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2

1 (a) The diagram shows part of the graph of y = In x, with » rectangles of equal width, where »n is a
positive integer.
¥ T ro-oc= - y=Inx
| X Ly X
o 1 3 -
/l 1+ — ]+E l+—i 1+n_1 2
n # n n
(i) Show that the total area of the » rectangles, A4, is
-I ]
A==>"[In(n+r)}-Inn. [2]
7,
(i)  Evaluate lim A, giving your answer correct to 4 decimal places. 2]
H—oc
(b) It is given that (r) :%+bx+c, where @, b and c are constants. The curve with equation
x
. . . . 3. 20
y=f(x) has a minimum point with coordinates (1,2) and J] fx)de= ER
Find the equation of the curve. (4]
1 -
—(x+ 5) for x<-3,
2 A curve has equation y =f(x), where f(x) = ] for ~3€x<-l,
X for x>-—1.
() Sketch the curve for -4<x<2. 3]
. . _ 1
(i)  On aseparate diagram, sketch the curve with equation y = f(2x— l), for -2<x< 5 [2]
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Referred to the origin O, the points 4 and B have position vectors a and b respectively. The point P

|
with position vector p lies on AB such that asp = bep.

(i) Show that 48 is perpendicular to OP.

(ii) It is now given that a is perpendicular to b. Show that

|’
=a+-————(b-a). .
MR
Functions fand g are defined by
f:x}—)2+l = xelR x<-1,
—X

g:xl——)—x2+6x+a, xelk, x>0,
where a is a positive integer.

(i) Show that fhas an inverse.
(i)  Find £ '(x) and state the domain of £~'.

(i}  State whether the composite function fg exists, justifying your answer.

[2]

[4]

[1]
[3]
[31

i
Itis given that O is the origin and 4 is the point on the curve ¥ =xe" where % =3. The region bounded

by the curve y =xe* and the line O4 is rotated through 360° about the x-axjis. Find the exact volume

of the solid formed. {71
Do not use a calculator in answering this question.

()] One of the roots of the equation 2z° —92% +30z+5=0 is 1+ i , wljere a and b are non-zero

real numbers. Find the values of a and 4 and the roots of this equatiofn. [5]

(i) Hence solve the equation 23 43022 —9242=0. 2]

9758/01/Preliminary Examination/21 [Turn Over
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(i) Sketch the curve with equation y :l X
X-+5

. stating the equations of the asymptotes. On the

same diagram, sketch the line with equation y=-2x-2. [3]

e . . |5—4x
(ii) Solve exactly the inequality p >=2x-2. 4]
(itiy  Hence, or otherwise, solve exactly the inequality |— Ox >—x-2. [2]

X+
It is given that y =sin{In(l +ex)).
2

. 2d V dy 2

i Show that (I+ex)” —<+e(l+ex)—==—e’y. 2
@ (Frex)” 5 +e(l+er) == 2]

{ii) By further differentiation of the result in (i), find the Maclaurin series for Y, up to and including

the term in x°. [4]

(iii) By using appropriate standard series expansions from the List of Formulae (MF26), verity the

correctness of the Maclaurin series for y = sin (In(] +ex)) found in part (ii). [2]

A curve C has equation 6x° —4y2 = 3xy2.

2,2 '
d_y:]lx—ay 2]

(i) Show that .
8y +6xy

The points 4 and B on C each has x-coordinate 2. The tangents to C at 4 and B meet at the point M.

{iiy Find the exact coordinates of M. : [5]

9758/01/Preliminary Examination/2 |
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A curve C has parametric equations

X =gcos 249,

y= acos® Fsin a,

for —ESGSE and a>0.
2 2

(D)
(ii)
(iii)

(iv)

)

Sketch C and state the Cartesian cquation of the line of symimetry. | i2]
Find the values of & at the points where C meets the x-axis. []

Show that the area enclosed by the x-axis, and the part of C abov!le the x-axis, is given by

, .
[ 0?2(12 cos’ @sin’ 6 d@ where 6, and @, should be stated. ; 3]

Hence, by expressing cos’ O as cosﬁ(l—sinzﬂ) , find in terms of a, the exact total area

enclosed by C. : 3]

It is given that the point P (acos 2p, acos’ psin p) is on . The ﬁoint F’ is the midpoint of

OP, where O is the origin. Find a Cartesian equation of the curve trafced by Fas p varies. [3]

A team of scientists is researching on the growth rate of a certain seaweed in an ocean. The length

x metres, of the seaweed, at time ¢ days (during a period of its growth) is pfoportional to the amount

of water it contains. The seaweed absorbs water at a rate proportional to the length of the seaweed and

loses water at a rate proportional to the square of the length of the seawedd. It is observed that the

growth rates of the length of the scaweed are 0.49 metres per day and 0.96i metres per day when the

lengths of the seaweed are 1 metre and 2 metres respectively.

(@
(ii)

(iii)

. L
Show that x and ¢ are related by the differential equation —3; = ?@XGSO_ x) . [3]
Given that the initial length of the seaweed is 0.5 metres, find an expr;'ession for x in terms of 1.
Hence find the time taken for the scaweed to reach a length of 45 metres. 7]
Sketch the graph of x against 1. [2]
9758/01/Preliminary Examination/21 [Turn Over
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In ordey to train for the Open Water Swimming event in the University Sports Meet, Carol swims away
trom a shore towards the ocean. In her first minute of swimming, she covered a distance of 80 metres.
Due to fatigue, the distance covered for each subsequent minute is 1% less than that in the previous
minute,

However, there were ocean waves that pushed Carol back towards the shore. In her first minute of
swimming, the waves pushed her back by a distance of 4 metres. As she swam further away from the
shore, the waves got weaker and for each subsequent minute, she was pushed back by 0.05 metres less
than that in the previous minute,

(i) Find the distance between Carol and the shore after the first 5 minutes. [3]

It is now given that the ocean waves became weaker away from the shore until they pushed Carol back

towards the shore at 2 metres per minute from nth minute onwards.

(ii) Show that n =41. [

(i)  Hence find the time taken for the distance between Carol and the shore to be at least
5 kilometres, giving your answer correct to the nearest minute. [5]

(iv)  Find the greatest distance between Carol and the shore, and the time it took for her to reach this
distance. Describe what happened to the distance Carol swam per minute after she had reached

this greatest distance, [3]
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Solutions 2021 JC2 Preliminary Examination Paper I

1 Solution
(a) | Total area of » rectangles, 4
1
W =1]n[l+l]+lln(i+g)+...+—l—ln(l+£)
H n n H n n
! n+ly 1 (n+2 | 2n
=—In +—In +.t—In| —
£) 7] n n 7 I
=i{[111(n+l)—lnn]+[ln(n+2)—|nn]+...+[ln(2n)—’lnn]}
n
:i[ln(n+1)+in(n+2)+...+in(2n)]—i(n!nn)
- 5]
1 3
=—Z[]n(n+r)]wlnn(sh0wn)
R,
(i) 2
lim 4= [Inxdx
n—oc 1
= 03863 (4 d.p.)
1 Solution
() | At (1,2},
atb+e=2—————- n
f (x)=—_—-23—a+b
2a+b=0-————- (2)
3
2
3
J f(x)dx:[—£+bf—+cx+d} -
1 x 2
1
li—£+bg+3c+d:lﬁ|i—a+bl+c+d}zgg
3 2 2 3
ga+4b+2c:§ —————— 3)
3 3
From GC
a=1,b=2c=~1
y:%+2x~l
2
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2 Schution

(i

(2.4)

(ii)

1 1
_.u.)/—— s
o O\[z )

3 Solution

(i) | ap=b-p
bep—ap=0
(b-a)p=0
AB-OP = 0

Hence, 48 is perpendicular to OP.

i) o

A B

Method 1
Let AP:PB=A:1-2
By ratio theorem, p = Ab+ (- A)a
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ap =b-p

a+(Ab+ (1= 1)a) =b+(Ab+(1- A)a)

Aasb +(1— A)asa = Absb + (1— A)bea

af =2l =Appf" (a2 =fa, bb=[bf’, ab=0)
2

al

PP

ja” [ ] ]
Hence, p=————b+|1 a

a +b P o]

ol

ol + |

(b-a)

Method 2
The projection vector of AQ onto AR is
4045 | 45

42| |48
_ —a-(b—a)J(m)

[b—a| )|b—a|

AP =

_ —mb+am.J(b_a)

(b-a)(b-2)

S ](b—a) (- =laf". b-b—pf

b’ —2a+b+|a]’

o

laf o]

(b-a) ( ash= 0)

Hence, p= OA + AP
al”

ol +o|

(b-a)

Method 3

Note that O4B and PAO are similar triangles,
Ll P

AP

2
ap——L
jl” + bf”
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p—a= 'alz b—a
[+ | laf’ +[bf

B (b-a)

p=a -
o +]of?
[
4 Solution

A . —F

— :

i

Any horizontal line y =& , where k € R, cuts the graph of f at most once, therefore fis one-one

and f has an inverse.

@ Lety=2+ 32
1-x
3
:y-—-z
[~
I-x? =2
y—2
"2: _.i
y=2

(rej. since x < —1)

) = = /‘l—sz ,x<2

(iii) g(x):——x2+6x+a
g(x)=—(x-3)" +a+9
Df = (—OO,—]), Rg :(—00,61'1'9]

Since a+9>—1 for a0, Ry & Dy

Therefore, fg does not exist.
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Solution

Volume generated

1 2 3 3
=—7 (333) (3) - 7?_[ x*e?¥dx = 97e® — 7 szezx -
3 0 2

6
:971’66—?1' 3664-6——“]—
4 4

= 97e® —%(l 3¢5 1)

T 6
=—(23e” +1
4( )

Solution

Since the coefficients of the equation are real, 1— i is also a root of the eqlématicm.
Quadratic factor

=(z-(1+aD))(z-(1-ai))

= (z—l—ai)(z -1 +ai)

=(z=1) ~(ai)’

=z2 -2z 41144

By comparison,
3 2 {2 2
2z7 -9z +302+b—(2 —2z+1+a )(cz+d)

Comparing coefficient of z° = ¢ =2
Comparing coefficient of z°2 = -9 =4 — 22D =>d=-3

Comparing coefficient of z = 30 =-2(-5)+ (1 +a® ) (2)

>4’ =9
=>a=3 or a=-3
Comparing constant = bh=-5(1+9)=-50

228927 130z -50 =22 ~22410)(22-5) =0

The roots are 1+3i, 1-3i and _i
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AHernative Method (Not recommended)

(1 +ai)
= 1+ 3(ai)+ 3(ai)? +(ai)’
=1+ 3ai-3a” - &’
=(1—3a2)+i(3a—a3)
Since 1+ai is a root of the equation,
2(1+ai)’ ~9(1+ai)? +30(1 +ai)+5=0
2[(1~3a2)+i(3a—a3)]~9(1+20i-—a2)+30(1+ai)+b: 0
(23 +b+3a% )+i) 8a—2a%)=0
Comparing the real part: 23+b+3a° =0 - (N
Comparing the imaginary part: 18a-2a° =0 — (2)
From(2): =0 (rej v a=0)or a=3 or g=-3
From (1): 23+5+3(-3) =0 = 5=-50
Since the coefficients of the equation are real, 1-3i and 1+ 3i are roots of the equation.

Quadratic factor
=(z~(l +30))(z-(1 -31))
=(z—1=30)(z~1+3i)

NERINE

=22—22+10

By comparison,
228 =92+302-50 = (2 =22 +10)(cz + )

Comparing coefficient of z2° = ¢ =2
Comparing constant =10d=-50 = d=-5

%227 =922 +302-50 = (2 =22 410)(22-5) = 0

The roots are 1+3i, 1—3i and g

() | 52343022 —9242=0
Divide throughout by -33,

CRECES
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Replace z with l,

z
1:2 or l:]-}-}i or —l—:]-—Bi
z 2 z z
2 1 1 -3 1 3.
z== or z= = =X s= o ——1
5 I+3i 1+31 1-3i 10 10
1 I+3% 1 3.
or =—Xx =—+—1
1-31 1+3i 10 10
7 Solution
(i) F 3

—(0.-2)

\y=—2x—2

(ii)

: From the graph, the point of intersection occurs when x < —5.

X<=535=5-4x>0,x+5<0
5—4x<0 and |5—4x,;_5-4x

x+5 Ix+5] x+5
_5—4x

x+5
—5+4x =(—2x—-2)(x+5)
—S4+4x=-2x2_12x-10
2x> +16x45=0

_-16i,/162~4(2)(5)
o 2(2)
_-16+216
4

~16+646
4

2
3

Since x < -5, hence x = —4—5\/6

=—2x-2

—4—-§\/g<x<-—5 or x>-3
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Alternative Method (strongly discouraged):

(5_4"]2 =(-2x-2)°

x+5

(5-4x)" =(=2x-2)* (x+5)°

(5-4x)> =[(-2x-2)(x+5)]

(5 - 4x)2 —[(—23{ - 2)(x + 5)]2 =0
Since a* - b° :(a—b)(a+b),
[(5—4x)—(—2x-2)(x+5)][(5-4x)+(—2x“2)(x+5)]:o
[(5—4x)—(—2x2—12x—10”[(5—4x)+(—2x3 —I2x—f0)]=0
[2x2 +8x+15][*2x2—16x—5]=0

262 4+8x+15=0 or —2x%—16x-5-0

For 2x2+8x+15=020

x:—Si\/82—4(2)[IS)

2(2)

There are no real roots,

For —2x*—16x-5=0
_16i‘f162—4(«-2)(—5)
T

1624216

4
16646

—4

3

=—4J_r?/5

Sincex <~35, hence x = —4—3\/8.

u4_%\/g<x<—5 or x>-=5

(i) | [10—4x
Lx+10
2(5—2x)
12(0.5x+5)

>—x-2

>—-x-2
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()
>—2(—x—)—2
]
2
Hence replace x with %’
L4—§JE<£<—5 or Z>-5
2 2 2

—8-3J6 <x<—10 or x>~10

Solution

@)

¥ =sin (ln(] + ex))

b
dx

(1+ ex)j—; =ecos(In(l +ex))

2
(1+ ex):—x;]-+ e% = e(-sin (InQ+ ex)))

(1+ex)

2
(1+ er)2 %x% +e(l+ ex)%y — —¢?y (Shown)

)

2
(1+ex)2i—;+e(l+ex)d—y=-ezy
. .

—5 et =
3 2
(1+ex)2§x—§+3e(]+ex)—jx—’2v+2ez%=0

2 3
When x=0,y= Ody dy_ ezdyﬁ3

f(x)=f({))+f’(0)x+ 2(!0)x2+fm( )x3+...

N
y=er——xt xS
2 6

2y o dy

(iii)

-

2

2
y:sin{ex—(f%ii—ex)—}hi

4 3
ezxz e3xa J
: +..

+..
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9 Solution

M | 6x?—4y? =37

dy 2 dy
P2x-8y— =3y +6
3% y xy(bc

%(8}1—!-6@1) = ]2x—3y2

dy _12x-3y°
dx  8y+6xy

(i) | Whenx=2,
6x*—4y* —39% =0
24-4y% —6y% =0
1032 =24

& [ 12y 25V1z
20[ E} 25V12
5
12 21 {5
ey VO S S
4 ‘/Z zs\g(x )=—-
At [2,_ EJ
5

24-3( )
dy _ 5)_ 215

& _( 12) 25Vi2
5
12 21 /3
y = [ (x-2) o2
S L G RO

(D (2): y=0

24_3(2) ]
dy 5 21\/?
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\/E=%£\/_?_(x_2)
5 25V12

e z{_zg L%J

Coordinates are (—g, 0}

10 Solution

) 4y
X )

(a,0

Line of symmetry: y =0

(ii) GC: :
When y =0,
acos 295im9:0 '
cOs 29:0 or sinty =0
§="Tor-Z f=0

2 2

LG=0or £01’_£
' 2 2

(iii) X =gcos 219

Exﬁ =-2acosfsin@
dog

When x=0,9=g
When x:a,9=0

Area
= jg ydx

= j;(acosz fsin 9)(—2acost95in £)de
2

T
= J'OE 2a” cos’ Bsin’ 6 d@ (Shown)

(iv) | Total area enclosed by ¢
= 2[; ydx
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¥ e
=4a”[ 2 cos’ Osin® 0 do

0

z
:4a2L3cosau—sm29xmn29)de

z
= 4(:2J02 cOS 9(5in2 6 —sin? 2)do

a
= 4a2J.OEcos€sin2 9—cosfsin*o do
i

— 42 {sing' g sin® 6’}3

3 5
0
:4(12 l"i :4a2(_2_.
35 15
15
(v) . 2 2 .
Midpomtofm:[“cob P,“COS:;SHIP]
2 2 .
o acos°p _acos” psin p
; > :
7,
_geospsinp o
2
sosin p _ Y
X
oo 4cos ’p _a(l—sinzp) _a 1ﬁﬁ
2 2 2 2
2 [,
a 2
23 :a(x —y )
L Solution
® E;:a:x—bxz
dr
E=0.49, r=1
df
0.49 = g —b———~(1)
~qx—=0.96, x=2
di
0.96 = 2a—4h——~—(2)
Solving,
a=05, b=0.01
& 05x—0.0152
df
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&
&L (50—
3 “Top Y0 %)

(i)

j—l— dx=j0.01dt
x(50~x)

1o 1 1
— +—dx=j0.01 dt
50450-x x

Joor+t ar=[os
- X

In =05t+C

50-x

-—zieO‘SHC :AeD.St
30-x
When £ =0, x=0.5
1
99
x _ 1 os
50—-x 99
50—x

X

20 49905
X

— 998—0.51‘

50
[ +99570-%
45=_ 29

149970
From GC, it takes 13.6 days to reach 45 m.

(iii)
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12 Solution

(i) | Total distance swam by Carol in 5 minutes

_ 80(1-0.99%)

C1-0.99

=392.08

Total distance pushed back by the waves in 5 minutes

= 3[2(4) +(5-1)(=0.03)]

=19.5
Distance between Carol and the shore after the first 5 minutes
=392.08-19.5
=37258=373 m (3 s.[)
() |U,=2
44+ (n-1)-0.05)=2
—0.05(n-1)=-2
n—1=40
n=4]

(iii) | Distance between Carol and the shore in the first 40 minutes

80(1-0.99*%y 40
= 2D+ (40— [}{-0.05

Too0 o | AMH(E0-1(-0.05)]

=25272

Remaining distance from 5 km =5000-2527.2
=2472.8

Let ¢ be the number of minutes after the 40™ minute.

80(0.9940)(1—0.99‘)

. —2t>2472 .8
f-0.99
From GC, 66387 <r<14295
=67

Therefore, minimum time (in nearest minute) is
40 + 67 = 107 minutes

@v) 80(0.99")(1-0.99’ )
Consider d = —2t+2527.2
1-0.99
GC:
t Distance, d
327 7024.9187
328 7024.9196 (largest)
329 7024.9004
328+40=368
Greatest distance is 7020 (3s.1) metres, occurs at 368 minutes.
| The distance Carol swam per minute drops below 2 metres per minute.
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2

Section A: Pure Mathematics [40 marks]

Fr ]
(M Prove by the method of differences that I l(i o l) [4]
r:3f2 —2 232 n-1 n
=
(i)  Explain why Z 3 is a convergent series, and state the value of the sum to infinity. [2]
=3 r —2r
o 1 5
(iliy  Hence show that »’ <. 2]

(-1 12

L . 4 3
[Tt is given that a sphere of radius r has surface area 477° and volume gi’ﬁ’J ]

A capsule is to be constructed using the curved surface of a cylinder and the curved surface of a
hemisphere at each end. The length of the cylinder is 2x metres and the diameter of each hemisphere
is y metres. The cross-sectional view of the capsule is shown in the diagram below.

A

A

2x

It is given that the construction cost per square metre for the cylinder is $34 and that for the
hemispheres is $5k, where £ is a constant.

Given that the volume of the capsule is 7 m?, find, using differentiation, the exact values of x and y
that give a minimum cost for its construction. [9}

Do not use a calculator in answering this question.

3
(a) The complex number z is given by z = ﬁ? where a < 0.
\/E(a+i)
. . | hY:4
() Given that l:| =3 show that argz = TS t5]
(i)  Hence find the smallest positive integer # for which z” has equal real and imaginary
parts. [2]
—-i8 7
(b}  The complex number ¢ is given by TR where 0 <@ < R Show that
e —i
Re(q) :%(stm 8). [4]

9758/02/Preliminary Examination/21
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) .2 - z—4 . :
The line | has equation r;l = yb a_ 3 The plane p has equation x+y—z—11=0.

() If I and p do not intersect, what can be said about the values of ¢ amiﬂ b? [3]

For the rest of the question, use a=-2 and bh=1.

(i)  Find the coordinates of the point B, the foot of perpendicular from the point A(-1,a,4) to p.

[2]
(iii)  Hence, or otherwise, find a vector equation of the line of reflection af { in p. (2]
(iv)  Find the possible position vectors of the point C on / which is a distance of /164 from B. [3]
(v)  Find the angle BCA. ' [2]

Section B: Probability and Statistics |60 marks)
12 students consisting of 4 from Class 4, 5 from Class B and 3 from Clasis C participate in a team
bonding activity where they are divided into 3 groups of 4. i
() Find the number of ways such that each group has at most two students from Class 4. i3]

During lunchtime, all the students from Class 4 and Class B are seated at a rchund table with 10 chairs,

{ii)  How many different seating arrangements can be formed if no two é;tudents from Class 4 are
seated next to each other? : 2]

Events 4, B and C are such that P(4)=0.5, P(8)=0.6 and P(C)=0.65.
tis given that P(4]B)=045, P(BA()=04 and P(4nBAC)=0.1.

@)  Find P(AnBAC'). 2]

(iv) It is also given that events 4 and C are independent. Find P(A wC ') ; 2]

(iii)  Given instead that events 4 and  are not independent, find the greatbst and least possible
values of P(4'NB' (). [4]

A game is played with a set of 9 cards. Two of the cards are numbered l three of the cards are
numbered 2 and four of the cards are numbered 3. A player randomly draws three cards without
replacement. The random variable X denotes the sum of the numbers on the three cards drawn.

() Find the probability distribution of X, : [4]

The player wins $w if the sum of the numbers on the three cards drawn is an odd number, and loses
$w otherwise. The random variable ¥ denotes the player’s profit in dollars.

(i) Giventhat E(Y)=-0.8, find Var(Y). ﬁ [4]
(ii))  Find the probability that the player wins $2w at the end of [0 rounds. : 2]
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In order to get a vaccination, people will go to either polyclinics or comm unity clubs. The waiting time
for vaccination in polyclinics follows a normal distribution with mean 25 minutes and standard
deviation 6 minutes. The waiting time for vaccination in community clubs follows a normal
distribution with mean 20 minutes and standard deviation 3 minutes.

() Two people waiting for their vaccinations in polyclinics are chosen at random. Find the
probability that the waiting time for one of them is more than 30 minutes and the waiting time
for the other is less than 30 minutes. [3]
(ii) Jim is waiting for his vaccination in a polyclinic and Tina is waiting for her vaccination in a
community club. Find the probability that the difference between their waiting times is at least
3 minutes. {4]

A random sample of 5 people waiting for their vaccinations in polyclinics and 15 people waiting for
their vaccinations in community clubs is taken.

(iii)  Find the probability that their average waiting time is less than 21 minutes. State an assumption
needed for your calculations to be valid. [5]

A chocolate manufacturer claims that the mean number of calories in a packet of chocolate is 300, A
random sample of 50 packets of chocolate is selected and the number of calories, x, in each packet is
measured. The results are summarised by:

x—300) = 36, x—300)* =612.
> ) 2 )

(i) Find unbiased estimates of the population mean and variance. [2}

A nutritionist believes that the chocolate manufacturer has understated the mean number of calories in
a packet of chocolate.

(ii) Test, at the 5% significance level, whether the nutritionist’s belief is correct. [4]
(ti)  Explain why there is no need for the nutritionist to know anything about the population

distribution of the number of calories in the packets of chocolate. [1]
(iv)  Explain, in the context of the question, the meaning of “at the 5% significance level”, {11

After receiving feedback from customers, the chocolate manufacturer improves the quality of the
ingredients used. A random sample of 40 packets of the improved chocolate is taken. The mean number
of calories of the 40 packets of chocolate is & and the variance is 10.

) Find the range of values of & such that there is sufficient evidence to conclude that the mean
number of calories in a packet of the improved chocolate is not 300 at the 3% significance level.

(4]
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A factory produces a large number of bottles. Based on past records, 4% of ;the bottles are defective.

A departmental store manager wishes to purchase bottles from the factory. To decide whether to accept
or reject a batch of bottles, the manager designs a sampling process. He takes a random sample of
30 bottles. The batch is accepted if there are no defective bottles and is reje¢ted if there are more than
2 defective bottles. Otherwise, a second random sample of 30 bottles is taken. The batch is then
accepted if there are fewer defective bottles in the second sample and is rejected otherwise.

(i) Find the probability of accepting a batch of bottles, [2]
(it) If a batch is accepted, find the probability that there are at most 2 defgctive bottles found in the
sampling process. ' [3]

Another departmental store manager purchases # randomly chosen boxes of:30 bottles each.

(iit)  Find the probability that a box has exactly 20 fewer defective bottles than non-defective bottles.

: [2]

(iv)  Find the greatest value of » if the probability that there are at least 2 boxes with exactly
20 fewer defective bottles than non-defective bottles is at most 0.05. [3]

(v} Given that 7 = 50, find the probability that the mean number of defective bottles in a box is
less than 1. 3]
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2021 JC2 H2MA Preliminary Examination Paper 2 Solutiion

1 A

B
=—+
P22 ¥ r-2
1= A(r—2)+ Br
—2A=l:>1=l:—l
2 !
A+B=0:>B:%

| =

(ii)

As > w, L—>O and i—J»().

>

Thus
Z; rz —-2r

e i 3 '

IS a convergent series.

r=3 P2 -2

©YLC
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(iif) (r—l)z =r? 21512 22
! 5 < : forr > 2
(r—]) re=2r
i L. - |
2
r—4 ‘]) red VT
_ i 1
S - 3-203)
_3.1
4 3
5
— (shown
12 ( )
2 | Surface area of cylindrical piece = fry(Zx)
=2axy
2
Surface area of 2 hemispherical pieces = 47 XJ
C = 2mxy(3k) + ¥ (5k)
= mhy(6x +5y)
Since V' =,
2 3
sz(z] (2x)+i7r[!-J
2 3
6= 3y2x+y3
6—y3
x= 5
3y
.3
C=rky| 6 6 )2} +5y
3y
—73@(%—2y+5y]
IZﬁk +37rky
J Y
©YIIC
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€ _ Bk -0
dy =

@:6%/{}7 [
¥
y3=2 :y:%

_ 24xk

+6xk

+6nk=187zk>0

e

o)

3@ | -y
(i) A_\E(a+i)2

= a2_+1=2
=a=—3 (since a < ()
3arg(l— i)—[arg\/i + 2arg(—\/3_:+ i)}

23(*,2]_2[5_“]:_2&
4 6 12
29w
Loargz=———427n
12

5
=—— (shown
n ( )

(8) | For z” to have equal real and imaginary parts,

(ii) 5

nargz =Sk 2 T l+k , wherekeZ
4 2 3

_3+12k

5
For smallest integer 1, let k = —4

" smatliest integer # =9
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(b) | Method 1:

e-—i!') efiﬂ_f_i
q= i . i .
e’ —iJ\ e+

67216 _He—iﬂ

—2+i(ei0_e—i3)

cos28 +sing

R == 5sns
_1-2sin’ @ +sinf
. 2-2sind
~ (1+2sin@)(1 -sin a)
 2(1-sing)

= %(1 +2sind) (shown)

e —i
cost —isin#
cosé —i{l—sing)
_ _cosf-isinf [cos#+i(l-sind)
cosB—i(!—sinB) cos{9+i(]ﬁsin9)

cos’ @ +sin§(1 -sin 6)
cos’ &+ (1—sin 9)2
cos” @ +sin@ —sin’ @

cos’ @+1-2sind +sin’ @
1-2sin” @ +sing

Re(g) =

2(I=sin0)
_ (1+2sin@){1 —sin )
- 2(1-sin @)

(1+2sin8) (shown)

b | —

4 | If / and p do not intersect, 2 conditions have to be satisfied.
®
Condition 1: / is parallel to p

Direction vector of / is perpendicular to normal vector of P

B[

2+5-3=0
h=1
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Condition 2: point on / isnot on p
Point on /does not satisfy plane equation

il

—I+a-4=11
a+*16

(i)) | Since B lies on p,

-1 1
Lpir=1 2145/ 1|, ,5e?
4 -1
]

- pir- 1 =]
-1

To find point B,

G

—J+s5-2+5-4+s5=11
35=18
s=0

{3413

Coordinates of B are (5,4,-2).

(iif) | Let A" be the reflected point of 4 in P

@=W+@
2
5 -1 (11
o4'=2\4 |-1-2]=|10
2] 4 -3

Line of reflection of [ in p:

1 2
r={10 |+A[ 1|, 1eR
-8) |3

(iv) [ Since Cison |,

N 2
oC :{—2]%7{]} forsome AcR
4 3

[
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5|t

J6+22) +(=6+ 1) + (64 34) =164
36—244+427 436 - 124+ 1 1 36+361+94% = 164

1447 -56=0
A=-2 or A=2

o2} f]-[3) w={2{iHs)

) | Method T

£BCA=542° (1 d.p)

Method 2
B and the 2 points of C form an isosceles triangle.
. £BCA = acute angle between BC and /

_ [-6 2 -2
A=2=BC=t-6|4+211 [=]| -4
6 3 12

2\ /2
-4 (-1
12 } {3

N6a422 412 + 3

28

~Jieaia

£BCA=542° (1 dp.)

CosXBCA=

Method 3
Consider vectors BC & AC .

o (-6) [(2) (=2 3) (-1
A=2=BC={-6|+2|1|={-4| 4C=]| 0 |-|=2]=|2
6 3) {12 10) L4] 6

2\ (4
—412
12 )16

V16447 427 4 6
56

164456

cos LBCA =
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| £BCA=542° (1dp.)

5
(1)

Method 1 (Direct Method)

Case |: Students from Class A4 are grouped as 2,2,0
4 3 6
C,"C,x°C,

Number of ways = + =1260

Case 2: Students from Class 4 are grouped as 2,1, 1
‘C, *C, % ’C, °C,
2!

Total number of ways = 4620

Number of ways = = 3360

Method 2 (Using complement)
Case 1: Students from Class 4 are grouped as 3,1,0

Number of ways = 'C, *C, x 'C, = 1120

Case 2: Students from Class 4 are grouped in 4,0,0
‘C, % *C,
2!

Number of ways = =35

12 8 4

C C, _
Number of ways = -’-%i— (l 120+ 35) = 4620

No of ways = (6-1)! x°C, x 4
= 43200

'P(AIB):P(AmB)
P(B)
s_PANB)
0.6
P(AM B)=0.27
P(AnBNCY=027-0.1=0.17

0.4

(iiy

Since A and C are independent, 4 and C” are independent,

P(ANC)=P(4)xP(C")=0.5x(1-0.65) = 0.175
P(4wC)=P(4)+P(C)-P(ANC")
=0.5+(1-0.65)-0.175
=0.675
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Let P(ANB'"C) bex.

A B

P(4' "B NC)
=1-(023-x)~0.17-0.1-0.3-0.03 - x~(0.25 - x)
=x—0.08

Consider:

x—0.08>0 and 023-x>0 and x>0 and 025-—x>0
x20.08 and x<0.23 and x=0 and x<0.25

Therefore, 0.08<x<0.23.

When x=0.08, P(4'nB ~C")=0.08—0.08 = 0 (least)
When x=0.23, P(4'" B nC")=0.23-0.08=0.15 (greatest)

Alternative
| east P(A'ﬁ BN C') occurs when x is minimised:

Suppose x =0, then P(AUBUC)=0.6+0.23+0.25=1.08 which is impossible as
P(auBuC)<I.
Greatest P(4W B\ C) =1 and least P(ANBNC)=0

Greatest P(A'~B' C'} occurs when x is maximised:
023-x=0

x=0.23

P(4NB'NC)=1-0.23-0.02-0.6=0.15

Greatest P(A’ ﬁB'mC’) ={0.15

7 4 3 2
(i) P(X:9)—P(3,3,3)k5x:—§x;_a

4 3 3 3
P(X =8)=P(3.3,2) = —x"xZx3= -
(K=8H=PG.3.2) 9 8 7 14

POY =7)=P(3,3,)+ P(3,2,2) = T x2x 253 4] 2x3x 23|22

98 7 9 8 7 7
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—_
PUC=6)=P(3,2,)+ P(2,2,2) =] 2.2 231 |4 zxgxl]:g
9 8 7 9 8 7) 84 :
POX =5)=P(3,1,1) 1 P22, 1) = 2 2 L3 +(3x3x3x3)=i
978 7 98" 7 42 |
3 1 1 :
POY =) P2, 1) =2 x2xdn3= L
9 8 7 28 ;
OR
4 :
C, 1
PX 9 = = :
£=9)= °C, 21 |
4 - ;
P(X = 8)__C><_£;_ =
C, 14
) c ‘CxC, 2 3
Por=7=-X G, Gx G 2
°C, c, 7 |
P(Y = 6) = 'Cx°C X C gcszg
°C, C, 84
CEC 5 5
v =5)- GG XG5
’C, C, 42 |
2 :
Pr—gy-_GxG 1 |
28 i
X 1 5 6 7 8 [ 9
28 42 84 7 14 2]
@ | pxisoddy=t 42,5 _19
21 7 42 42
19
E(Y)= [1——2](~w)+—~—(w) i
~0. 8——21t+£w ;
427 42 i
w=28.4
Var(Y) = E(r*) - [E(T)]’
]9 2 ]9 2 -
T——1(-84) +] = |{8.4) |-(-0.8)
[( 42J( ) [42)( )} 09
=66.92
(iii} | Player wins $2w = wins 6 out of 10 rounds
Let R be the number of rounds that the player wins, out of 10 rounds.
R~ B(IOEJ
42
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P(R=6)=0.162 (3 s.f)

Alternative

-—— | x
12) sl
=0.162 (3s.f)

6 4
!
Required probability = (%) (1 t9] 1or

Let X denote the waiting time for vaccination in Polyclinics.
X ~N(25,67)

P(X >30)=0.20233
P(X <30)=1-0.20233 = 0.79767

Required probability
=P(X >30)xP(X <30)x2!

=0.323 (3 s.f)

(i)

Let ¥ denote the waiting time for vaccination in Community Clubs.
¥ ~N(20,3)

X-¥ ~N(25-20,6"+3?)

S X —Y ~N(5,45)

P(X —Y|>3)

=P(X -Y23)+P(X Y <-3)
=0.61720+0.11652

=0.734 (3 5.f)

(iii)

Xi++Xs+H++15
20
X+ +Xs+Y +---+Yl5)
20

Let A=

E(d) = E(

|
:%E(JYI+-v-+X5 +¥ ++X5)

= %(5(25) +15(20))
=21.25

OYHC
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N E TR e

20

2
2(;—0] Var{X;+---+ X5+ § +-+X5)

- (%) [Var(X,)+...+ Var(Xs5)+ Var(F)+...+ Var(}’15):l
:;;)7(5(62)%-15(32 )
=0.7875

- A~N(21.25,0.7875)
P(4<21)=0.389 (3 5.f)

Required assumption; :
The waiting times for vaccinations of the people in Polyclinics and Community Chlubs are all
mutually independent with one another. 1

9 | An unbiased estimate of J7RTY
O 5§38 300-30072
50
An unbiased estimate of o is: ,
) :
st=2feip 36
49 50
=11.961
=120 (3s.f)
Gi) |Ho : u#=300 .
Hy @ g>300
. . - — 11.961 _
Under Ho, since n =50 is large, by Central Limit Theorem, X ~ N} 300, : approxtmately.
. X-300 i
The test statistic is Z = ——————~ N(0, 1) approximately.
V11 .96%
V50
From GC, p-value = 0.0705 (3 s.f)
Since the p-value = 0.0705 > 0.05. we do not reject Ho and conclude that there is insufficient
evidence at the 5% level that the mean number of calories is more than 300 {or the nutritionist’s
belief' is correct or the mean number of calories has been understated).
(iii} | Since sample size is large, by Central Limit Theorem, the sample mean nuniber of calories for a
packet of chocolate will be approximately normal. :
(v) | There is a probability of 0.05 that the test will show that the mean number ojf calories for a packet
of chocolate is more than 300, when it is in fact 300. '
oyYlc 9758/02/Prelim Exam/2 1
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™| 222 0)= 10256
39
Ho : =300
Hi o e #300
. . . - 10.256 .
Under Ho, since n =40 is large, by Central Limit Theorem, X ~ N 300, approximately.
X —300
The test statistic is Z = ——=~—~ N(0, I) approximately.
v10.256
/40
Critical Region: z < --2.1701 or z >2.170i
Given that Ho is rejected,
k—300 k=300
———— <-2.170] or = »>2.1701
V10.256 V10256,
J40 /40
k—300<-2.1701 —% or k-300=2.1701 M
) m
k<299(3s.f) or  k2301(3s.f)
10 | Let X be the number of defective bottles, out of 30 bottles.
(i) | Then, X~ B (30, 0.04)
P(accepting a batch of bottles)
= P(Xl :0)+ P(X, :I)P(X2 = O)+ P(Xf = Z)P(X2 < ])
=0.54853
=0.549 (3 s.f)}
(ii) | Required probability
= P(at most 2 defective bottles | batch is accepted)
_0.54853-P(X, =2)P(X, =1)
0.54853
_ 0.46701
0.54853
=0.851 (3 s.f))
(iii) | Exactly 20 fewer defective bottles than non-defective bottles
means X' =135
P(X =5)=0.0052591
=0.00526 (3 5.f)
(iv) | Let Y be the number of boxes, out of 1, with exactly 20 fewer defective bottles than non-defective
bottles.
Y~ B{n, P(X=15))
ie. ¥~ B(n, 0.0052591)
QY1IC 9758/02/Prelim Exam/21
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P(Y 22) <0.05
I —P(¥ <1) <0.05

From GC,
n 1-P(Y=<D
67 0.0488
68 0.0501

Greatest possible value of n =67

(v) | X~B(30,0.04)
E (X) =30(0.04) =1.2
Var(X)= 30(0.04)(0.96) =1.152
Since sample size = 50 is large, by Central Limit Theorem,
X~ N(] 2, 1'152) approximately
50
X ~N(1.2,0.02304)
Required probability = P(¥ <1)=0.0938 (3 5.f)
oYIC 9758/02/Prelim Exam/2]
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