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This question paper consists of 6 printed pages (inclusive of this page) and 2 blank pages.
Answer all questions [100 marks].

1  State a sequence of 3 transformations which transform the graph of

g(x)= 2" 11 to the graph of f(x)= e 3]

2 Using the standard series expaﬁsidﬁs, obtain the Maclaurin series of

In [(l +x)(1-2x) ] in ascending powers of x , up to and including the term inx’ . 2] .

(i) Find the set of values of x for which the above expansion is valid. . [1]
(ii) Hence, find the range of values of x for which the expansion of
mlm] :lz 3}
e L] _pan (2+7x)’is valid. [2]
3 (@ y
A

y562x*h\
O\a\/ﬁ o

The diagram shows the graph of y = e?* — kx, where k is a positive real number.

The two roots of the equation e** —kr=0 are denoted by a and S, where
a<p.
. It is given that there is a sequence of real numbers. x;,x,,x;... that satisfies the
~ recurrence relation, x, ,, = e* ,forn > 1.
By considering x,,,~x, , prove that
Xy > X, ifx, <aorx,>pf. (21

(b) Prove by the method of mathematical induction that

2 sin(n+1)@—sini @
2cosr9= (n+3) 2

- , for all positive integers #. 5]
= 2sin 16




Andy and his fiancée signed up. for a new 4-room flat in Boon Keng. They take
up a housing loan of $450,000 provided by BEST bank for the purchase. The
couple pay a fixed monthly instalment of $4 on the first day of each month.
Interest is charged on the last day of each year at a fixed rate of 1.6% of the
remaining loan amount at the beginning of that year. If the first instalment is paid
in January 2016,

(i) Show that the amount the couple owe the bank at the end of 2017 is

$[464515.20—24.1924].

o (1]
(ii) Given that 4 is 1500, find the date and amount of the final:repayment to the

nearest cent. [5]
x’—x-1
(a) It is given that y = i xel , x #—1. Without using a graphic
X+
calculator, find the set of values that y cannot take. [3]
2
(b) The curve Chas equation y = ¥ +b ,wherea>0,b>aand x#a.
X—a
(i) Draw a sketch of the curve C, label clearly the equation(s) of its
asymptote(s) and the coordinates of any intersection with the axes. [31
(ii) By drawing an additional graph on the diagram drawn in (i), state the
number of real root(s) of the equation x> +5 = (x a)(x + a) 2]

(a) The equations of two planes p, and p, are
x+4y+2z=17,
Ix+Ay+4z=pu,
respectively, where 4 and g are constants.
(i) Given that the two planes intersect in a line /, with a vector equation

given by
1 2
r=|1]+s] 1 |, seR,
1 -1
show that the value of 4 is 10 and find thé value of zz. B3] .
(i) If plane p3is the reﬂectlon of p, in ‘p2 . ﬁnd the acute angle between D ,
and p;. « - [2]

(b) Relative to the origin O, the pomts A4, B C and D have position vectors a, b
c and d respectively. It is given that 1 and y are non-zero numbers such that
Aat+pub—c=0andA+u=1,

(i) Show that 4, B and C are collinear. (31
@ii) If O is not on the line 4C and |cxa|(b—a)=(c)d, determine the
- -
relationship between AC and OD, explaining your answer clearly. 2]
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A piece of metal with negligible thickness has been cut into a shape that is made
up of four isosceles triangles each with base x cm and fixed sides @ cm. Their

bases frame to a form a square with sides of length x cm. A right pyramid is

formed by folding along the dotted lines as shown in the diagram below.

xcm
[Volume of a pyramid = %x base area x height ]
(i) Show that the volume of the pyramid is TV S cm?®.
(i) Find the value of x, in terms of a, that will give maximum volume for the
pyramid.
(iii) A

. %

< »
al 5

: . acm . L R .
To make the pyramid into a paperweight with negligible thickness, a viscous
fluid is pumped into the interior at.atate of 1 cm®/s. Given that H cm is the

[2]
(4]

perpendicular distance from the apex . of the pyramid to the viscous fluid = ~ .~

surface, x =g and the height of the pyramid is —\/;—a cm, find the rate at

which H'is changing when H = % , giving your answer in terms of a.

[The diagram above shows the cross sectional area of the pyramid.]

[3]



8 (i) Show that (0,—%) lies on the locus |z + 2| =|z+1+2i. ‘ [1]

(i) Sketch on a single Argand diagram the loci |z+1+2i|= J5 and
lz+2|=|z+1+2i|. 14
(iti) Hence indicate clearly on the Argand diagram the locus of z that satisfies the

relations Iz+l+2ilS\/§ and |z+21:|z+1+2i|. (]

(iv) Find the greatest and least possible values of arg(z+1+2i) , giving your

answers in radians correct to 3 decimal places. 4]

9  The path travelled by an object measured with respect to the origin in the
horizontal and vertical directions, at time ¢ seconds, is denoted by the variables x

and y respectively.

It is given that when ¢ =0, x=1,y =0 and % =1. The variables are related by
, _
. the differential equations %)ti —y+4e¥ -4y’ =0 and %t—f =cos’2t.

(i) Using the substitution y = we', show that % = —+/1-4w? and hence find y

in terms of £. [6]
(ii) Find x in terms of ¢. [4]
- 10  Given that f(r)= =i show that f(r+2)—f(r)=M . (1]
| r+1’ | (r+1)(r+3)
in terms of ». o o 21
in terms of #. | [4]
N : ol r3 | 3 5]
(iii) Using the result in (ii), show that r - <- . 3
2; G+57| 4 160 3]
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11 The functions f and g are defined as follows:
f:xl—->—~|x2+2x|, a<x<0
g:xk> —Jx+1, x>-1
(i) State the least value of a for the inverse function of f to exist. Hence, find f ™!
in similar form.
For the following parts, use the value of a found in part (i).
(ii) Write down ff™' in similar form.
(iii) Find the rule for gf in the form bx + ¢, where b,c €0 . State its range.

(iv) Find the exact range of x for which f (x - %) >gf (x—%) .

w g d 2
12 (a)i) Find a[(mx) ] .
(i) The curve C is defined by the parametric equations
x=Int-t, y=2t+ln(tz) where 7> 0.

Another curve L is defined by the equation (4~ y)’ =3 —x. The graphs

of C and L intersect at the point 4 (-1, 2) as shown in the diagram below.

y:4+h4

—>» X

* - Find the exact area of the shaded region bounded By-C', L and the’fli'ne .
(b) The region R is the finite region enclosed by the curve {y - 1)2 =1-xand the

y-axis. The region S is the region in.the 2" quadrant enclosed by the curve

y= 2tan(x+%) and the axes.

Find the total volume generated when region R and S is rotated through 2z
radians about the x-axis, leaving your answers in exact form.

END OF PAPER

[4]

(1]
3]

Bl. ..

(1]

61

[4]
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Answer all questions [100 marks].

1

State a sequence of 3 transformations which transform the graph of
g(x)= e 1] to the graph of f(x)= e

3]

Solution

I) Translation in the negative y-direction by 1 unit

(6x+2)

y=¢ (6x+2)°

+1>y=¢

II) Stretch parallel to the x-axis by a scale factor 3.

(3] _ (42

y= e(6x+2)2 S>y=¢

III) Translation in the positive x-direction by 2 units

(2x+2) (2(=-21+2)" _ e(zx-z)2

y=¢ —>y=e

Alternatively

I) Translation in the negative y-direction by 1 unit

y= e(6x-x-2)2 +1—> y= e(6).‘+2)2

II) Translation in the positive x-direction by 2/3 units

" = (=3 NCE

II) Stretch parallel to the x-axis by a scale factor 3.

() _ R

y=e® 5 y=e

Note: The translation can be step 1, 2 or 3.

Using the standard series expansions, obtain the Maclaurin series of In [(1 +x)(1- 2x)3}

in ascending powers ofx , up to and including the term inx” .
(i) Find the set of values of x for which the above expansion is valid. . -~ . .. .
(i) Hence, find the range’ of values of x for which the expansion

ln[l;l;;] ' E
g L2l In(1-x) (2 + 7x)5 is valid.

(2]

NI

2]

Solution

In[(1 +x)(1 - 2x)*] = In(1 + x) + 3In(1— 2x)

2 3

3
=x-2 X 43l ox_2x? & Feee
2 3 3 )




B B RN

13x> 23x°
= Sy—— I ...
2 3
(i) So ~-1<-2x<1 and -1<x<1

-——1-Sx<}- and -l<x<1
2 2

xell :—-l£x<l
2 2

1
(1+2x)3

(i) eln[h ] ~In(1-x) |(2+7x) =[-3In(1+2x)~In(1-x) |(2+7x)’

= —[3 In(1+2x)+In(l - x)](Z + 7x)3

From (i), replace x by —x,

——1-<Jcsl and xel
2 2

~.Range of values of x is —% <x< —;- .

\ > X
15"

The diagram shows the graph of y =e?* — kx, where k is a positive real number.

The two roots of the equation e** —kx =0 are denoted by a and f, where

| a <p.

It is given that there is a sequence of real numbers x,,x,,x;... that satisfies the

. 1
recurrence relation, x,,,, = ;e_z-"" ,forn >1.

n

J L-';_:g_e;;- .o

By considering x,,,—x, , prove that

Xy > X, ifx, <aorx>p.

[2]
(b) Prove by the method of mathematical induction that
n i 1)9—sin i
D cosrd = sin( + 2.)9 siny 0 , for all positive integers n.
pom 2sini@ [51
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Solution
(a) Xps1™ Xy yA
1 2x, | 2x
= —e™ ~x =e”—kx
p \ \ y
e —hx,
: \ .

0 a\/ﬁ o

From given sketch, if x <« or x > £,
e —kx>0
Soif x, <a or x,> S,

2x, -
e —
—_— X = —n >
k

Therefore, x,,, > x, (Proven)

(b) Let P, be the statement
sin(n+$)80 —sin .0
2sin% @

c0s@+cos20 +cos3@ +...+cosnb = for nel™.

To show £ is true,

1
LHS = Z cosrd =cos@
=1

sin3 @ —sin 6

RHS =
2cosid
_ 2cos8sin(30)
2sin$6
=cosd =LHS
- B, is true.

sin(k + 1)@ —sin1 6

k
Suppose P, is true for some ke Z", i.e. Zcosr& =
r=1 .

2sini1d
. . k+l1 in(k 3 O —si 19
To show P,,, is true, i.e. Zcos rl = sin(k + 2? sini
=l 2sinid
k+1
LHS= ZCOS r@
' r=1 T ‘
= Z cosr@ +cos(k+1)4

r=1

— T i ig. —
=sm(k+2?0_ Sm29+cos(k+1)t9
2sin 6

_sin(k +3)@—sin3 0 +2cos(k +1)fsin 16
2sin16




S

_sin(k+1)0—sin 16 +sin(k +2)8 —sin(k +1)0
- 2sinl@
_sin(k+3)0—sin16
- 2sinif

=RHS

Hence, P,,, is true if Py is true. (Missing is “P”)

Since Pj is true and Pz is true when Py is true, by Mathematical Induction, P,

is true for all positive integers n.

Andy and his fiancée signed up for a new 4-room flat in Boon Keng. They take

| up a’housing loan of $450,000 provided by BEST bank for the purchase. The

couple pay a fixed monthly instalment of $4 on the first day of each month.
Interest is charged on the last day of each year at a fixed rate of 1.6% of the
remaining loan amount at the beginning of that year. If the first instalment is paid
in January 2016,

(i) Show that the amount the couple owe the bank at the end of 2017 is

$[464515.2-24.1924). (1]
(ii) Given that 4 is 1500, find the date and amount of the final repayment to the
nearest cent. (51

Solution

(i) Amt owe at the end of 2017 = (1.016)(1 016)(45000()) ~1.016(124) - 124
= $[464515.2-24.1924]

(i)

year | Amt owed at the beginning Amt owed at the end of the year
after paying 18000

10 | 450000 1.016(450000) -18000

2% 1.016(450000) -124 (1.016)(1.016)(450000) —

1.016(18000) —

18000
39 1 (1.016%)(450000)— - (1.016)(1 .0162)(4'5"0000)‘—
1.016(124) - (1.016)(1.016)(18000) —
124 (1.016)(18000) —
18000
n® : (1.016")(450000) —
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(1.016"7)(18000) —
| (1.01672)(18000) —

18000

| Amount of money owe at the end of nth year
=450000(1.016)" ~18000(1 +1.016+1.016> +...+1.016"™)

Consider

1(1 016" —1)
450000(1.016)" —18000] ——— L |<
1.016—1

450000(1.016)" —1 125000(1 016" —1) <0

Using G.C, n>32.2

When n =32,

Amount owe at the end of 32 years
=$450000(1.016)** - $1 125000(1 016” —1)=$3233.601

Since they will be paying $1500 each month, they will finished the payment on
15 March 2048. The last payment is $233.60.

2 .
(a) Itis given that y = f—-—)fl——l—, xel , x—1. Without using a graphic
X+

calculator, find the set of values that y cannot take.

[31

2
(b) The curve C has equation y = X +b
X—a

,wherea>0,b>agand x#a

(i) Draw a sketch of the curve C, label clearly the equation(s) of its
asymptote(s) and the coordinates of any intersection with the axes.

3]

(ii) By drawing an additional graph on the diagram drawn in (i), state the
number of real root(s) of the equation x*+b=(x—a) (x2 + a) .

21

Solution

| (@) Consider any horizontal liney =k, kel . .- - .-

N . - 2 - _ °
Consider the intersection of the graphs.y = i—x—l—l and y=k,ie.
' x+

x*—x—1_

x+1
=x"—x—-1=k(x+1)
=x* +x(-1-k)+(~1-k)=0

| For the equation to have no real solutions,
Discriminant <0

= (-1-k)’ —4Q)(-1-k) <0




= k> +6k+5<0
k+D(k+5)<0
+ 5 - 1 +
.. The set of values that y cannot take is {y el :-5<y<-1}
(bi)Whenx=0,y=——b—
a
x*+b a +b
y= =(x+a)+—
© X—a x—a
x=aqa and
y =x +a, are equations of the asymptotes
(i1)
Yo
A | s
1
;
y=x’+a 5
l
).
1

xX=a
2 +b=(x-a)x*+a)
x2+b 2
=x"+a
x—a

By adding an additional graph in (i), i.e. y = x> +a, no. of real root is 1.

(a) The equations of two planes p, and p, are
xtdy+2z=7,:. .
N Bx+Ay+dz=pu,
respectively, where A and 4 are constants.

(i) Given that the two planes intersect in a line /, with a vector equation

given by
1 -2
r=(1]+s| 1 |, seR,
1 -1
show that the value of A is 10 and find the value of 4. 3]
(i) If plane p; is the reflection of p, in p, , find the acute angle between p,
and p,. 21

ITITRN OVERI1




(b) Relative to the origin O, the points 4, B, C and D have position vectors a, b,
¢ and d respectively. It is given that 4 and M are non-zero numbers such that
la+ub—c=0andA+u=1,

(i) Show that 4, B and C are collinear. 31
(i) If O is not on the line AC and |exa|(b—a)=(cd)d, determine the
— -
relationship between 4C and OD, explaining your answer clearly. 2]
Solution

3
@@ 1 [.[1]=0
4

A=10

1 3
p=|11e|10 =17

1 4
(i)
Let & be the angle between p, and p,.

1 3
4 |e| 10
cosf = 2 1
JI2 442 42232 4107 + 42
cosl9=————5—1———
V214125

0 =5.4869°
Acute angle between p, and p, = 2(5.4869°) =11.0°
(bi)
-
AB=Db-a
-
AC=c-a

=Ada+ub-a

" =(A-Da+ub
=—ua+ub
—#(b a)’

' Smce AC = ,uAB for some y eD\{O}, A, B, Care collmear -

@ii) [exa|(b-a)=(cH)d :>AB.='kOD for some k €[] as |exa| = Osince O is
not on AC

since AB=u AC for some uell
- -
so AC is parallel toOD.




A piece of metal with negligible thickness has been cut into a shape that is made
up of four isosceles triangles each with base x cm and fixed sides a cm. Their
bases frame to a form a square with sides of length x cm. A right pyramid is

formed by folding along the dotted lines as shown in the diagram below.

X cm
[Volume of a pyramid = %x base area x height ]
2|, X
(i) Show that the volume of the pyramid is ER iy cm’. 0]
(ii) Find the value of x, in terxﬁs of a, that will give maximum volume for the
_pyramid. [4]

o1 Jrae~

(iii) A

acm

To make the pyramid into a paperweight with negligible thickness, a viscous
fluid is pumped into the interior at a rate of 1 cm?/s. Given that H cm is the
perpendicular distance from the apex of the pyramid to the viscous fluid surface,

ITTTRN OVERI




10

x =a and the height of the pyramid is —\/Zga cm, find the rate at which H is

changing when H = —;— , giving your answer in terms of a.

[The diagram above shows the cross sectional area of the pyramid.]

]

Solution
(i) Let the height of the isosceles triangle be &k cm.
K+ —x—z— =a’
4
K =d? —ﬁ
4
: 2 2 2
Therefore, height of the pyramid = \/ a* —%-% = \/ a? —52—
2 x2
Volume of pyramid, V' = a* —
2 2
(“) fi_l_/_:i{ 612 _x__;_.x_(.l__) X
dx 3 2 312 2
a? -

61’a2 —ﬁ
2
2x(a—£x}(a+£x}
B 2 2

When ii—V—=O, |
dx
Zx(a—-ﬁx (a+£x)
2 2
> =0
3 ,az—ic——
2




11

243 23

x=——agor ————a (rejected "~ x>0
3 3 (rej )

When x=2—;{’¥3—a_ R

1 2 3 NE) dav

>0, =x>0,a——x>0 and a+—x>0,thus —>0.
3 2 2

3 .
1 ) NE) NE) dv

>0, =x>0, a——2——x<0 and a+—2—x>0,thus —<0.

x
a? -2
2

Therefore x = -23—3a gives maximum volume.

(iii) Volume of pyramidal empty space, W cm?, in the pyramid as it is being
filled up

=§b2 H , where b is the length of the square base

b_p
H
Therefore W=ZH3 :>d_W=2H2
3 dH
When H =2
2
dw 8 dH _dw
dA dt dt
2
2 dr
H__2
dr a?
' ‘H'is..»décreaSing‘a‘t a rate -df —2‘24'ém/s; SUIERETEIN
- a
| @  Show that (O,—i—) lies on the locus |z +2|=|z +1+2i|. S [1]' |

(i) Sketch on a single Argand diagram the loci |z+1+2i|=\/§ and

|z+2|#|z+1+21‘, [4]

ITTITIRPN OHYYVER]




12

(iii) Hence indicate clearly on the Argand diagram the locus of z that satisfies the

relations |z+1+2i|<+5 and [z+2|=|z+1+2i.

(1]

(iv) Find the greatest and least possible values of arg(z+1+2i), giving your

answers in radians correct to 3 decimal places.

[4]

Solution

() Whenz= —%i

LHS=|-Lial= 4L
4 16
4 4 16

Hence (O,—%) lieson |z +2|=|z+ 1 +2i|.

(i) & (iii)

lz+1+2ij= 45

(-1.5,-1)

lz+2]=|z+1+2i

@)
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Im . -
A
2,0 0.0
¢ ) Re
(-15,-1) \
Locus of z :"\\ )
/Y P s 5
0.5
(07"_4)
z+2|=|z+ 1+ 2i

VRIS
p = tan (0.5)—tan )

Locus
ofz
2 1 T
a=cos'|~—~ZL|=cos (=) ==
| 5 cos (2) =y
_Greatest value of arg (z +1+21) = v7r_—(ﬁ. —a)
. - =3.08164
=3.082

Least value of arg (z +1+2i) = 7- -«
- = 0.987246 = 0.987

(iv)
Alternative Method

ITTTDAY NAYVID1T
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Equation of circle: (x + 1)> + (y +2)* =5

y=-2 :r_,/s;(xﬂ)z ¢))

Gradient of the line passing through the (- 2, 0) and (— 1,—2) = ( 02) ( (2)1)
Gradient of the perpendicular bisector = —-—15= %

Equation of the perpendicular bisector: y + 1 = % (x+1.5)

11 '
=—x —— e V2
y=5x @
Using GC, the points of intersection are (— 3.232051, —1.866025) and

(0.23205,~ 0.1339746).

Im
lz+1+2i|= 5

A

(-2.0) 09

€

( (0.23205.— 0.1339746)
Locus
ofz -2)
(=3.232051, —1.866023)
(0> - 4)

z+2]=|z+ 1+ 2i

Least value of arg (z + 1 + 2i) when z =0.23205 — 0.1339746i is 0.987.
Greatest value of arg (z + 1,+ 2i) when z =—3.232051 — 1.866025i1 is 3.082
NORMAL FLOAT AUTO REAL RADIAN HP

angle(.23205-. 133971,+1+21.)
.= 9872478185

angle( -3, 2359~ 1.8661+1+21)
3.981634145

The path travelled by an object measured with respect to the origin in the
horizontal and vertical directions, at time # seconds, is denoted by the variables x

and y respectively.
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It is given that when 7=0, x=1, y =0 and % =1. The variables are related by

. . . d*
the differential equations %— y+q/e* —4y* =0 and dt—f =cos’ 2¢.

(i) Using the substitution y = we', show (ji—w = —V1-4w’ and hence find y in
t

terms of ¢. 6]
(ii) Find x in terms of ¢. [4]
Solution
@ %—er e —4y*=0
y=we
Y ij—M—)e’ +we'
de  dr

b e (d_w+ w)
dr ds

e (d—w+ w)—we’ + /e —4(we' )2 =0
dr

e (%;ﬂ+w)—we' +e'\1-4w? =0
%+w—w+\/1—4w2 =0
C%":—\/l—étw2 (shown)

l’dw_

V1—4w? dr

%sin"' (2w)=-t+C

wA=—;—si_n_(-—2:t_‘+,2C) S

j/ =%e’ sin(-2¢+C)

When t=0,y=0
- —;—sin (—-2C)= 0
C=0

Ly= —;—e’ sin(-21) or y= —%e’ sin(2¢)

d*x 5
i) — =cos* 2r
@D dr?

ITTYTIDAT AT
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_1+cosdr

10

(8r+6)3"

Given that f(r)— T show that f(r+2)—f(r)= (

[1]

) Find Z (4r+3)3"

,_] m in terms of #.

(2]

in terms of n.

[4]

4 160

r=0

n+l
(iii) Usmg the result in (ii), show that ZI: r3 ] 3L

(r +5)

31

Solution

3r+2 3r

r+3 r+l

f(r+2)—f(r) =

r‘3r+2 +3r+2 _3r .r_3r+l

(r+1)(r+3)

_8r-3"+3™(3-1)

(r+1)(r+3)

_ (8r+6)3" -

(4r+3)3"

()Z(r+1)(r+3) 22[f(r+2) f(r)]

r=l1 r=1




17

N | =

(£(3)-£(1)
+f(4)-1£(2)
+(5)-£(3)

+f(n)—-f(n-2’)
+f (n 1)~ £ (n—1)
_+f(n+2)—f(n)

e =%[—f(l)—f(2)+ f(n+1)+f(n+2)]

9 3”*‘[ 1 3 } 9 3 4n+9
= ——+ + =——+
4 2 |n+2 n+3 4 2 | (n+2)(n+3)

(ii) Z

(4r+11)3" 2, (4r+11)3™
=(r +3)(r+5) 9 = (r+3)(r+5)

: 1222 4r+3 3"
IS

975 (r+1)(r+3)

9| S (r+1)(r+3) 8 15

:_[M (4r+3)3 21 99]

9

1.9, 32 (4n+17) 21 99
4 2(n+4)(n+5) 8 15

_ 51 3™(4n+17)

40" 2(n+4)(n+5)

(iii) Z

247'3

r=0 (r 5) 475 (r +5)

<l 2 (4r+11)-3

(r+5)2
(4r+11)-3"
;(r+3)(r+5)
o re3n 1 sl 3" (4n+17)
ke sy [ 40+2(n+4)(n+5)]

n - 3r 3n+l . 51 - 3n+1 (4n+17) 3n+l .
2 <t
mo(r+5) 4 160 8(n+4)(n+5) 4

__51 3"“[1 4n+17 }

160 2(n+4)(n+5)
<———1- since dn+17 _17f rall n=>0
160 2(n+4)(n+5) 1

ITTIRN OVERI
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11

The functions f and g are defined as follows:
f:xl——)—-'x2+2x , a<x<0

gix —Jx+1, x>-1

(i) State the least value of a for the inverse function of f to exist. Hence, find

f ! in similar form. [4]
For the following parts, use the value of a found in part (i).
(ii) Write down ff™' in similar form. [1]
(iii) Find the rule for gf in the form bx + ¢, where b,c €[ . State its range. [3]
(iv) Find the exact fange of x for which f (x —%) >gf (x—%] . 3]
Solution
(i) Least a=-1

f(x)= —(—(x2 +2x))= x*+2x

Let y=f(x)=x"+2x

y=(x+1)" -1

y+1=(x+1)2

x=-1ty+1

x=—1+Jy:i—1('.'-—1<xSO)

f'ix-1+Jx+1, -1<x<0

G ff':x—>x, —-1<x<0

@iii) gf (x)=—vx’ +2x+1

= —,’(x+ 1)2

=—h+ﬂ

=—x-1 (= Dy =(-10])

R, = [—1,0)

o]

B —=3x+ 24353 +1-250
4 27"

#-250
4

(=g EEae
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2 2

5 V5

X<—— or x>—
2 2

But after translation by 1.5 units in the positive x — direction, Dy = D, = (%,%:l

J5 3

S——<x<—=
2
112 |@)) Find —d—[(lnx)z:] : 1
dx
(i) The curve C is defined by the parametric equations
x=lnt—t, y=2t+In(f’)  where >0.
Another curve L is defined by the equation (4 — y)2 =3-x. The graphs of
C and L intersect at the point 4(—1,2) as shown in the diagram below.
y=4+In4
> X
Find the exact area of the shaded region bounded by C, L and the line
y= 4+ln4 [61 |
: (b) The " reglon Ris the ﬁmte reglon enclosed by the curve ( y— 1) =1-xand the o
y-axis. The region S is the reglon in the 20 quadrant enclosed by the curve
y= 2tan(x+4) andtheaxes | N
Find the total volume generated when region R and S is rotated through 27
radians about the x-axis, leaving your answers in exact form. {41
Solution |
. d 2lnx
(ai) —d;[(lnx) |=(em )( ) -

fTTTDA NULI'DI]
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(n)Area—j In4[3 -(4- y)]dy r+ln4xdy '

=[3y~<(_3y))’r”_ f(ln,_,)(2+§] a

=3(2+1n4)—§[(—1n4)3—8] j(zmt

2] 0
10

—?+6m2—M—2f In¢ d— [(lnt)] [T +[2]

_-137°+6mz-(ln74)—2 tine]} +f 2dr—(In2)* +3+2

3
_?+6h12—(1nT4)—41n2+[2t] ~(In2)’

-2iom (8]

LY 2y

(b) Vol = zj 4 tan? (x+ )dx+z_[[(l+F) ( \/‘x)z]dx

:47rJ-_£(sec2 (x+%)—lj dx+7r_':4\/1~x dx
1

H

0 3
— 2
=4z[tan(x+£)—xJ +4r M
4) "= 3
4

2 o

=4 l—£J+§7Z'=-2—O7Z'-—7Z'2
4) 3 3

" END OF PAPER
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Section A: Pure Mathematics [40 marks].

b . .
1 (@If0<a<b,solve L) xla —x| dx, leaving your answers in terms of g and b.

. . d{ 3—x
(b)(i) Find Ex—( \/i——x)

(i) Find —zide
' x“=3x+2

(i) Hence find J' X tant I x d.

(1 -x)2

2 B c
1
A : D
': S5cm
H
i
kKA J L _-J0
1 cm
—>—
0. i 12 cm R

The cuboid above is formed by the eight vertices O, 4, B, C, D, P, O and R.
Perpendicular unit vectors i, j, k are parallel to OR, OP and OA respectively.

The length of OR, OP and OA4 are 12 cm, 1 cm and 5 cm respectively.
(i) Find the Cartesian equation of line AC.

(ii) Find the acute angle between C4 and CR. Hence, find the shortest-distance

from R to AC.

(iii) The point T is on AC produced such that AT =A1A4C and M is the midpoint -

of OR. The unit.vector in the-direction of O is represented: by the.vector.

- .

OV . By considering the cross product of relevant vectors, find the ratio of

the area of triangle OVM to the area of triangle ORT in terms of 4.

[2]

{1}
2]

(3]

[2]

[4]



3 (a) The complex number w is such that w = a+ 1b, where a and b are non-zero
real numbers. The complex conjugate of w is denoted by w*. Given that
)

w

=3-1ib , solve for a and b and hence write down the possible values

(b) (i) Without the use of a graphic calculator, find the roots of the equation

22 —2z+4=0, leaving your answers in the form re' |, » > 0 and

-r<@<w. . . [2]
(i) Let a and # be the roots found in (b)(i). If arg(ar)>arg(B), find

}0-']0 —ﬂw, and arg (a") —,Bw) in exact form. : 31
(¢) (i) Show that the locus of z where arg(z +23+ )= —% passes through the

point (—/3,-2). _ [1]
(i) Find the Cartesian equation of the locus of z in the form y=mx+c,

stating its domain clearly. Leave your answer in exact form. __ [2]

4 A curve C has parametric equations
x=sinf, y=cost.

(i) Find the equations of tangent and normal to C at the point with parameter £.  [3]

(ii) Points P and Q on C have parameters p and g respectively, where 0 < p < -g-

and 0<g< % . The tangent at P meets the normal at Q at the point R. Show

ok
<R,

 that the x—coordinate of R is —od Hence, ﬁnd in 51m11ar form the
. cos(p~gq) o o
_ y—coordmate of R in terms of P and q. o 31 ,
g The tangent at P meets the y-axis at the point 4 and the normal at Q meets the
y-axis at the point B. Taking q = E—p ,
(iili) Show that the area of triangle ARB is %cosec (2p)- [3]
(iv) Find the Cartesian equation of the locus of point R. i3]

I'MYTDN NULT



Section B: Statistics [60 marks]

S Nicole decides to celebrate her birthday with 9 boys and 2 girls whose names are
Vanessa and Sally.
(@) () They have a dinner at a restaurant that can only offer them a rectangular

table as shown in the following diagram, with seats labelled A to L as
shown.

[IF!E]I

Find the number of ways in which at least one girl must be seated at the

seats A, F,Gand L. 2]
(ii) Find the number of ways in which they can sit if instead, the restaurant
offers them 2 indistinguishable round tables of 6. 2]

(iii) After the dinner, they went for a movie together. They bought tickets for
seats in a row. Find the number of ways where Nicole and Vanessa must
be seated together but not Sally. . 2]
(b) After the celebration, Nicole plays a card game with Vanessa. The pack of 20
cards are numbered 1 to 20. The two friends take turns to draw a card from
the pack. If a prime number is drawn, the player wins the game. If a composite
number (4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20) is drawn, the player loses the
game and the other player wins. If the number ‘1’ is drawn, the card is returned
and the other player draws the next card. Nicole draws the first card. Find the
probability of her winning the game. ‘ [3]

6 In atelephone enquiry service, 92% of calls to it are successfully connected. The
probability of any call being successfully connected is constant. A random sample
of 60 calls is taken each day.

(i) State, in context, an assumption needed for it to be well modelled by a
) bmom1a1 dlstnbutlon o : . S |

'(11) On a glven day, it is found that at most 55 calls went through successfully -
Find the probability that- there are at least 50 successful calls in the sample.

of 60. - BN V)
(iii) Estimate the probability that the number of successful calls on any day isless
than 55 in a sample of 60. [4]

(iv) The number of successful calls is recorded daily for 70 consecutive days.
Find the approximate probability that the average number of successful calls
in a day is not more than 55. 2]



2t

. auf

e

(a) Tickets are sold for the closing ceremony of an international swimming
competition. It is desired to sample 1% of the spectators to find their opinions
of the goodie bags received-during the closing ceremony.
(i) Give a reason why it would be difficult to use a stratified sample. [1]

(ii) Explain how a systematic sample could be carried out. 2]

(b) The random variable X has the distribution N(18,3%) and the random variable

Y has the distribution N(x, ). The random variable T is related to X and ¥

by the formula T :éi%ﬂ , where X, and X, are two independent

observations of X. Given that P(7 <10) = P(T > 30) = 0.0668, find the value

of o and the exact value of 4. ' [5]
(c) A survey done on students in a particular college found that the amount of

time a student spends on social media in a week is normally distributed with

mean 7 hours and variance 4 hours?. -

Five students are randomly chosen. Find the probability that the fifth student

is the second student who spends more than 10 hours a week on social media. [2]

An advertisifig display contains a large number of light bulbs which are
continually being switched on and off every day in a week. The light bulbs fail
independently at random times. Each day the display is inspected and any failed
light bulbs are replaced. The number of light bulbs that fail in any one-day period
has a Poisson distribution with mean 1.6.

(i) State, in the context of the question, one assumption that needs to be made

for the number of light bulbs that fail per day to be well modelled by a

Poisson distribution. [1]
~(ii) Estimate the probability that there are fewer than 17 hght bulbs that needs
tobe replaced in a period 0of 20 days. = . - S - 2]

(m) Using a sultable approxrmatron find the probabrlrty that there wrll be not
fewer than 20 days with more than two hght bulbs that w111 need to be o
replaced per day in a penod of 8 weeks. [4]

(iv) The probability of at least three light bulbs having to be replaced over a
period of n consecutive days exceeds 0.999. Write down an inequality in

terms of » to express this information, and hence find the least value of n.  [4]

FYTIAT AX7TT
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(a) Observations of 10 pairs of values (x,y) are shown in the table below.
X 1 2 3 4 5 | 6 7 8 9 10
¥y 05 |06 | 08 [095| a |121 (136155 1.87]}2.11

It is known that the equation of the linear regression line of y on x is

y=0.17321x+0.24133 . Find a, correct to 2 decimal places. [2]

(b) A student wanted to study the relationship between the number of commercial

crimes (¢) and the mean years of schooling (s) of the offenders. The following

set of data was obtained.

Year 2009 | 2010 | 2011 | 2012 { 2013 | 2014 | 2015

Mean years of

i 9.7 10.1 102 | 103 | 10.5 | 10.6 | 10.7
schooling (s) .

No. of commercial

. 3359 | 3504 | 4080 [ 3507 | 3947 | 5687 | 8329
crimes (¢) .

(i) Draw a scatter diagram for these values. a 2]
(ii) One of the values of ¢ appears to be incorrect. Circle this point on your

diagram and label it P. - [
It is thought that the number of commercial crimes (¢) can be modelled by

one of the formulae after removing the point P.
(A) c=a+b(100°)

(B) c=a+bs
(C) c=a+blns
where g and b are non-zero constants.
(iii) With reference to the scatter diagram, explain clearly which model is the
best model for this set of data. F or the case 1dent1ﬁed ﬁnd the equation. _
ofa sultable regression line. _ . : - R [2] A ,
(iv) . Using the regression line found in. (iii), estimate the number of |
 commercial crimes (to the nearest whole number) when the mean years
of schooling reaches 11. | [2]

(v) Comment on the reliability of your answer in part (iv). 1
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In the latest Pokkinon Roll game, players go to a battle arena to use their Pokkinon
character to battle against each other. Alvin and Billy are interested to know how
long it takes before someone wins a battle. The time taken by a randomly chosen
player to wina game follows a normal distribution.

(a) Alvin claims that on average, it will take at most 190.0 seconds to win a battle.
To verify his belief, he surveyed a randomly chosen sample of 45 Pokkinon
Roll gamers and found out that the mean is 195.0 seconds with a variance of
206.0 seconds?. 4
Carry out an appri;priate test at 1% level of siéniﬁcance whether there is any
evidence to doubt Alvin’s claim. State an assumption needed for the
caiculation. : [5]

(b) Billy also obtained his own data by recording the time taken, in seconds, by
5 randomly chosen gamers as shown below.

188.0 190.0 % 186.0 187.0
However, he believes that it will take 190.0 seconds on average to win a battle.
When he conducted the test at 4.742% level of significance, his conclusion is
one where the null hypothesis is not rejected. The sample mean time taken is
denoted by X . _
Given that s? is the unbiased estimate of the population variance and that the

maximum range of values of X is 188<Xx <a, write down an equation

involving s and a. [1]

Hence or otherwise find the values of @ and %, leaving your answers to the

nearest integer. [5]
THE END
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Section A: Pure Mathematics [40 marks}.

1 {(@If0<a<b,solve fola - xl dx, leavihg your answers in terms of @ and 5. [2]
d{ 3—x
i) Find — . 1
(b)(® dx( \[1——3) (1]
(i) Find ——————dx 2]
X% —3x+2
(iii) Hence find J DY tan ! o x d. 531
(1 - x)f
Selution

(a) I:x'a—-xl dx = J-;x(aex) dJ'c+J.:x(x——a) dx

r a b
I B -l
2 3 0 3 2

o p_ap
3 3 2 .
. 1 1
—\/l-x—(3—-x)(——)
(bi)-d— 3-x ) 2 1—x
dx J1-x 1-x
—2+2x+3—x_ x+1

2(1~x)% ) 2(1—x)%

(“)-“ ¥ —3x+2 _I(x 2)(x 1)

55

=In|x-2[-2Injx~1|+c -

T Gil)

J'(l+); | x/l——xdx |
1-x)2
i i€ ) e ) =l

3-x

=2(J1_—_x)m - ”5( o




=2( 3-x )tan~l Nl=x +ln|x—2]—2]nlx_—l]+c

1—-x

B C
]
H
i
A § D
i 5c¢m
1
| S T L_-Jo
>— 1cm
0 i 12 cm R

The cuboid.above is formed by the eight vertices O, 4, B, C, D, P, Q and R. .
Perpendicular unit vectors i, j, k are parallel to OR, OP and OA respectively.
The length of OR, OP and OA are 12 cm, 1 cm and 5 cm respectively.

(i) Find the Cartesian equation of line AC. . 2]
(ii) Find the acute angle between CA4 and CR. Hence, find the shortest distance
from R to AC. (4]

(iii) The point 7 is on AC produced such that A7 = AAC and M is the midpoint

of OR. The unit vector in the direction of OT is represented by the vector
_)

OV .By considering the cross product of relevant vectors, find the ratio of

the area of triangle OVM to the area of triangle ORT in terms of 1. [3]

Solution

-
(i) AC =12i+j

0 12
Equation of line AC: r=| 0 |[+a|1 |, aeR
5 0

Cartesian equation of line is i;— =y,z=5.

(ii) Let the acute angle between 4C and RC be x.

A2 (0N
1 01_,"
0 5)

COSX =

14526

Therefore, x=89.1°

Let the shortest distance required be y.

sin89.07° =2

V26

y=5.10cm

FEFAANMMYTITTAAY MAYYTITWY




(iii)

L2 —
ow = OT+(A-1)04

- - >
OT = A0C-(A-1)04

12 0
=41 |-(A-D}0O
5 5
124
=| A
5
1= -
| Area of triangle ORT = ElOT X OR{
Area of triangle OVM

I

T><0

2J 145,12 2

Therefore the ratio of triangle OVM to area of triangle ORT is 1:2v/25+1451° .

(a) The complex number w is such that w = g + ib, where a and b are non-zero
real numbers. The complex conjugate of w is denoted by w*. Given that

W)’

=3~1ib , solve for a and » and hence write down the possible values

w
of w. [3]
(b) (i) Without the use of a graphic calculator, find the roots of the equation :
2" -2z +4 =0, leaving your answers in the form re’, 7> 0 and
—z<f<=x. 2]
(n) Let a and B be the roots found in (b)) If arg (a) > arg ( B), find .
oL l l a.nd al'g( . ﬁlo)v ln exaCt foml o [3] 1
(©) (1) Show that the locus of z where arg(z+ 243 + 1) = ——6~ passes through _
the point (—J_ 3,-2). : 1]
(ii) Find the Cartesian equation of the locus of z in the form y =mx+c,
stating its domain clearly. Leave your answer in exact form. 2]

Solution

.2 s 2
w

(a+ib)




& —b* —2iab = (3—ib)(a+ib) = 3a+b* +i(—ab+3b)

Equating the real and the imaginary parts: - -

a*—b> =3a+b*....(1) and
—2ab=-ab+3b ...(2)

From (2) a=-3 since b#0

From (1), 9 -5 = -9 +5°
=9
b=43

‘Possible values of w are —3+3i1

(bi) 22 —2z+4=0
+/4—
z=£_—4——1—6—=1i\/§i

2

a=l+\/§_i = Zei(%) and ﬁ=l—\/§i =2e_i(%)

(ii) o - g =2 (ei(lgl) —e_i(]%_”)]

=211 2isin EZ\J
L 3

910 2isin(~2—”))
L 3

+(C5)
L 2

= _10244/3i

|a‘° - ,B“" =1024+/3

. SQ arg(aw—ﬂm):—-

4
2

(ci) When Z=;;/§—2i,
HS = arg(—/3 —2i+ 243 +i)=arg(\3 i)

=- _tgg" (—1-) = Q%(_S_hown) L

...~ . (i) Gradient of the half line is tan(-2%) =—— -
. &R
" [Equation :
1 .
y+2=—-‘/.-—§(x+'\/§), x>-'2‘\/§
3
y=——x-3

3
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A curve C has parametric equations
x=sin#, y=cost

() Find the equations of tangent and normal to C at the point with parameter ¢.

B3]

(if) Points P and Q on C have parameters p and g respectively, where
0'<p<§ and 0<gq <§. The tangent at P meets the normal at Q at the
sing
cos(p—q)
similar form the y — coordinate of R in terms of p and g.

point R. Show that the x — coordinate of R is Hence, find in

31

The tangent at P meets the y-axis at the point 4 and the normal at Q meets the

y-axis at the point B. Taking g = izr__ P,

(iii) Show that the area of triangle ARB is -;—cosec (2p)-

(iv) Find the Cartesian equation of the locus of point R.

3]

[3]

Solution

(D)
x =sin¢ y =cost
g=cost ii21—=—sint
dr ds ‘
dy -sin¢
dx cost

=-—tant

Equation of tangent:
y—cost =(—tant)(x—sint)

y=(~tanr)x+(tans)(sint)+cost

sin’t  cos’t
y=(-tant)x+ +
_cost  cost

y =(~tant)x+sect
Equation of .norma.llz .
y—cost =(cott)(x—sint)
y=(cott)x—cost +cost

y=(cotr)x

(i)

Equation of tangent at P (with parameter p): -
y=(~tan p)x+secp

Equation of normal at Q (with parameter q):




y=(cotg)x

Equating the equation of tangent at P and the equation of normal at Q, we have

(cotgq)x=(—tan p)x+secp
(cotg +tan p)x =sec p

( .
c?sq Lsmp 1
sing cosp cosp

COS pcosq +sin psing . 1
cos psing

cos(p-q)}cz 1

cos p

cos psing cos p
L (Shown)
cos(p—q)

sing

cos(p—q)
sin
y= (COt Q)(za-s-zp—q_q—)]
cosq

N cos(p—q)

Substitute x =

into the equation of normal at Q,

(iii)
Coordinates of 4:
When x=0, y=secp

4 is (0,sec p) or (0,sin ptan p +cos p)

Coordinates of B:
When x=0, y=0

Bis (0,0).

Since R iS ( - qu s Cosq )9
cos(p—g) cos(p—q)

Area of Triangle ARB '

-eerlty)
el

it
2{ 2sin pcos p

= %cos ec(2p) (Shown)
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Alternatively,

Since p=2-¢,
p > q

&

Z)—cz—-FZ}-;z—:l, x>0,y>0

x= __ sing _
cos (% - 2q)
__cosp sing
- 52? ~ sin 2q
___Cosp sing
" 2sin pcosp B m
1 1
~ 2sinp " 2cosgq
cos ( T p) Alternatively,
y= 2 y= cosq
cos(2p—£) cos(£—2q)
2 2
sin p _ €osq
- sin2p _sinzq
__ sinp _ cosq
~ 2sinpeosp ~ 2singcosq
__ 1 __1
" 2cosp " 2sing
Using sin” p+cos® p=1, Alternatively,

Using sin® g+cos’ g =1,

)6

4x°

1
+4—y2'=1, X>O,y>0




Section B: Statistics [60 marks]

5 | Nicole decides to celebrate her birthday with 9 boys and 2 girls whose names
are Vanessa and Sally.

(a) (i) They have a dinner at a restaurant that can only offer them a rectangular
table as shown in the following diagram, with seats labelled A to L as

shown.
[c]l [DI |
61 M 1 0O [ [1]

Find the number of ways in which at least one girl must be seated at the

seats A,F,Gand L. . . . 2]
(ii) Find the number of ways in which they can sit if instead, the restaurant
offers them 2 indistinguishable round tables of 6. [2]

(iii) After the dinner, they went for a movie together. They bought tickets for
seats in a row. Find the number of ways where Nicole and Vanessa must
be seated together but not Sally. {2}

(b) After the celebration, Nicole plays a card garne with Vanessa. The pack of
20 cards are numbered 1 to 20. The two friends take turns to draw a card
from the pack. If a prime number is drawn, the player wins the game. If a
composite number (4, 6, 8,9, 10, 12, 14, 15, 16, 18, 20) is drawn, the player
loses the game and the other player wins. If the number ‘1’ is drawn, the
card is returned and the other player draws the next card. Nicole draws the
first card. Find the probability of her winning the game. [3]

Solution

9
(i) Number of ways =12!- (4)4!8!

9
- (4)4! (for the selection and the arrangement of the 4 guys to be seated at A,
F,GandL.)

=357073920

9
OR Number of ways =l2!~(5)8!4!

9 ‘ .
- (5)8' (for the selection of the 5 guys that is to be seated at B, C, D, E, H, LJ,
K with the 3 girls) | |

=357073920

OR Number of ways =12!—(3)9!3!

8
- (3]3! (for the selection of the 3 seat inthe slot B, C, D, E, H, I, J, K)

=357073920

ITYTDN NUVED1
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12
5151
o

(ii) Number of ways = Y

12
— For ( )5!5!
6

= 6652800

10
(iii) Number of ways = 9!( 5 )2!2!
Alternative solution 10x9x2 =65318400
10 -
— For ( 5 )2! (the selection of the slots to separate Nicole and Vanessa with

Sally)

=65318400

(b)

Nicole wins

8 Nicole wins _§_ Nicole loses —8—
Py 207 1 20 1
20 1
Py 20 Vanessa

20 Vanessa 20 7 “ Nicole £L— ——

1 draws b draws \\\N draws
?6\1\!' 2 0 20 icole loses

icole loses Nicole wins

Probability of Nicole winning

=%[1+(;.6):(_216)‘+ ...... }%[gy(_z%):(;a):".]

First — 1% infinite series, Second — 2™ infinite series

In a telephone enquiry service, 92% of calls to it are successfully connected.

- | The probability of any call being successfully connected is ‘constant. A random-

| sample of 60 calls is taken each day.

(i) State, in context, an assumption needed for itto be ‘well modelled by a
binomial distribution.

11

(ii) On a given day, it is found that at most 55 calls went through successfully.
Find the probability that there are at least 50 successful calls in the sample

of 60.

2]

(iii) Estimate the probability that the number of successful calls on any day is
less than 55 in a sample of 60.

(4]

1 (iv) The number of successful calls is recorded daily for 70 consecutive days.
Find the approximate probability that the average number of successful
calls in a day is not more than 55.

[2]
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Solution

(i) The event that a call is successfully connected is independent from the event
of other calls being successfully connected.

(ii) Let X be the random variable denoting the number of successful calls, out of
a sample of 60 calls.
- X ~B(60,0.92)

P(X >50]X <55)
_ P(50< X <55)
P(X <55)

_ P(X <55)-P(X <49)
) P(X <55)

_0.52982-0.074926
0.52982

=0.986 (3s.£)

(iii) Let Y be the random variable denoting the number of calls that are not
successfully connected, out of a sample of 60 calls.

Y ~B(60,0.08)

Since 7 = 60 is large, np = 60(0.08) = 4.8(< 5)

.Y ~Po(4.8)approx 7
Number of successful calls Number of calls that are not
successfully connected
54 - 6
53 7
52 8

P (less than 55 successful calls)

=P(at least 6 calls that are not successfully connected)

=P(Y 26)
=1- P(¥ <5)

=0.349 (3s.£)

(iv) X ~B(60,0.92)
Since n =70 is large, by Central L1m1t Theorem,

1 X N(SS 2, 44(:6) approx

P(X<55)=0213(t03sf)

Alternative sohution: }
Liet W be the random variable denoting the number of successful calls out of a
sample of 4200.
W ~ B(4200,0.92)
Since n is large, np = 3864>5, nq =336>5
W ~N(3864,309.12)approx

cc
.P(W <55x70)—>P(W <3850.5)=0.221(to 3 s.f)

I'TYIDAN NVEDI1
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(a) Tickets are sold for the closing ceremony of an international swimming
competition. It is desired to sample 1% of the spectators to find their
opinions of the goodie bags received during the closing ceremony.

(i) Give a reason why it would be difficult to use a stratified sample.

{1}

(i) Explain how a systematic sample could be carried out.

(2]

(b) The random variable X has the distribution N(18,3%) and the random

variable Y has the distribution N(z, o). The random variable T is related to

X, +X,+3Y
4

X and Y by the formula 7 = , where X| and X, are two

independent observations of X. Given that P(7 <10) =P(7 >30) =0.0668,
find the value of o and the exact value of 4 .

[5]

(c) A survey done on students-in a particular college found that the amount of
time a student spends on social media in a week is normally distributed with
mean 7 hours and variance 4 hours?.

Five students are randomly chosen. Find the probability that the fifth student
is the second student who spends more than 10 hours a week on social
media.

(2]

Solution

(ai) Though the tickets issued might have a serial number indicated, but some
people who have purchased the tickets, may not turn up for the closing )
ceremony and so it is difficult to obtain the actual sampling frame.

(ii) To have a sample consisting-of 1% of the spectators present, the sampling
interval will be 100. Randomly select a number between 1 to 100 say r. So at

the entrance point, every rth person for each interval of 100 will be selected for

the survey until the sample is obtained.

(b) E(T) =20

%(2(18)+3,u)=20

44

3

Var(T) = Var(—X—‘_i—’%—ﬂ)

. %(2Var(X)_£ 3 Var(y))

1 9 9
=‘—17(2(32)+90'2)=§+——0'2. :

16
P(7 <10) = 0.0668 :
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16-20 =-1.500

9 9 ,

Z+—0

8 16

(10—20)2 9 9
=—+—0

~1500) 8 16

o =8.77533=8.78(3sf)

(c) Let X be the random variable “time taken by a randomly chosen student on
social media”.

X ~N(7,2%)

Required probability
=4[P(x >10)][P(x <10)]

=0.014508

=0.01453 s.f)

| "An advertising display contains a large number of light bulbs which are
continually being switched on and off every day in a week. The light bulbs fail
independently at random times. Each day the display is inspected and any failed
light bulbs are replaced. The number of light bulbs that fail in any one-day period
has a Poisson distribution with mean 1.6.

(i) State, in the context of the question, one assumption that needs to be made
for the number of light bulbs that fail per day to be well modelled by a

- Poisson distribution. [1]
(ii) Estimate the probability that there are fewer than 17 light bulbs that needs
to be replaced in a period of 20 days. [2]

(iii) Using a suitable approximation, find the probability that there will be not
fewer than 20 days with more than two light bulbs that will need to be
replaced.per day in a period of 8 weeks. [4]

(iv) The probability of at least three light bulbs having to be replaced over a
period of » consecutive days exceeds 0.999. Write down an inequality in

terms of n to express this informati_on, and hence find the ]east value of n. | [4]

‘ Solution

_| () The average number of light bulbs that fail in a given time interval is

proportional to the length of the time interval.

(i) Let V be the random variable denoting “the number of light bulbs that needs
to be replaced in 20 days.”

V ~Po(20x 1.6)

V ~Po(32)
Since 4= 32> 10, ¥~ N(32, 32) approximately

T ITAAT FAY 7TEITRY
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P(V<17) —=» P(V < 16.5)
=0.003071651
=0.00307

(i) P(X>2)=1-P(X < 2)=0.21664
Let Y be the random variable denoting “the number of days in which at least
three light bulbs will need to be replaced out of 56 days”
Y~B(56, 0.21664)

Since n = 56 is large, np = 12.132 (>5), ng = 43.868
_ Y~N(12.132, 9.5036) approximately

P(Y > 20) —=<» P(Y > 19.5)
’ = 0.0084228
=0.00842

(iv) Let W be the random variable denoting “the number of light bulbs that need
to be replaced in # consecutive days.”
W ~ Po(1.6n)
P(W > 3)>0.999
1-P(W < 2)>0.999
1-0.999>P(W <£2)
e (1 6m)° L Len) e (L6n)’
0! 1! . 2!
e 171 (1.6r) + e (1.28#*) < 0.001
n=7, P(W <£2)=0.00102
n=238, P(W < 2)=0.000264
n=9, P(W < 2)=0.0000664
Least value of n is 8.

0.001 >

(a) Observations of 10 pairs of values (x,y) are shown in the table below.
x 1 2 3 4 5 6 7 8 9 10

It is known that the equation of the linear rég‘ression line of y on x is
| »y=0.17321x+0.24133 . Find a, correct to 2 decimal places.

y 0.5 | 0.6 | 0.8 |0.95 _a 121 136 | 1.55 | 1.87 | 2.11-| |

2]

(b) A student wanted to study the relationship between the number of commercial
crimes (c¢) and the mean years of schooling (s).of the-offenders. The following set
of data was obtained.

Year 2009 | 2010 | 2011 | 2012 | 2013 | 2014 | 2015

Mean years of 97 | 101 { 102 | 103 | 105 | 106 | 10.7
schooling (s)

No. of commercial
crimes (¢)

3359 | 3504 | 4080 | 3507 | 3947 | 5687 | 8329
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(i) Draw a scatter diagram for these values.

[2]

(ii) One of the values of ¢ appears to be incorrect. Circle this point on your
diagram and label it P.

[1]

It is thought that the number of commercial crimes (¢) can be modelled by one
of the formulae after removing the point .

(A) c=a+b(100°)

(B) c=a-+bs

(C)c=a+blns

where a and b .are non-zero constants.

(iif) With reference to the scatter diagram, explain clearly which model is the
best model for this set of data. For the case identified, find the equation of
a suitable regression line.

[2]

(iv) Using the regression line found in (iii), estimate the number of commercial
crimes (to the nearest whole number) when the mean years of schooling
reaches 11. .

21

(1]

(v) Comment on the reliability of your answer in part (iv).

Solution

(a) Using GC, x=5.5

— 1095+a
Y 10

Since (x,¥)lies on the regression line,

1095+a _ 4 17321(5.5)+0.24133

a =0.98985 ~ 0.99 (correct to 2 decimal places)

(b) (i) and (ii)
(44

Tow
b ¢
(107, 8329)

A Y 3359) ® X

« QO | l60g 'i| lg

o
A
<>W '

s -

ITYTDN MNAUVET
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(iii) From the scatter diagram (after removing the outlier), as s increases, ¢
increases at an increasing rate. Hence model (A) is the best model.

From GC, ¢ = 2862.048513+(1.965434 x’1'0*‘8)(1005)

(iv) Whens=11,

¢ =2862.048513 +(1.965434 x107"* )(100")
~ 22516

(v) The estimate is unreliable because the data substituted is outside the data

range and so the linear relationship between ¢ and 100° may not hold.

10

In the latest Pokkinon Rell game, players go to a battle arena to use their
Pokkinon chardcter to battle against each other. Alvin and Billy are interested to
know how long it takes before someone wins a battle. The time taken by a .
randomly chosen player to win a game follows a normal distribution.

(a) Alvin claims that on average, it will take at most 190.0 seconds to win a battle.
To verify his belief, he surveyed a randomly chosen sample of 45 Pokkinon
Roll gamers and found out that the mean is 195.0 seconds with a variance of
206.0 seconds’.

Carry out an appropriate test at 1% level of significance whether there is any
evidence to doubt Alvin’s claim. State an assumption needed for the
calculation.

[5]

(b) Billy also obtained his own data by recording the time taken, in seconds, by
5 randomly chosen gamers as shown below.

188.0 190.0 %k 186.0 187.0

However, he believes that it will take 190.0 seconds on average to win a
battle. When he conducted the test at 4.742% level of significance, his
conclusion is one where the null hypothesis is not rejected. The sample mean
time taken is denoted by x .

Given that s is the unbiased estimate of the population variance and that the
maximum range of values of ¥ is 188 <X <a, write down an equation
involving s and a.

(11

Hence or otherwise find the values of @ and £, leaving your answers to the
nearest integer.

[3]

Solution

(a) Assume that the time taken to win any battle is independent of other battles.

-| Let Y denote the time taken to win a randomly chosen baﬁle .

2 =2(206)=21068
A

Hy: =190

H,:u>190

Under Ho Y O N[190, 210’68)

1=190, 7 =195, n=45, s = /210.68

Using G.C, p-value is 0.0104

Since p value > 0.01, we do not reject Ho and conclude that there is insufficient
evidence to doubt Alvin’s claim at 1% level of significance.
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M®H,: x£=190
H,; : #190

2-tailed T-test-at 4.742%:level of significance

TOt(4)

2.82844s
a=—-m=—

J5

+190

a=1.26s+190-

188<x<a

25 _%-190 _/5(a=190)
)

S

Since %3 —-2,82844
s e

s=1.5811

s2=25

_2.82844(1.5811)

J5

So a +190=192

OR by symmetry of curve, a =192

D x=T751+k

> x* =141009+k?

2
§ =%{141009+k2 —(ﬁlg—k)—:}

2
So 2.5:%[141009%2—@3519-}

k=189 ork= 1'86.5 (rejected since 188 <X <a)

THE END
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