangle)
Henceby A Asimilarity iriangleBCAlssimilar totriangléPBA

Since triangle BCA is similar to triangle PBA

>£=A—B . = ACx AP = AB?
AB AP

1
= 2x+3y=§}

=>2x+3y=2 e {n
= J(6x9) =36”

ERE :
=> 6131 =3¢ => 6 = §”

=D>x=2y (2}
Substituting into {1}

2 4
2 + = Y= — &l 25—
..(Zy) : 3Iy 2 . 3 and x 7




a+p=-—(%22az

3 =7x-l.
3~ 7x+1=0

3

=1
aﬂ-—3 .
o'+ ={a+p) 208

(3 -3}

P +g’ =(afrﬁ)(a‘ ~ap+ )

=-7{414 =108
3\'9 3 7

B8 d+F
20 28 208

=71
6

sum of new roots = 7E =22

prod of new roots =%'

43 1

F-Zxto=0
6 4

12x% ~86x+3=0
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destiy

51

When t=0, P = 56000

When t =2, 100000 = 50000e™
2=¢*

= n2=2%

= k= —;—lnz

3,
450000 = 5000065
9= e%‘m )
InS=—rin2
2

= t 236,34 years

When the year inrwhich the population will reach 450000 is 2016.

il

j{lh]) °
Whent=5, P= 50000V
P =282842 = 280 000

61

—n i 83
y=in (3):»4)
=In(8 + 3x) ~In(3x~4)
@3 __3
dx " g43x 3x—4
. 30x-4)~-3(8+3x)
(8+3x)(3x~4)
- -36
(843x)(3x~4)

Since 36 #0,% #0.

. y has no turaing point (shown)

yisa decreasing function L8 -36

(B+3(3x-4) > 0

3
+—0 O——v

rre—renaen & )
de  (8+3x)(Ix~-4)

.:. range of x are /
2 i r
x<-23 or x>.13 2%: 1k
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7a

3 ,Jg,, 15
F 3 sk
W28 3B
2 3 6
_92-2/6+36
6
6

A=9
B=1

a5 5(4-1)
[ 2
_96-93+i8- /6
2
=4J6-3v2

nr=-3,

n=4 =

7b

M\:[og;a—z

log, @

let Jog,a=x

£=x~2

x

xl-2x~-3=0

x=3 of +}

slog,a=3 or log,a=~Il
i

a=27 a==
3
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8a

JR2sin3ran

= [F1-costxas

bi -

d\ Tzl
| (x+1)%(2)~zx(%)(x+:)’§
N (x+))

_ (xﬂ)%[z(xﬂ)-—x]
{x+1)

x+2

) (x-H)%

33{x+2
’ (m)?

]

{%ﬂ o
+1

12
mhmary&cmhe&m 2018
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=t

let Abe (0, 2)

grad AD =« !

grad ED

atl _(-zx—z)
J o2 ~3+1 .

a=3
.coord of Ais (0,3)

LetCbe(x,y)

~24+x -3+y
2,-1)= y ——=
@,-n=( 2 2.)
.,.-2+x___2 or 4—12
2 - 2
: x=6 y=1
S Coordof Cis(6,1)

=-1

LetBba(x, ,¥,)

mid-pt of AC= (3,2)

6. 9=Ct, 2o,
6= 24x, and 4= -1 +y,
xp=4 yp"'s

s Coord of Bis (4, 5)

tength of AD= \J(2-0) +({~1~3)" =20

length of BC = \f{6~4)" +(1~5) =v20

.. ABCD is a square.

since AD = BC, AB is parallel to CD and AD L DC,

fii

Area of trapezium =
10 -2 6 40
213 =31 5 3

='5[(0-2+30+12)-(—6-18+4+’o)|
=30 units®
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10ai

cos(B+C)
=cos{180-4)
=-—c034

15

Yoy

i7

bi

cos’ @+1+2slng+sin’ §
cos&{1+sind)

__ 242sing@

mcosﬁ(l-r-sin&)

_ 2

T onsb

=2secd{proven)

2secf=tan’ §~2
2secf = sect @1 -2
sec’ @-2secf-3=6
(secd~3)(secf+1) =0
secf=3 or SsecH=~]

cos&:% cosf=~|

6=70.5, 8=180"
2895
~.9=1705,180",289.5°
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1ai

=146x+155 +..,
5 ;{))
25000() o
200

=25000(1+0.025)°

cnnnd .
=25000; 1 +6{0.025) +15(0:025) +...|
=28984.38

(i+2) =()° +( f }(})“,ﬁ{ g }(i)“;;‘ -

Actual amt received after 3 years
= 25000(1 +~5--) =$28992.3¢
200

Percentage ertor
_28992.34--28984.38

28992.34
=0.027%

%100%

16 Jaerf_ 1 Y
T =( r )x“ [m{;}

For x*, 16wr~3r=4
r=3

"
Coefficient of x* =( 136 }(—-}i—) =-70

Profirinsry Examinstion 2016
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Soluﬁ;ms
. "l
222 )
dr 2 \x x
whenx=2,

H
dy 1,{22 )‘i( 22 ) dr
fac APy < Eomae -_.1_~] Ko
d 2\2 dt

given: gch(—g)
dt 13 dt

& _13,&
dft 12 dr
Sk=1
P 8x+13____ 4 B c

(+2902+x)° 1+2x 24%  @ta)
8x+13= 42 +x)" + B+ 2)(2+ x)+ C(1 +2x)

Let x=-2,C=1,
Let x»=~——1-,A—-4.
2

Letx=0, B=-2.

L, Bx#13 4 2 1
U422+ 1+2x 24x (2427

-1
{ 4 2 1 ,dx=““a+2")—21n(2+x)+$—-2-2” +e
1+42x 2+x (2+x) 2 ~1

= 2Un(142%) ~ 2102 + X) ~—— k¢

2+x
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B

4

Am of AOXY and AABX

=] - (Area of AOCY+Area of 8BXY+Area ot‘ AAXB)

=I~lexkx+§-xxx(l-kr)+-2—(] —-x-)(l))

=—--]—b;+-1-b:z
-2 2

i .
%§=k>o (minimum)

it

1 1
S-a‘("z")

Sa

bi

=3.1945 ~ 3.19(2dp)

i

J e vax-3.1945
<[] -3.1945
[ +e]-.1045

=9.50195 ~ 9.50(2dpr)
mmmy&amham 2018 12 AddiSonal Mathemsiics Paper 2
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Period=12h

2n
—12
k 1

Maximum value of # = 1.8 — Lit-1)=25m

Minimum value of A=1.8-1.1(1)=0.7m

Rangeof 0.7 m<h<29m

i

18 ~ LisinZr=15
6

sin %t =02727
a=0.27622

%r:omazz , 2.8654 , 6.5594 , 9. 14856
1=0.5275, 54724, 125275, 174724

Length of time when boat landings are possible
- (5.47244)5275) + («7.4724-12.5275)
= 9,8898

=980 h
Prefminary Exemination 2016 13 Addisns! Matrematcs Paser 2
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7i

=39 22 —5x 41
dy

L 20x? 4+ 4x~5
&

When x=-1, %:9(4)%4(4)4:0

Equation of tangent: y=5....ernseemrronr A1)
<. Coord of P ; {0,5)

Sub x =Qiny=3x"+2%" - Sx+)
~y=3{0F +2(0) -5(0) +1=1
~Coord of Q: {0,1)

B o(0)" +4(0) 5= -5

o 9(0)" +4(0)

Grad of normal is %

Equation of normal at Q{0,1):
y-1 =%(x-—0)
[TTRLEVE 2)

When the normal cuts the x-axis, ¥ = 0
=—x+]
5
x=20
< Coord of R: {~5,0)
Equations (1) and (2):

ix+l=5
S

x=20
»~ Coord.of S: (20,5)

AreaPRS=%X20xS=SOunitsz
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v=2sinf+3cosr =90
lanl‘-—}-
2

a=098279
i=7-0938279, 2x-0.9827%
=2.16, 5.30

1t Fisst comes to instantaneous rest at =2 2.16s,

a=2cosf~3sins
When 1= 1,
2
a= 2c<>sz-3sinZE
2 2

=-3m/fs’

iii

s=2c¢osf+3sint+¢
Whens=0.5=¢
se=3
Ss=2cosf+3sinf+3

Whent=216,5=6.6055m
Whent =3,5=54033m
Distance travetled

= (6.6055-1)+(6.6055-5.4033)
=681m
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% |22 42p7 1605 4py=22
4y ~8x+2py~11=0

2g=-8,2f=2p, c=~i1
g=—4, f=pr=6
JE4pt i =6

plﬁgf. -
p=3

Centre=(4,-3)

it At {4,~3);
LHS=3(4)-(-3)
=15
RHS=6
15#6
.. Theline does not pass through C,

°

2

it ] Centre of reflected circle = (2,~3}

r=0

Equation: (x~2)° +(y+3) =36

W Newr=oJ(4—0) +(=3Y
=3

Equation: {x—4)* +(y~3)* =25
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Perimeter = OP+PQ+ QR+ RS+ S0

=2+ 2sin @+ (7sin 8D 2cos 83 + 7cos B+7

== (9sln & +5c03 £ +9)cm

_P =RsIng cosx + Reos? sina +9 °

tan a = %=a=29.l°

R= J81+25 =106
P = J1065in(8429.1%) + 9 em

i3

Meaximum value of P = /106 +9 =19.3cm
sin(9+429.1°) = sin 90°
8=60.9° .

iv

V106 5in(9429.1° + 9 ecm = 17

sin{6+29.1% = 0.777.
9 =21

i

301<a<431
&=2,03(x0.1)

jit

¥=237 (20.1)

121

R
HED T

1.1
g -5+8=0
4 4

a5 21~ ABurreenee e B (1)

f{2)=30
2(2)’ +a(2)' +10(2) +5=30
- P TN YT SN Eq @)

SubEq 1 inEq2:
4021 -4b)+b=—6
b=6 ’

.{ a=21-4(6)=-3
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2% -3x* +10x +6 =21x

2 ~3x7 ~11x+6=0
letg(x)=2+"-3x"-11x+6

By trial and error,

g(-2)=2(-2) -3(=2) ~11{-2)+ 6 =0
Hence, (x+2) s a factor

using long / ‘é;'nthcﬁc division:
quadratic factor: 2x* —7x+3

(22 - 7x43)(x+2)=0

x=-~2 .

x;(-v)iJ(-?); S0
A

=30r0.5

ift

2x%=3x* ~11x* +6=0

let h(x)::(x*)’ -3(x")-11x"+6
x* =~2(NA) or

xzﬂ:\ﬁ or

x=J0.5
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