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A sequence follows the recurrence relation

2n+1 .
U, -U, =2cos—(—nz—-)—x-sin§ U, =smnx for n=1,2,3,....

Prove by mathematical induction that U, = sin(7x) for all positivé integer . [4]
. . 2 '
Solve the inequality ————>1. 2]
4(x+D"+1
W32 2
Hence find j 2 1 -=————5——{dx, leaving your answer in exact form. K]
-1 4(x+1) +1

Referred to the origin O, the points 4 and B are such that O4=a and OB =b with a not
parallel to b. The point P is on AB produced with AP: AB=3:1 and the position vector of
point Qis 2a. ‘

(a) Find the position vector of the point of intersection of lines OB and PQ, giving your
answer in terms of b. 4]

(b)  Itis giventhat axb=2i—4j+2k and the point C(0, 3, 4) does not lie on the plane A

OAB. Find the foot of the perpendicular from C to the plane O4B. [4]
2n+1 2 2
Prove that =\/n +2n—\/n -1. 2]
Jn? +2n +\/n2 -1
N
Hence find ) 2n+l . 3]

pran \/n2 +2n +\/n2 —1

mo1

S o

(a)  Deduce the value of

2n+1
n—l

(b)  Show that Z N*+2N . ' [1

[Turn over



Sketch on a single Argand diagram, the loci defined by —%—<arg(z+l+2i)s% and

[2+i)w+5]<5. | [4]
()  Find the minimum value of arg(w). 2]
(i)  Find the minimum value of |z —wj. 2]
(iii)  Given that arg(z—w) <6, —x <@ <, state the minimum value of 6. [1]

A greup.'of boys want to set up a camping tent. They lay down a rectangular tarp O4BC on
the horizontal ground with O4 =3 m and 4B = 1.5 m and secure the points D and E vertically
above O and B respectively, such that OD=BE=2m.

Assume that the tent takes the shape as shown above with 6 triangular surfaces and a
rectangular base. The point O is taken as the origin and the unit vectors i, j and k are taken

to be in the direction of O4, OC and OD respectively.

@ Show that the line DE can be expressed as r =2k +A(2i+]j), 10 . 2]

(ii) Find the Cartesian equation of the plane ADE. [3]
(iii)  Determine the acute angle between the planes ADE and O4BC. Hence, or otherwise,
find the acute angle between the planes ADE and CDE. [4]

. v- The curve C has equation y = ————ioczx;x—z where k> 1. |
) Find the equation of the tangent at the point 4 where C-cuts the y-axxs 2]

Aii) . Sketch C, giving the equations of asymptotes, the coordmates of turning pomts and
axial intercepts in terms of &, if any. : (41

(iii)  Find the equation of the normal at the point B where C cuts.the x-axis. Leave your
answer in terms of k. [2]

(iv)  Hence show that the value of the area bounded by the tangent at 4, the normal at B

and both the x- and y-axes is more than }5— square units. 2]



8.

A
P

The curve C (as shown in the diagram below) has equation y = x’sinx, —w<x<7.

(i)

(iii)

y A
2 X
—r ps
Calculate the exact area of the region R enclosed by C and the x-axis. [4]
Sketch the curve with equation (y+1)* —4(x+2)* =1, showing clearly the coordinates
of the turning points and the equation(s) of any asymptote(s). 2]
Hence find the volume of the solid generated when the region bounded by the 2 curves
is rotated through 4 right angles about the x-axis. . 4]

A manufacturer produces cylindrical containers using sheet metal of negligible thickness.
The cylindrical container has an open top, and a base and curved sides made up of the sheet
metal.

@

()

(i) It is given that the volume of the cylindrical container is fixed at £ cm?. Show
that when the amount of sheet metal used for the cylindrical container is a
minimum, the ratio of its height to its radius is 1:1. [5]

(i) A product designer proposed a new design where the height of the cylindrical
container is always 2.5 times that of its radius. Given that the radius of a
cylindrical container produced using the new design equals the radius of the
container produced in part (a)(i) with minimum sheet metal. Find the ratio of
the amount of sheet metal used in this new design to the minimum amount of
sheet metal used in part (a)(i). [2]

- To reduce cost, plastic with negligible thickness, instead of sheet metal is used to -
manufacture the new design cylindrical containers in part (a)(ii) using injection blow
moulding technology. In the injection blow moulding process, it is assumed that the
cylindrical containers increase in size proportionately with the height to radius ratio
remaining constant at 5:2 throughout the process. If the volume of the cylindrical
container increases at.a rate of 80 cm® per second, find the rate of change of the
surface area of the cylindrical container when its height is 50 cm. (4]

[Turn over



10.

11.

- (W) |

In the triangle ABC, AB=x, BC=y, AC =é , angle ABC =% radiansva-hd angle

ACB = @ radians (see diagfafn).

@

(b)

() Show that X—— 2519 [3]

y cos@ ++3sin @

(ii) Given that @ is sufficiently small, express % asa cubic polynomial in . [3]}

(i) Show that @ =sin"' (3x). (1]

(ii) Find the Maclaurin series for @, up to and including the term in x°. [5]

The functions f and g are defined by

()
(i)
(iii)

f:x|—>—;—e"’2, xel, x<1 and

g:x>Jl-lnx, xel, O<x<e.
Show that gf exists, and find the range of gf. [4]

Justify, with a reason, whether ™' exists. 2]

The domain of fis restricted to (—o, b] such that 4 is the largest value for which the

mverse functlon f - ex15ts State the value of b and defme £ clearly [4]

' The graph of y h(x) is obtamed by transformmg the graph of y= g(x) in. the

followmg 2 steps. ,
Step 1: Scale parallel to the x-axis by a factor of 2.
Step 2: Reflect in the x-axis.

Define h in a similar form. - R

End of Paper



- 2016 Prelim Paper 1 Solutions

Qn | Solution

1 * Let P, be statement U, =sin(nx) forallne0*.
When n=1, LHS=U, =sinx, RHS=sinx .. P, is true.
* Assume Py is true for some ke0*,i.e. U, =sin(kx) .

Want to prove that Py+1 is true, i.e. U,,; =sin(k+1)x.
LHS
= Uk+l

=U, + ZCosgz—lf;—l)isinf—

()
xsin| — |x
2
= sin (kx) + sin (k + 1) x — sin (kx)

=sin(k+1)x=RHS

*Since P) is true, Py is true implies Py +1 is true, by MI P, is true forallne0™*.

= sin (kx) + 2005(2k

2 2
Tk
4(x+1)" +1
-2x+D(2x+ 3)
4(x+1)° +1
Since 4(x+1)>+1>0 for all x,
2x+D(2x+3)<0

: 1
Jom—< X< ——

2
3 2
4(x+1)* +1

BB
il sy
-t ‘ A(x+1)" +1 -5 A(x+1)* +1

| —[—x+tan (2x+2)]2+[x tan” (2x+2)]

2
- [l +tan'1 —?1] + ‘—‘/——3——1 - ta’ri"-- 34 i tan 'l
2 2 2

2. B

LI

6 2




(@

OP=g+34B=a+3(b-a)=3b-2a
PQ=00-0P=2a—(3b-2a)=4a-3b
Lo :r=2a+A(4a-3b), A0

lop :x = pb, pell

At point of intersection, 2a+ A(4a—3b)= ub

Comparing coefficientsof g and b, A= —%, 7 =—§—

. . . . 3
.~ position vector of the point of intersection = 512

(b)

Let F be the foot of perpendicular.
Method 1
(1 1

0
lec:ir=|3|+s|-2|,sel ,Hy:r-|-2|=0
4 1 ]

1
§=—
'3
0 1 0+1 (1
— I : 1 1
F=13|+—|-2|==]9-2{=—=] 7
3 3 -1 3
4 1 12 +1 13




Method 2.

ﬁ:(b?@)@

1 1
21112
0
1 1
={131
1 1
4
=210l =2
1 JIJI\ 1 J
1
-2
_—6+4\ 1
J6 6
1
S )
3
1
OF =0C +CF
0 1) [0+t 1
3 3 3
4 1 12+1 13
,_F(L,z,z
3'3°3)
Method 1
2n+1 2n+l A +2n4+n* -1 -

Nn? +2n +ln? -1 e +2n +n? =

_-(2n+1)(J(12 +2n.—‘\/n2 —1) |
- (n2 +2fi)—(n2 —1)

=~In? +2n —n* -1

X - - — .
1 "\/r_zz+2'n+\[n2—'l_




‘| Method 2

(\/nz +2n —\/;2 —1)(\/712 +2n +\/;12 —1)
=(n2 +2n—(n2 —1))

=2n+1
2n+1

“\/nz +2n +\/n2——1

—Jn? +2n—+n* -1

& 2n+1 -
E\/n—z+2n +r? —1
=i(\/n2 +?n—\[;12 —l)
[ =~0 |

/N +2N VWV -1

=JN? 42N

(@

Replace nby n+1,
i . 2n-1
s AIn? -1 +\[n (n-2)

N-1

2n+1

2;\/n2+2n+\/;12 -1
= J(V -1y +2(N -1)

=4N? -1

®)

Notice that Vn? +2n > n and

(\/;7——1)2—(;1—1)2 =2n-220.

=Jn=-12n-1

| >V 2+ —1> 201

-1 B 1

= — - <
r+2n+\/n2—l 2n~1

2n+1 & 2n+1 J—z——
N°“+2N
';2” z\/; 2 4 2n +n* -1




5 |(2+i)w+5l <5
|2+il w+£—i <5
[w+2—il <1 = circle centre (-2, 1), radius 1
Im
/
l(2+l)w+5l.<_\/§ ..E(arg(z+1+2i)$£
4 - 4
> Re
® Im
\
.{ninarg(_w) .
> Re

! 1 -

Tz\/__s__a—;=sm -\/—5

minarg (w) = 7 — 2 = 2.2143 = 2.21(3sf)

o =sin~




(i)

min]2~w|=2\/§—1

(iii)




=56.1°(1dp)

6 (0 3
O\ op=|0|, 0E=|15
2 2
3 0 3 2
DE=|15|-|0|=|15]=15]1
2 ) |2 0 0
0 2
lpir={0[+A] 1|, A€l
2) (o
(i) 0) (3) (-3
' AD=|0|-0|=| 0
2) o) |2
T (2 (-3 2 2
"DExAD=15|1|x| 0 |=1.5{ -4 |=>n=| -4
0 2 3 3
2 2
I pp iz —4 [ 4=
3 3
“2x—4y+3z=6 '
(iii) 0 )
Rousc =| 0 | Bypp =| —4
1 3
angle between planes
0 2)
0|4
1 3
=cos™ 0) (2<
ofif —4
L[ 3
—cos s
: Jat16+9
=cos"——3l—
J29




Angle = 180° -2 cos™ 3

J29
=67.7° (1d.p.)

7 dy (R +x-2)-(x-2)2kx+]) —kx’ +4kx
@ | ax (e +x—2) (b + x—2)°
When x =0, y__9 ~=0 and yz'i::l

dx (-2) -2

Hence required equation of tangentis y =1 .

(i) | For axial intercepts, when y =0, x=2.
when x=0, y=1.

For vertical asymptotes, kx> +x—2=10

_ —1+/1+8k
2k
. dy
For turning points, — =0
gp &
—kd* +4kx =0
—kx(x-4)=0
. x=0or x=4
_Tl=VIesk o oys 1+148%
2k \:E / B 2k
| ' (4’ 8k1 1)
: : +
y=0 1oy L
ol % >
i| B2,0)
. _ x'—_2 )
o +x-2

(iii) Atx=2’g):_.__—4k+8k _ 4k 1

& (@kY 16K 4k
.. gradient of normal = -4k

Hence required equation of normal is y—0=—4k(x~2)
' y=—4kx+8k




(iv)

8k—1

When y=1, 1=—"4kx+8k = x=Tk_

. 1(8k-1
~. required area =—| ——+2 |(1
1 2( 4k )()

_l6k-1

8k

—o-L
8k

(since k£ > 1)

@

Area=_ 2!: x*sinxdx

=22+ 2[cosx]:;]

=2(n* —4) units’

=2 _[—xz cos x]: + j'on 2x cosxdx:’

P 2([xsinx]; - Ion sin xdx)]

|G




(iii) Py

v

Coordinates of the points of intersections of the 2 curves are (—1.5374,-2.3623) and
(—2.7626,-2.8238).

Volume of solid generated

~1.5374 . -1.5374 -
Trj. 2.7626 €3 Sin x)" dx— nj (—1-y1+4(x+ 2)* Y dx=26.8 units®

-2.7626

9 Let A cm? be the surface area of the cylindrical container.
6)) Let » cm and /cm be the radius and height of the cylindrical container respectively.

Volume=7r’h=k )

h=—£‘ \\"—/

wr? ,
A =2xrh+nr? hi
k §
=2xr (—2—) +xr’ 1
r et E]“*r-\\
2k . - \__’/
=—+7ar- <
r
1 dd 2k Can also express r in terms-of .
Hence —=~=-+2zr | handfind 4 in terms of &,
: d4 - then let u = to obtain 2
When —=0, -~ . dh -

dr

and subsequently 7 .




——+2zr=0
r’
ook
T
k
F=3—
T
p= k k 3&

2 = ) 2 =
nr ”[(%)EJ /2
Hence A:r= 3‘/—]5 : ‘3’5 =1:1 (shown)
/4

(;f_ﬁ+27r>0 sincep>0and k>0
roor

. .. fk
Hence A4 is a minimum when r = 3|—
T

(ii) | From (i), A:r=1:1
Hence 4 =2xrh+xr’ =2nr (r)+ art =371’
For new design, A:r=5:2

Hence new 4 =2zrh+zr’ =2nr (%r) +ar’ =6xr’

. required ratio is 6zr” :3zr’ =2:1

(b) Method 1
Let ¥ cm? be the volume of the cylindrical container.
V=nr’h= 7rr2(—5-r) = inr3
2 2

A=2xrh+ar’ = Zﬂr[%rja—m’z =671’

av_15 . v . d4

ar 27" ¥~ | Canalsofind — and &£
dh dh

g =127xr and use

_ d4

d4 d4-.dr-dV- —=%x%x£‘£ '-

— = ——X——X— de. dh dV dr

de dr dV dr -

=127zrx

_128

r

| When =50, r=2(50)=20




Hence a4 _128 6.4 cm®/s
d 20

Method 2

A=6nr* .. r=, fil— (reject r = —, /ﬁ— since r > 0)
6 6r
5

Hence V = nrlh = zr’ (—r) = —5—7zfr3
) 2 2

54
2(6)
v _ 154
dd  4(6)ix*
When 2=50, r =§(50) =20
s A=6m(20)* =24007x
d4 d4 dV
Hence —=——x—
d dVv dr
3
4(6) iz 20
15A2l
= _4_(221”_2_'_x 80
15(2400x)*
=6.4 cm?/s
10 ) T
('fl) sind sm(ﬂ————é’)
® o 7
x __ sinf
y o -(-Sﬂi )
sin| —-6
X _ sin@
y sin—s-zcosﬁ —sin 00055—”_
6 6
x _ sind - 2siné (shown)
y 1 NE) cos@++f3sin@

—cos@ +—sind
2 2

f SR




(a) x _ 2sin @
() |y cos@+3sind
03
200 —+..
x 31
Y 1+Be-Z 4
2
3 2 \\!
o))
y 3!
2
1+ (—1)(\/39 - 0—)
x &’ 2
—=~2 9—;- N2 2 \2
y )0 - 2)
2 2
. 3 . 2
Xx2 .9—‘9—\ -3+ 2 4302
y 31 2
X v20-230% + 2o
y J
(b) Using sine rule,
®) . T
sing Mg i . 1
= =3 .. f@=sin" 3x
x 1
6
(b) | Method 1
(ii) sind = 3x

de
0—=3 —(l
cos = ¢))
2 2
coseg—sina(d—g) =0 —(2)
dx dx

3 2 2 3
cosagx—ﬁ —sin 0%—“——?— 2sin 9%%} —cos H(QJ

=0-— 5.(3)

When x =0,

2 3
9=0,90_5 €0 _, Po_,
dx dx

0=3x+£x3+...=3x+2x3+...
3! 2




o__3 =3(1—9x2)‘§

dx V1-9x?

&o_ (—%)(1 —9x? )3 (—18x) =27x(1 —9x2)_%

de —§2—1x(—18x)(1 ~9x? )‘% +27(1-9x )‘§

=729x" (1 -9x% )§ +_27(1 _9x2) 3
When x=0,

1
®

y
1 A
] 1,
_J\ (1’ 1)
y=0 | >x

x=0/




(i)

Since a horizontal line y = 1 cuts the graph of y = f{x) twice, f is not a one-to-one function and

-1 does not exist.

| (iii)

b=0

Since x <0, x_;—,/l—ln(Zy)
x> —1-In(2x), xe0, 0<xs—;—e

@iv)

y=l-lnx 22l 5, - I—lneﬁ)

X X
= fI-In| = |22 55— 1-In|=
=y (2) Y "(2)

X
0<x$e——>0<5_<_e

0<x<2 - .

h:xis— ’1—1:{%), xel, 0<x<2e




.
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Section A: Pure Mathematics {40 marks]

On the first day of last month, the temperature of a machine in a manufacturing plant was
found to be 90 °C and was deemed as too hot by the supervisor. On each day waste heat was

produced by the machine as a by-product and caused the temperature of the machine to
increase by 2°C. In an attempt to make it cooler, the supervisor decided to adjust the

thermostat and decreased the temperature by 3% at the end of each day.

®
(i)

(iii)

(@)

(b)

®

)

Show that the temperature of the machine was 87.8 °C at the end of the 37 day. [2]
At the end of which day would the temperature of the machine first dropped below

70°C? [3]
Will the temperature continue to drop indefinitely? Justify your answer. If not, what
is the long term temperature of the machine? 131
Given that z, = —% is a root of the equation 22°+(i—8)z’ +az+13i=0, find the
complex number a and solve the equation, giving your answer in Cartesian form
x+iy. ’ [4]
Hence, find in Cartesian form the roots of the equation

2w’ +(1+81) W —aw—13=0. ) [2]

Solve the equation z°+729=0, expressing your answers in the form re’’, where
r>0and —-r< @< [2]

Given that z, is a root of the above equation and 0 < argz, < -;i

n .

If Z‘, is a positive real number, find the smallest positive integer ». 2]
Z
Use the substitution x =3sinfd+1, 0< 8 < Z tofind [ —dx. 4]

J-,/9--(x—-1)2

A curve has parametric equations .

.-x= ) : 1 - - , y=t2,
Jo-(¢-1)
(a) Sketch the curve, indicating the end point and the equation of the asymptote.-
i3]
(b) Using the result in part (i), find the exact area of the region bounded by the

s A
curve, the lines y =1, y = %— and x =§. - 41

O<t<4.



3

In harvesting of renewable natural resources, it is desirable that polici€s are formulated to
allow maximal harvest of the natural resources, and yet not deplete the resources below a
sustainable level. A simple harvesting model devised for the rate of change of the population
of wild salmon in a particular region in the Pacific Ocean is given by

dP
S =pP(4-P)-h,
5 =F(4-P)

where P is the population of wild salmon in millions at time ¢ years and /4 is the constant

harvest rate in millions.

(i) Sketch a gfa{ph of %tg against P, expressing the turning point in terms of 2. [2]

(ii) The Maximum Sustainable Yield (MSY) is the largest harvest rate /4 that allows for a
sustainable harvest of wild salmon without long-term depletion. State the MSY for
the wild salmon. [1]
(iii) It is given that the population of wild salmon in thét region was 3.2 million in 2015
and the constant harvest rate is 3 million. Find an expression for P at any time ¢. [5]
Hence find the population of the wild salmon in that region in 2016. 2]

(iv)  State one assumption you made in your calculation. [y

Section B: Statistics [60 marks]

In the last election, there were speculations from unofficial sources before the counting of

votes is completed. For the current election, to prevent unnecessary speculations, the election

office of Sunny: Island will be conducting a sample count in each electoral division after .- e

voting is done. Each electoral division has a different number of registered voters and a

- sample of 400 votes will to be sampled from each electoral division.

“(i) Identify and describe an appropriate method to obtain the sample. (3]

(ii) State an advantage and a disadvantage of the sampling method used in part (i).  [2]

[Turn over



The random variable X has a binomial distribution B(n, p), where 0< p<1, and 7 is an

integer. Show that P(X =r) =(n—r+1) L [3]
P(X=r—l) r 1-p

Hence find a condition relating » and p such that X has two values for its mode, and

determine these two values, giving your answer in terms of » and p. [31

A group of ten people consists of four single women, two single men and 2 couples. The ten

people are arranged randomly in a circle.
(i) Find the probability that the four single women are all separated. [2]

(ii) Find the probability that either the four single women are next to one another or the

two single men are next to each other but not both. 3]

One of the ten people left the group and the remaining nine decided to sit at a round table
with ten identical chairs equally spaced around the table. The chairs are decorated such that
every alternate chair is tied with an identical chair sash. Given that the hine people have no

preference to which seat to take, find the number of possible seating arrangements. [2]

In an examination, the score, X , for paper 1 of a student is found to follow a normal
distribution with mean 62 and standard deviation o, and the score, Y, for paper 2 of a
student is found to follow a normal distribution with mean 71 and standard deviation 8. The
final score of a student for the examination is the average score of the 2 papers and it is

assumed that X and Y are independent random variables.

() Find the probability that for two randomly selected students 4- and ‘B taking the .

- examination for paper 2, 4 has at most 2 marks less than the marks of B. {21
(i) Given that 15% of the students haye at leés_t a final score of 75, ﬁnd o. , 4]
(i}ij Using the value of ¢ found in part (ii), find the probability that a randomly selected

student performs better in her Paper 1 than in her Papér 2.
(iv) Comment on the validity of the answer obtained in part (ii) and (iii). 3]



9.

To reduce the number of speeding incidents on the road, traffic police in Country S set up
traffic cameras at 3 busy traffic Junctions A, B and C to monitor the speeds of vehicles
passing through these junctions. The average number of speeding vehicles caught by the
camera at Junctions A, B and C are 2 in every 3 hours, 5 in every 4 hours and A in every
hour respectively. It is assumed that the number of speeding vehicles caught by the cameras

~ - at the three junctions followed Poisson distributions.

10.

LS E- N

(a) Find the probability that there are at least 2 speeding vehicles caught at Junctions A
and B in an hour. ' 2]

(b) Given that there are 2 speeding vehicles caught at the three junctions in an hour, find
the probability that at least one speeding vehicle caught is at Junction C. Leave your

answer in terms of 4. [3]

(¢) Given that the traffic cameras are in operation 24 hours in a day, using a suitable
approximation, find the probability that there will be more speeding vehicles caught at
Junction A than at Junction B in a day. State an assumption for the calculation to be
valid. ~ [5]

A nutritionist claims that the mean number of calories in an energy bar is 350 cal. The
nutritionist collected and measured the number of calories of a random sample of 15 energy

bars. The mean and variance of the sample was 347.2 cal and 20.74 cal® respectively.

() The nutritionist wishes to carry out a hypothesis test on his claim. Explain why ¢ -test
instead of z -test is to be used. State an assumption for the test to be valid. [2]

(i) Test at 5% level of significance, whether the mean number of calories in an energy bar
is 350 cal, defining any symbols that you use. [4]

(iii) Suppose the nutritionist uses a different test in part (n) Wlthout further calculatlon

explain and state whether the concluswn w1ll be dlfferent SR S 2

The manufacturer of the energy bar refines the manufactunng process"and'the new energy
bars follow a normal distribution with mean 4 cal and variance 20.74 cal®. The

manufacturer then provides the nutritionist with another sample of 15 energy bars.

(iv) Find the range of mean number of calories, X, of the second sample of 15 energy bar
so that the null hypothesis in part (ji) is not rejected at 5% level of significance. Leave
your answer correct to one decimal place. [3]

[Turn over



11.

A group of scientists is interested to find out the correlation between the number of species

and the size of the natural habitat. The scientists sampled non-overlapping lands of different
areas (x) in square kilometres, and noted the corresponding number of species ( y ) found.

The results are shown in the table below.

Area (x) 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000 | 1100 | 1200

Number, of

) 112 | 15 18 21 k 25 26 27 27 28
species (y ) ;

(i) Given that the equation of the regression line is y =0.01758x+9.018, show that the

" value of k to the nearest whole number is 23. [3]

Take k& to be 23.

(ii) Draw the scatter diagram for the given data, labelling the axes clearly. 2]

(iii) Calculate the product moment correlation coefficient ». With reference to both the

scatter diagram and r, explain why a linear model is not appropriate. [2]
(iv) The following models are suggested for the data.
(A) y=a+bx?, B) y=ax’, where a>0 and 0<b<1.

Use a graphical approach to determine which model is more appropriate. [2]

(v) Use the more appropriate model to estimate the area of the natural habitat when the

number of species found is 24. Comment on the reliability of your estimation.  [3]

End of Paper



2016 Prelim Paper 2 Solutions

Qn | Solution
1| 1*day: 0.97(92)
® | 204 day: 0.97(0.97(92) +2)
3 day: 0.97(0.97(0.97(92) +2)+2)
=0.97°(92)+0.97*(2) +0.97(2)
=87.788
=87.8°C (3s.f)
(i) | n"day: =0.97"(92)+0.97"" (2)+...+0.97(2)
0.97(1-0.97""
=0.97" (92)+2 ( )
1-0.97
Method 1
RS
%o \
Fof—%¢
5l.1b Am&&
Method 2 |
Using GC,
When » =51, temperature = 70.025°C
When # = 52, temperature = 69.865°C .. 52 days
(iii) | No, temperature will not drop infinitely since » =0.97 <1.
As n — oo, temperature approaches0 + 2x 0'9; =64.7 °C in the long run.
20 Y (i i
2| —— | +(-8)| —=| +a| —=[+13i=0
IO
Lipglli @50
|
a=26-4i
228 +(i-8)22 +(26 - 4i)z +13 = Rz +i)(2? +bz +13)
Comparing the coefficient of z*,
i-8=2b+i
~b=—-4
Qz+i)(z2—4z+13)=0 .'.z=—-% or z=2+3i,




Replace z with iw,

2(iw)’ + ([ -8)(iw)> +a(iw) +13i=0
-2iw’ + (8 -)w’ +aiw+13i=0
Dividing throughout by —i,

2w +(1+ 8w’ —aw—13=0.

. 1 . .
1w=—§ or iw=2=+3i.

.'.w=—% or w=+3-2i

®

26 =729 = 7293"r - 7296(7r+2k7r)i

x 2kx
W Ry

z =3e[g C )',k =0,+1,42,-3

S5x. Sx. .

TOR z=3¢ ,3¢%,3¢ 2,3e? ,3¢ © 36

z =3¢
arg(Z'*Jznargz, +argz =(n+1)—7E
z, 6

Positive real number (n+1) % 2k

p/2
S(n+D)—=2x
( )6

Minimum n=11.

®

x=3sinf+1

91=3c039
de

L
j\/9—(x—1)2 dx’
=j' 3sin@ +1

9 - (3sind)

(3cos@) dé

| =[Gsing+1do

=-3cos0+6+C

=—\J9—(x~1) +sin” x—;1+c




(i1)
(@) r4
/ y=16
0 <o S
b
T NG
(i1)
(b) yn
2 25 8
Area= _L4 xdy+(_z_1)x7:.
P
=—)?——=dt +6
S
| 3
=-2|- 9—(t—1)2+sin"£~_3-:l]2+6
) 1
- (_'\/? +sin’ %) — (/9 +sin™ 0)] +6
y/4
=3 2
4G S —
' e - T .o
.‘-=_P2+4P_h 4—h i
=~(P-2)’ +4~h
0.




(i)

From graph in (i),
when A=4,

i’i_—(P ~2=0at P=2. -0
ds »

-~ largest #=4 where the population P remains
constantat P =2.

Hence MSY =4 million

-4

(iii)

2

d—P-—P(4 P)-3=-[(P*-4P)+3]=-[(P-2)-1]

dr
Method 1 thod 1

[——5—dP=-[14
P 2) 3
L e-2-1_
2 (P=2)+1
—P—~—3=ie'2“’zc =Ae™ where 4=+e&*
P-1
In2015,1et =0, P=3.2; hence A=—11—1
1

s P-3=—e¥(P-1
11 =D

11P-33=Pe ™ —¥
33—e™ 33e* -1

Hence P = =
- 1le* -1

Method 2

dp )
—=1-(P-2

5 ( )

1
~ jl_—(l;—z)—dhjldz

]n1+(P 2)|.
1-(P-2)|
P-1

——=xe
3—-P

In2015,let £ =0, P=32; hence A=-11
P-1=-11e¥(3-P)
P-1=-33e* +11Pe”
1-33¢e” 33¢* -1
T T T e 11

t+.C ‘_

242C . ge¥ where A=+




| Method 3

1
—jm dP=j1 dr

1
—IU’T)(P——E dP=[1dt
_I LIS j ! dP = j 1 dr (using partial fractions) |

2(P-3) 2(P-1)
l1 p-1 =r+C
2 -3
P 1 i 21+2C AeZt
P 3

In2015,let t=0, P=3.2; hence A=11
P-1=11e*(P-3)
P-1=11Pe* —33¢*
1-33e* 33 —1
T1-ite? O T 1er -1

In 2016, t =1
2
Hence P = 33e2 ! =3.02
11le“ —1

". the population of wild salmon is 3.02 million in 2016.

(iV)

There are no external factors such as marine pollution or climate change that
drastically affect the population of wild salmon in that region.

5 Simple Random Sampling:

(i) Using a random number generator to generate 400 numbers and use select the voting

slips corresponding to these 400 numbers

Systematic Sampling: Consider N registered voter in the electoral division such that

the sampling interval% is an integer. Using a random number generator, select a

number from 1 to k and take every Ath number thereafter until a sample of 400 is
obtained. Choose the voting slips corresponding to the numbers.

Stratlﬁed Sampling: : - : . .
Use each polling station as the stratum The number of votes in each stratum is

calculated by - no. of voters polling at the station - %400 . The votes is then

total number of voters in the electoral division
obtamed from each stratum using simple random sampling.

Quota Sampling: Consider N registered voter in the electoral division such that the
sampling interval % is an integer. Using atandom number generator, select a

number from 1 to k and take every kth number thereafter until a sample of 400 is
obtained. Choose the voting slips corresponding to the numbers.




Use each polling station as the stratum, decide on the number of votes to be obtained
from each stratum. For example if there are 4 polling stations, obtain 100 votes from

each polling station. The voting slips are then selected based on the officer's
discretion.

(i)

Simple random sampling:

Advantage:

The sample obtained is free from bias

The sampling procedures are easy to follow
Disadvantage

The sample obtained might not be a good representation of the electoral division

Systematic Sampling:

Advantage:

It is easy execute because only the first number needs to be chosen

The electoral division will be evenly sampled as the voting slips is chosen at regular
intervals

Disadvantage:

If there is a periodic trend like every kth voters are of the same gender, systematic
sampling may produce a biased sample

Stratified Sampling:

Advantage:

Stratified sampling will provide a sample of voter that is representative of electoral
division

The results in each pollmg station can be analysed separately.

Easy to conduct as the sampling frame (reglstered voters) is known
Disadvantage:

It is time consuming to carry out stratified sampling

Quota Sampling:

Advantage:

The sample of voters can be obtained quickly
Disadvantage:

The sample of voters obtained may not be a good representative-of the electoral
division

P(X=r-1)=P(X =7r)

[ l)p r-t (1 p)n ~r+l [ )pr (1_-'p)n—r

n’ r-1 n—-r+} ' n~r

(Y- 1)'17 (1~-p)’ .-————( w _r),p( =p)

rin-r)t — _ p'd-p)y"”’
(r=D¥n—-r+D! p'(1-p)y~

r __p
n-—r+1_1—p’ - o
P(X =r) =(n—r+l) p (shown)
P(X =r-1) r Jl-p




r(l—-p)=pn-r+1)
r—pr=np—pr+p
r=(n+p ’

X will have two modes when (z+1)p is a positive integer.
r=m+)p, r=m+)p-1

®

No of ways that the single women are all separated
= °C,x4! x(6-1)! =43200

Probablhty - 43200 _ 5 =0.119
9! 42

(i)

Probability that the single women are next to one another
-1 1
= P(S)= 7 : Dt x4l 1
-9 21
Probability that the single men are next to each other
—1) 1
P(B) = O-Ht x2!_2
9! 9
Probability that the single women are next to one another and the single men are next
to each other

— 1! ! 1
_ b= (67Dx 2t x 4 1

9! 63
- 1 2 2 5
Therefore probability = P(S)+P(B)-2P(SNB)=—+———=-—=0238

21 9 63 21

No of ways = 9!x2!1=725760

®

A4, B~N(71,8%)
A—B~N(0,128)
P(0< A-B<2)=0.0702(3.5.5)

(i)

Let M =

X ~N(62,6%), ¥ ~N(71,8)

2 2
X+Y~N(66.5, o +8

)

P(M >75)=0.15
P(M <75)=0.85

- -1.03643338 .
0'2 +64 )

c=14.319

o=143

(iii)

X —Y ~ N(-9,269.0389)
P(X >Y)=P(X-Y >0)
=0.292 3sf) °

@iv)

Not valid because X and Y are not be independent for the same student.




9(a)

Let X be the total number of speeding incidents caught at Junctions A and B in an
hour.

23
X ~Po(=
o)
P(X 22)=1-P(X <1)=0.571

(b)

A+B+CO~ Po(lz%_'_ﬂ)

Required Probability =P(C 21| 4+ B+C =2)
_P(4+B=1)P(C=1)+P(4+B=0)P(C=2)
- P(4+B+C=2)

(B 3)

2

‘%‘ 1
€

(§,1+/12)
2 L6

231

NTN 2
Tl
2 \12

%(zsmz)

1 2
—(23 A
Taa (2 +12 )

_ 242(23+64)
(23+124)’

(©)

Let A be the number of speeding incidents caught at Junctions A, and B be the
number of speeding incidents caught at Junction B in-a day
A~Po(16), B~ Po(30)

Since both 16 and 30 are greater than 10,

| 4~N(16,16) and B ~N(30,30) approximately

= A— B~N(=14,46)
P(4-B>0)——>P(4- B >0.5) =0.0163

The occurrence of speeding incidents caught at Junction A and Junction B are
independent of each other.

10
)

Since » is small and population variance unknown, the nutritionist should use #-test. It

is assumed that the calories count of the energy bar follows a normal distribution.




(i)

s (20 74)=22.221

Let H be the null hypothesis, H, be the altematlve hypothesis. Let x be the

population mean number of calories in an energy bar and X be the sample mean.
H,: x=350

H, :p#350
Under H,, Test statistic, T = X350 14
22.221
15

p value = 0.0373 <0.05

Since the p — value < 0.05, reject H, . There is sufficient evidence at 5% level of
significance to conclude that the mean number of calories in an energy bar is not 350.

(i)

Since H, is rejected for r-test, p, <0.05 and since p, < p, <0.05. Therefore H,
will be rejected under z test. So the conclusion will not be different.

Alternative method

N(0,1)
/ t(14 \

Ho is rejected under t test

= test statistic is inside critical region for t-test
=> test statistic is inside critical region for Z-test
=> Hp is rejected under Z test

The conclusion would be the same.

test stat

@v)

Since H, is not rejected,
x-350
\/1 3827 .

=-1 95996 ———ﬁq— <1.95996

V1.3827

—=2. 3047 <Xx-=350<2. 3047

<1.95996

| 347.7<% <3523

11G)

X =750
7 =0.01758(750)+9.018

- =22.203

22.203(10) =k +199

~k=23.03~23




(i)

Y
8¢
T, o o %
o . |
I = ]
| =]
o
o
o
12 o P,
300 1200
x/ km?
(ii1) | r=0.958. Though r is close to 1, the shape of the scatter plot is curvilinear therefore
a linear model is not appropriate
) | oy
y=a+bx?
X
y=ax’
x

Model B is a more appropriate model as graph concave downwards like the scatter
diagram

Iny =—0.96684 +0.61722In x
Iny=-0.967+0.617Inx

ln(24) =-0.96684+0.61722In x

7] 0.617221n x = In(24) +0.96684

x =825 :

Since 7 = 0.982 is close to 1 and y =24 is within the data range, the prediction is

appropriate




