il

The curve with equation y = p+

scaling of factor 4 parallel to the x-axis, followed by a translation of 3 un
y-direction, followed by a reflection about the y-axis.
The resulting curve has asymptotes x =2 and y =1. Find the values of

(i)

(if)

{a)

. . 2 l
(b) Using the substitution x =tan ¢. find the cxact value ofJ. ——
RV P

()

(i)

2021 TJC Prelim Paper 1

, where p and ¢ are constants, is
X+

Sketch the graphs of y=e™ and y=In(x+k), where k>e.In
coordinates of intersection(s) with axes and the equations of any §

Given that e “ =In{a+4%) and e =~In(h+ k), solve the follo

in terms of @, h and &.

(a) e <In(x+k)

(B e <in(x+4k)|

1
——dx
4x" +9

Find j

I+ ax

(a+x)

Expand

where « is a positive constant.
Given that there is no term in x, show that g = \/5

1+\/§x

The cocfficient of x” in the expansion of 5 wherene

V2 +x)

n—1

2(v2)

. Find the value of'#

n

A4,. Itis found that 4, = (-1)""

the largest value.
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5 in ascending powers of x up to and including the term mn x’,

transformed by a

its in the negative

'pand g. [5]

I
dicate clearty the

1symptotes.  [2]

wing inequalities

[1]
(2]

dx . [5]

3

[5]

.+, is denoted by

such that |An| has

t2]




A curve C has parametric equations

x =8 +cosb, )7:(1—]()94'%5”126,

where 0<8<m .

(1)

(ii)

(a)

(b)

. . k
Show that C has stationary points when cos’ O = 5 Hence find the range of values

of & such that (" has stationary points. (4]
In the case where k =1, find in non-trigonometric form the exact coordinates of the
turning points and sketch C. [4]

. . . ) ) N )
The sum of the first 5 terms of an arithmetic scries is — 1imes the sum of its next 5
3

terms. Given that the common difference of this series is 3, find the first term of
the series. [4]

A teacher makes an initial payment of $k to a retirement fund on 1 January 2021,

and thereafter, she contributes $12 000 per year to it on the first day of each year.

The retirement fund guaranices a compound annual interest rate of 4% on the last

day of the year.

(i) Find the minimum value of &, correct to the nearest dollars such that the total
value of her retirement fund at the end of the 0™ year when interest is applied
exceeds $500 000, (3]

(ii) It is given that k =105000. Find the day in which the total amount in the
retirement fund will first exceed $1 million. [3]

It is given that the equation of a curve C is dx’ —8x’y-32=35y".

()
(i)
(iii)

Show that there is no point on (" where the tangent is parallel to the y-axis. (4]
Find the equation of the tangent which is parallel to the x-axis. [3]

The point P(x,») moves along C in a way such that the x-coordinate of P is
increasing at a constant rate of 2 units per second. Find the exact rate of increase ol
the y-coordinate at the instant when x = 1.5. i3]
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The diagram shows the curve with equation y = 2 tan™ x and the lin

x=-=1]and x=1.

()

y=2tan" x.

Region A: and A> are the shaded regions shown in the diagram. A4,

1

curve y=2tan” ' x , the x-axis and the lines x=1 while 42 is boun

L

y=2tan" x, the x-axis and the lines x=-1.

|

Region B is bounded by the curve y = 2 tan' x, the y-axis and the linc

(ii) Find the exact area of region B and show that total area of regions
than area of region B by an — bIn 2, where @ and b are constants

(iti} Find the exact volume generated if region B is rotated completel

(iv) By considering a suitable translation of the graph. or otherwisg
generated when region B is rotated about the line x = 1 th&&LLgh 4r
your answer correct to 2 decimal places.

(i) Verity that one of'the roots of the equation 7 —(! + 2i)22 + (a -1
where a is real, is 1+1.

(ii) Show that the other 2 roots z; and z, can be expressed as z, +

—V-=1—4a+i
22 - -
2

(ili) Find the range of a such that z; and z, are purely imaginary.

. . T

(iv) Given that arg(z,) = 3 find a.

Hence find |zz|.
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Write down the equations of the two horizontal asymptot

es with equations

es of the curve

(M

s bounded by the
ded by the curve

_ 7
= —.

2
A and 42 is larger
0 be determined.

[4]

y about the y-axis.

(3]
, find the volume
oht-angles, giving

[3]
+i)z—a(1+i):0
(2]

—1—4a +i
2

and

[3]
12}

[3]




10 On a mangrove swamp, scientists are investigating the population of mudskippers and

11

crabs. Initially, there are 800 mudskippers and 800 crabs on the mangrove swamp. Al

time 7 vears, the number of mudskippers and crabs are M and C respectively.

(a) Forthe mudskippers, the scientists discovers that every year, the growth rate is 0.4%
of the population size and the death rate is 5 mudskippers per year.

(i) Write down a differential equation relating M and 1. [!]
(iiy Solve the differential equation in part (i) and determine what happens to the
mudskipper population in the future. (4]

(b} For the crabs. the scientists propose that ¢ and ¢ are related by the differential
equation %(— = 8C —0.005C".
t
(i) Find the number of crabs in the mangrove swamp when the rate of change of
C is a maximum. [2]
(ii) Find C interms of z. Sketcha graph of C against /. [5}

Coordinates axes Oxyz are set up with the origin O at the base of an airport control tower.
The x-axis is due East, the v-axis due North and the z-axis vertical. The units of distances

are kilometres. An airplane A takes off from the point X. For the first 4 minutes, the

position vector of A at time ¢ minutes after take-off, is given by
r=(2+1)i+(1+20)j+3k, 0=r<4.

(i)  State the coordinates of X. {1}

(ii) Find the acute angle the flight path makes with the horizontal. [2]

(iii) The airplane enters a cloud at a height of 5 km. Find thc coordinates of the point
where it enters the cloud. 121

A second airplane B takes off from the point (-2.-1,0) at the same time as the first

airplane A and is traveling at a constant speed in a straight line for the first 4 minutes.

Two minutes aftersakg-off, B is at the point (1,5.2).

(iv) Find in terms of ¢ . the position vector of B after s minutes where 0 </ <4 _Explain
if it is possible for the two airplanes to collide in the first 4 minutes. {4}

(v) Atr=4, athird airplane C was spotted to be equidistant from the first two airplanes.
At the same instant. two buildings on the ground D and £ are such that A and B arc
equidistant from both D and E, i.e. AD = BD and AE = BE. Find the Cartesian
cquation of the plane in terms of o in which €. D and F lie. 4]
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2021 TJC Prelim Paper 1 Suggested Solutions

1

The curve with equation y=p+ , where p and g are constants, i

X+

scaling of factor 4 parallel to the x-axis, followed by a translation of 3 uf
y-direction, followed by a reflection about the y-axis.
The resulting curve has asymptotes x=2 and y =1. Find the values o

[Solution]

s transformed by a

hits in the negative

fpand g. [5]

[Solution]
—p+
x+q
: x
1% 1 x replaced by —
4
1 4
oget v=p+ =p+
iy x+4q
4
2™: y replaced by y+3
toget y+3=p+ = y=p-3+
x+4q x+4q
39 x replaced by —x
toget y=p-—3+
—x+4q
Horizontal asymptote: y=p-3=1 = p=4
Vertical asymptote: —x+4g=0
I
= x=dg=2 = g = E
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2 (i) Sketchthe graphs of y=¢™" and y = In(x + k), where k >e . Indicate clearly the
coordinates of intersection(s) with axes and the equations of any asymptotes. (2]

(i) Given that ¢ =Inla + k) and e =—In{b + k), solve the following inequalitics

in terms of a, b and £.

(@ e*<In(x+4k) (1]
(by e <linx+ k)| 2]
[Solution]
(iy Notethatfor k>e. Ink>1.
«1:
ree i y=In{x+k)
» \
0 T
|
(i) Given: e “ =In(
(@) e <hn(x+k)
From diagram, b
«1;
yoe y=In{x+k)

K

: x
(-k+L9) «a y=0 "
I
1
t
k
]
I
1

solution is x> a .
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Given: ¢ =In{la+k) and e” =—In{hb+ k)

by e <|inlx+ k)

From diagram,

Solution is xza or —k<x<éh.
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X

3 () Find j4x21+94

. N - . r? ]
(b) Using the substitution x =tan 6, find the exact value of | ——=——=4dx.
-

[Solution]

(2]
£3]

) ]
——dr= |——d:
(a) jqf 49 J4(X2 +(3) '

2y a2 L0 2x
i e tan -T“{'(.:-étaﬂ _..'+(

4.3 3 3

Alternatively,

[ESTPRRY SR,

4x"+9 20 (2x) +3
1 L 2x) 1 ;
=—| —tan  — |+¢c=—1an — +c
243 3J
{
(b) x=tan@ %—zqec%}
{

Whenx=1,60=7 andx=12, O=tan"' 2

2 l wn” 2 I 5
[t = [7 emsTOd0
Ut xe 3 tan® 01+ 1an’ 0
wn 2 ] 3
= _[ ————sec” 0 dO
tan” #{secd)
- Im 2 scuf)
ldn
= jm Lﬂdﬁ J-m * ot @ cosech d@
4 sin” & :
= —[cosect], where tan o = 2

As tan o — 2, we get the right-angled triangle

By Pythagoras Thm.
we have

Vi

—[cos eco —Cosec 1]

SERNG
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4 @) FBxpand TE

3 in ascending powers of x up to and including the term in <,

(a+x)
where ¢ is a positive constant.
Given that there is no term in x, show that = V2. [3]

I+\/Ex

(esf

+

(i) The coefficient of x” in the expansion of wheren e 47 . is denoted by

4,. Itis found that 4, = (—])M - — |. Find the value of #|such that]An‘ has
2(¥2)
the largest value. 21
[Solution|]
(i) ]+ax2 = (1 +ax)(a+x)_2
(a+x

2

:az(l+cxx)(l+§] h

=a 1+ ax)[l #2&}(42)2(1—“’)(%7 +@-{;31—)(54—)(%T +]

-

R 2 4
=g’ (] +ax)(l——x+%x2 ——x3+---)
a o«

]

2 3

- 2 3 2 3
=u 2(]-———x+—x2 e dax=2x S e
a a o a

Since there is no term in x . we have

a=2 (since & is positive)
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We have 4, ={— l)'Hl

2{v2)

7 i
2(v2)

Using GC,

| 4| <y | < |45] = 0.3536 <

The value of # such that lAnl has the largest value is 4.

= 0.375 > [A5] =0.3536 > || > ...

A,
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5 A curve ( has parametric equations

x=80+cosé, y:(l—k)BJr%sinZB,

where 00 <7 .

(iy  Show that C has stationary points when cos? 0 = K

of k such that C has stationary points.

(ii) In the case where k=1, find in non-trigonometric form the exact

turning points and sketch C.

[Solution]

. Hence find t

he range of values

[4]

coordinates of the

[4]

x=6+cos0, y=(]—k)t9+—;—sin29,

£i—x—:]—sintﬁ’,
de
1y 1 2
E%:(1 k)5 2e0520 =1k +2c0570 -1 =2cos’ 0
dy 2cost B —k
dx I—sin®
(i) C has stationary points

d

:>—’F-=O
dx

=2c0s’ 0 —k=0 and 1—sin@ 20
.'.coszf):ffm
2

For0<@8<m=-1<cos@@ <1, cosf=0

—0<cos’B<]

:>()<-ISS}
2

S0<k g2
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-s:."g""

@i c0529=lﬁ0058:+l—:>9:£,
2 4

2

T 14 ror 2 | S

f="-3x=-—4c0s—=—+——,y=SIn—=—

4 4 4 4 2 22 2
3x 3m 3z 3r 2 ! 3=m 1
f="" = x=""tcos—=——-——y=SIn—=—7
4 2 2 2 2

4"
T . Gradient at (5 O\I is undefined |
=N V27 f
T a 21 e
—t= .
"y 4 2 2 i ’
H 1 I/? B I('T(—]i.o) 34X
1 L 1 L] 1

(19)
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(a)

(b)

. . A
The sum of the first 5 terms of an arithmetic series is E times thg

terms. Given that the common difference of this series is 3. fin
the series.

A teacher makes an initial payment of $% to a retirement fund o
and thereafler, she contributes $12 000 per year to it on the first

The retirement fund guarantees a compound annual interest rate
day of the vear.

()

(i)

Find the minimum value of &, correct to the nearest dollars
value of her retirement fund at the end of the 10" year when
exceeds $500 000,

It is given that £ =105000. Find the day in which the tq
retirement fund will first exceed $1 million.

sum of its next 5

d the first term of
(4]

h 1 January 2021,
day of each year.
of 4% on the last

such that the total
interest is applied

[3]

tal amount in the

(3]

(a)

| .

. 4[%(2a+4(3))} = %(26”9(3))

= 20a+120=10a+135
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(b)(i)

Year First Day of Year Lasi day of Year
an | 1 k .04k
2021
2 1.04k +12000 1.04(1.04% +12000)
} 1.04(1.04k +12000) 1.04(1.04 (1.04k +12000)+12000)
+12000 = 1.04° £ +12000(1.04” +1 04)
! I.O4”k+12000(l.04”" +---+1.042+1_04}
For n=10,

104"k +12000(1.04 4+ 1.047 +1 .04) > 500000

1.04(1 047 1)

104" £ +12000 5 500000

k> 248558.11

Minimum & = 248539 (correct to nearest dollars)

(b)(ii)

For k=105000. let 7 be total amount in the retirement fund.
1 .04(1 04t 1)
0.04
From GC, when n=30(31 Dcc 2051, T'=1001 575.99

7 =1.04" (105000) + 12000 > 1000000

The day in which the total amount in the retirement fund will first exceed $1 million is

31 Dec 2050.
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|Solution]

It is given that the equation of a curve (' is 4x° —8x°y—32="5y".

(i) Show that there is no point on C where the tangent is parallel to 1

(ii) Find the equation of the tangent which is parallel to the x-axis.

(iiiy The point P(x,y) moves along C in a way such that the x-cq
increasing at a constant rate of 2 units per second. Find the exact
the y-coordinate at the instant when x=1.5.

he y-axis, 4]
(3]
pordinate of P is
rate of increase of

[3]

(i) 4x°'-8xy-32=5y
Differentiating w.r.t. x,
2 d}" 2 dV
8x—8x = -—lb6xy=15y" =
e dx 2 g dx
d;vi Sx—1l6xy
dx  8x*+15)°
For tangent to be parallel to y-axis. j—y is unde{ined.
x
= 8x +15y° =0
= x=yp=0
Check (0, 0} is not a point on €.
So there is no point on € where the tangent is paralie] to the y-axis.
.. . dy
(ii) For langent to be parallel to x-axis, dr =0.
. 1
Bx-1oxy=0 = x(1-2y)=0 = x=0 or yzz
!
When x=0.5y'=-32 = y= (w%%]
Check: When y= ;i:,
2 2 1 1 ’ 3
dx” -8x"| = |-32=5| = = —3) P,
2 2 8
which is invalid
1
. . - 323
The equation of the tangent parallel to the x-axis is y = (—?J .
(iii) Given dx =2,
de
When x=1.5, y=-1.
dy dy dx _ 8x—léxy dx_8(1.5)-16(1.5)(-1) (2)= 24
dr dx dr 8 +15y° dr 8(1.5Y +15(=1Y 11
The y-coordinate is increasing at a rate of % units/s
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The diagram shows the curve with equation y = 2 tan’' x and the lines with eguations
x=—1land x=1.

(i) Write down the equations of the two horizontal asymptotes of the curve
y=2tan" x. [1]

Region 4; and Az are the shaded regions shown in the diagram. A, is bounded by the

curve y=2tun4x, the x-axis and the lines x=1 while 42 is bounded by the curve

V= 2tan”" x. the x-axis and the lines x=—1.

Region B is bounded by the curve y =2 tan~' x, the y-axis and the line y =

2=

(ii) Tind the exact area of region B and show that total area of regions A, and 4> is larger
than area of region B by an — bln 2, where a and b are constants to be determined.

[4]

(iii) Find the exact volume gencrated if region B is rotated completely about the v-axis.

[3]

(iv) By considering a suitable translation of the graph, or otherwise, find the volume
gcnerated when region B is rotated about the line x = through 4 right-angles, giving
your answer correct to 2 decimal places. [3}
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|Solution]

(1) The horizontal asymptotes are y = Zn

(ii)

Area B = than%dy

Lo (3]

=2In sec% —~InsecO

2In2

n
In2

Area of regions 41 and 42 =2 (%— In2)=n - 2In2

Area A; + Arca A>— Area B
=n-2Ih2-In2
=n-3In2.

Sog=land =3

Method 2
Area of regions 4, and 4>

!
= 2_"0 2tan” xdx by symmetry

= [4xtan—'x]:) 7-[0' | jiz fx

= m-[2mi+)]
= qg-2In2

AreaB=2-Ln-2m2)=mn2
; 2 2

Area A + Area 42— Area B
=g-2I2~1n2
=qn—3In2.

Soa=land b=3

(iiliy  Volume for B rotated about y-axis

=7 J-o- x’dy

=n _[f tan’ (%)dy
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= njf (sec? (%) ~Ddy

=7 [2tan%~y]§
=n2- %)

(iv)  Translating the curve y=2tan "' x by -1 unit along x-axis. we have y =2 tan”' (x + 1).

, Vv
jie. x=tan——]
2

Volume of region A1 rotated about the line x = I is

1 }) \‘2
HJ.D[tan:~]J dv

Volume of the ¢ylinder formed by 41 and B when rotated about x =11is #(l° )% = %

The required volume

5 4 52
T 5 v :

— — - Ju— r= ’)
5 s L ; (tan 5 P| dv =3.01 (correct to 2 dps)

#
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9 (i) Verify that one of the roots of the equation 2 —(1+ 2i) z* +{a—14

where a is real, is 1 +1i.

(ii) Show that the other 2 roots z; and z, can be expressed as z 5

14 +i
—

s =

(iii) Find the range of a such that z; and z, are purely imaginary.

(iv) Given that arg(z,) =§, find a.

Hence find |32"
[Solution]

Hi)z—a(l+1)=0
[2]
v-l—-da+i
- and
2
(3]
[2]
[3)
[2]

{1} Sub z=1+1, we have
LHS = (1+i) = (1420 (1+1) +(a=14i) (1 +i)— a1 +1)
=-2+2i+4=2i+a(l+i)-2—a(l +i)
=0=RHS

(ii) From (i), onc of the factors of
23—(1+2i)z2 +(a—l+i)z—a(l+i) is z—1—i

Method 1
Let (z—(1 +)(Z +Az + B) =

- (1+20) 2 +(a—1+i)z—a{l+i)
Comparing coefficient of 2% : 4 — (1 +))=—(1+2D) = A4 =i
Comparing the constant term: —B{l+i)= —a(l+i)= B=a

Method 2: Using Long Division, we have
z —(E +2i)z2 +(a—] Jri)z—a'(l+i):(z—}—i](z2 —iz+a)

Therefore, z° —(1+2i)z° +(a—1+i)z~a(1+i) =0

= (z—]—i){z2 —iz+a)=0

= z=l-i or z—iz+a=0
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(=i ~40)(a) _i+v-i-4a

iV
The other 2 roots are z =
2(1) 2
. J=i—da+i —J=1—4da +1
Therefore, we have zy = ————— and z, =—————
2 2
(i)  For z; and z, to be purely imaginary, —1—4a < 0.

Therefore. a= —%.

. . T
(iv)  Since arg(z)= 3 it means that real part of z)

V-l-4a
2

Squaring both sides, we have
1 |
—-l—da=— = a=——
3 3

Therefore,
—\j—l—4(-—3‘)+i
[22| = 5

2\ A3
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10

On a mangrove swamp, scientists are investigating the population of mudskippers and

crabs. Initially, there are 800 mudskippers and 800 crabs on the mangrove swamp. At

time ¢ years, the number of mudskippers and crabs are M and C respectively.

(a) Forthe mudskippers. the scientists discovers that every year, the growth rate is 0.4%
of the population size and the death rate is 5 mudskippers per year.

(i) Write down a differential equation relating M and {. I
(i) Solve the differential equation in part (i) and determine what happens to the
mudskipper population in the future. [4]

(b) For the crabs, the scientists propose that ¢’ and ¢ are related by the differential

. dC : 2

equation i =8C —-0.005C".
i

(i) Find the number of crabs in the mangrove swamp when the rate of change of

C Is a maximum. 2]

(i) Find C in terms of 7. Sketch a graph of € against /. [3]

Growth rate = MM = (.004 A/
100

(i} | Deathrate=5
Cti;w = Growth rate — death rate
t
= 0.004M -5
(i) id?i = 0.004M -5 = 0.004 (M —1250) ’
!
A hoo4
M —1250 dt
Integrate wrt £
I
I__t dM = j0.004 di
M —1250

=In

M —1250| = 00047+ ¢

= |1M —1 250| — gl 00drre

=M -1250= -_}-CO-O(M.HC

=M -1250= 40 00H At

At t=0,M =800,
= 4 =-450

- M =1250-450¢"""
As 1 —w, 4506”0 oo, M =1250-450e" - —o
This means that the mudskipper population will become
extinct in the future.
Goo0a _ 25
9
The mudskipper will be extinct in the 256® year.

M =1250-450e""™ =0 = = (=2554

b(i) | Method 1:
4€ _gc—0.005C2.
ds
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dC
dt

Let R be the rate of change of C. i.e. R=

To maximise R, let % = 0. Note R is in terms of .

(5]
dR__ANdt) ¢ hoic=0 = C=800.
de dC

*(5)
2
‘”22: dz‘ = -0.01<0
ic?  dc

= The number of crabs when growth rate is maximum is
800.

Method 2:
dac _ 70.005((?2 wmooc)
ds
= —0.005(C —800)" +3200 < 3200

dC
dt

= 3200 is maximum when ' = 800.

Method 3:
dc . ,
o C{8-0.005C)=0 = C=0or 1600

4

"1 (800, 3200

0 1600 >C

-

= 3200 is maximum when C = 800.

I'rom the graph,

b{ii | Method 1: using Partial Fraction
) ‘;—f =8C ~0.005C* = 0.005C (1600 ()
-1 _4C 4 005
C(1600-C) dr
Integrate wit f:
]
[7ee——dC = [0.005 dt
C(1600-C)
] T ad
= 1600[]n[6|—ln 1600 C|]=0.005:+ d
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= In ——C~— =8r+1600d4
1600-C
- C_ _ | Br1600d
1600-C
o C e p ol
1600-C
When ¢ = 0. = 800, b=1
00e” _
nC= 16 Oegf (or C :—flaﬁr )
l+¢ t+e¢

| Method 2: Complete the square and use MF26

% = -0.005| (¢ ~800)" - 300° |
i
L 0005
(¢ -800)" -800° df
| ! dC =[-0.005d¢

(¢ -800)" —8007
L (C —800)-800
n

2(800) | € —800+800
K(ﬁ' -800)- 800| _ o brelaund
| C—800+800 |
(' —-1600 = g B 1000d
—
€-1600

C
When 1 =0, C =800
B=—I

1600 g S,

=-0.005+d

- /
= Be gf,B:iC]f)OO(

C
1600 | s o 1600

-

800

Y.
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11 Coordinates axes Oxyz are set up with the origin O at the base of an airport control tower.
The x-axis is due East. the y-axis due North and the z-axis vertical. The units of distances
are kilometres. An airplane A takes off from the point X. For the first 4 minutes. the
position vector of A at time £ minutes after take-off, is given by

p=(2+0)i+(1+20)j+3k,  0<i<4.
(i)  State the coordinates of X. [1}
(i) Find the acute angle the flight path makes with the horizontal. (21
(iti) The airplane enters a cloud at a height of-5 km. Find the coordinates of the point
where it enters the cloud. [2]
A second airplane B takes off from the point (~2.-1,0) at the same time as the first
airplane 4 and is traveling at a constant speed in a straight line for the first 4 minutes.
Two minutes after take-off, 8 is at the point (1.5.a).
{iv) Find in terms of « , the position vector of B after 1 minutes where 0 <7 <4 . Explain
if it is possible for the two airplanes to collide in the first 4 minutes. 4]
(v) Atr=4,athird airplane ¢’ was spotted 1o be equidistant from the first two airplanes.
At the same instant. two buildings on the ground D and £ arc such that A4 and 5 are
equidistant from both D and E. ie. AD = BD and AF = BE. ¥ind the Cartesian
equation of the plane in terms of ¢ in which C, D and £ lie. 4]
[Selution]
2y (1
(i) 04=]1|+/|2 0<r<4
o) 3]
When ¢ = 0, coordinates of X =( 2. |, 0)
(i) Let @ be the required angle.

Normal to the horizontal plane is | 0

sinf = A =—
\ﬁ;+22+32\/l_2 J14

0=533 (1dp)

Alternative Method,

c

90" -0) = =
(00 -0) e

0

1
1
2410

! 3

1Y (0
21|10
3 1 3

90 —# =367 (1d.p.
0=533 (1d.p)
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2 1
1

(i) O4=|1|+1;2], 0<i<4
| o) |3,
Since z-axis is vertical, at height S km, 3r=5
5
= ==
3

Position vector of the point when it enters the cloud

11
+
I
T O
il

¥
3
13
3
5

Coordinates of the point :(

—
—_
"“"Lu
"
Ln
-

-2

3
=1|=|6|=2
\a

J—

Wi b | Wl L_._>|
"

(iv)

wn
!

0

&

(24

2

Position vector of the air plane B after ¢ minutes,
=2

OB =| =1 |+t
0

r

R W oW
=
A
1A
.

Alternative method,
“}

=

Let OB=|—1 |+ where 0<s<4

0 ) o,
(3
1 -2 2
Whent=2, |5 |=t{-11+2d :>(1L3
o 0 o
2
3
) )
OB=| -1+t 3
0 a
2

If the two airplanes collide, OA= 0B
for some 0<r<4
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3
2 i -2 2
P+l 2= -1[+¢] 3
i\ 3 0, o
2
I
B 4
1 =2
o 1 0
2

There is no solution to the above equation. Hence the two airplanes
will not collide.

2 1y (6
(V) Ati=4, 04=|1|+4 2J_ 9
o) 3 12
3
-2 2 4
OB=|-1]+4| 3 |=| il
0 2o

;‘JIQ

The plane contains all the points that each has equal distance to
points4 and B is the plane that contains the perpendicular bisector

of AB and perpendicular to AB.

Let M be the Mid point of 4B

_ . 5
OM=—| 9 ]0
6+a

E:w'( ] (zazz] {1

-1
Normal to the plane = [ | ]
a_

Vector equation of the plane:

AHAN

=-5+10+a’~36
=a’ =31
Cartesian equation of the plane:
—x+y+(0:—6]z=«er2 -31

Alternative method 1:
Let coordinates of peint C be (x, y, 2)
and M be the Mid-point of 48,
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AB L CM = AB-CM =0

-1 x—5
= i o y-10 =0
a -6 z—¢—6

= —x+5+y-10+(a-6)z—(a’-36)=0

= —x+y+(a-6)z=a’-31

| Alternative method 2:

6 4
Ati=4, 04={9| , 0B=}1l
12 2e
Let coordinates of point C be (x, v, z)

and AC = BC.
o J6=x) +(0-) +(12=2) = J(d-x) + (1) +(2a-2)

= 124—-dx+4y+(da-24)z =4a’

2

= —:c+y+(ar—6)z:a2 -3
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2021 TJC Prelim Paper 2
Section A: Pure Mathematics [40 marks]

The functions fand g are defined by

fix— 2—(3:—2)2 for x<0,xcR,
4 for x23xelR
and gix
x+] for x<3,xeR
(i) Define £~ ina similar form. (3]
(i) Explain why g does not have an inverse. [2]
(iii) Find the range of values of « such that fg (oc) exists. 2]
Itis given that f(r)= — where r is a positive integer.
r!
(i) Showthat f(r)- f(r+l)f— [
(r+1)

. . R _ 3 . v e
(ii) The sum ofthe tirst # terms of the series ;+A3-‘+z+--- is giverf by § . Find

S, and explain why the series converges. {4]
(ili) By considering (ii) and using the standard series from the List| of Formulae

{MF26), find the exact [4]

1 A .

(a) In the triangle ABC, AC =BC =1 and angle ACB M[E?H-O] rgdians. Given

that @ is sufficiently small angle, show that

AB~+2 + -‘/:0—%9 [5]

(by Let f(x)=In(2-x).

(i} Write down the first three non-zero terms of the Maclaurin s¢

where -2<x<2.
Denote the answer to part (i) by g(x).

(ii) Find the range of values of x for which the percentage errg
value of g(x) and the value of f(x} is within 10%.

www.testpapersfree.com

ries for f(x),

(3]

r between the

[2]




Relative to the origin O, the position vectors 4 and B are a and b respectively, where
a and b are non-parallel vectors, The peint C' is the mid-point of 4 and the point 1)
is on the line segment AB produced such that 4D =34B. The line CD meets OB at a
point £.

(i)  Find the position vector of £ in terms of b. [4]
(ii) The point F divides the line segment OD in the ratio 1:2. Show that A, £ and £
are collinear, and find A£: AF. _ 4]

. . . . . S
Given that the vector a is a unit vector perpendicular to a + 2b and angle A0 is o
2

(i) Show that {b| :?/1’3' [2}
(iv) Find the exact area of triangle ACE. (4]

Section B: Statistics [60 marks]

For the cvents A, B and C it is given that, P(4)= p. P(B)=04. P(AnC)=02
and P{(ANBNC)=P{A"BNC)=0.

It is also given that events 4 and B are independent, find the range of values of
P(ANB). (5]

Correlation and Regression 18]

A manufacturer claims that the mean lifetime of the Alpha light bulbs he produces is
at least 1200 hours. A random sample of 80 Alpha light bulbs is taken and the mean
lifetime is found to be 1198.6 hours.

Assuming that the lifetime, 7 hours, of the Alpha light bulbs is normally distributed

with variance 35 hours® , test the manufacturer’s claim at the 2.5% level of
significance. You should state your hypotheses and define any symbols that you use.

[4]
[t is given that the mean lifetime of the Alpha light bulbs is 1200 hours. The
manufacturer produces a new type of light bulbs known as Beta light bulbs. He
claims a Beta light bulb has twice the mean fifetime ofan Alpha light bulb. A random
sample of 50 Beta light bulbs is taken, where the mean and standard deviation of the
lifetime of this sample are & hours and 9.8 hours respectively. A test at the 5%
significance level indicates that the manufacturer’s claim is not valid for this sample
of Beta light bulbs. Find the range of values of k, giving your answer correct 10 2
decimal places. [5]
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10

In a Junior College, it is known that the probability that a student is |

cfi-handed is

0.125. There are 25 students in a class. The number of students in a randomly chosen

class who are lefi-handed is denoted by L.

(i)

State. in context of this question, one assumption needed to model L by a

binomial distribution. Hence find the probability that there are at most 3

students who are lefi-handed in a randomly chosen class.

(ii)

randomly chosen class is more than 85% of the class.

(iii)
the fifth student chosen is the third student who is left-handed.

There are # classes in the college. Find the minimum number of
college such that the probability of having not more than 4 classes
3 students who are lefi-handed in each class is less than 0.005.

(iv)

A random variable X has probability distribution given by
kx(6-x), x=1,2,3,4,5

P(X:x):{ 0.

Show that % = L
35

otherwise.
(i)
(i} Find the mean and variance of X.

40 independent observations of X are taken.
(iii) Find the probability that the sum of the 40 observations of X excq

(iv) Find the probability that the maximum value observed is 5.

A deck

[2]

Find the probability that the number of students who are right-handed in a

[2]

A group of students is randomly chosen from a class. Find the probability that

3]

classes in the
5 with at most

(3]

eds 110.

twenty cards comprises four sets of coloured cards, namely yellow, red,

blue and green cards. Each set is made up of five different numbered cards, from “17

tD \’.'.5’1.
(i)
players. In how many different ways can the cards be dealt so th
player has only red cards?
(il Ten cards consisting of a set of yellow cards and a set of blue card
in a circle. Find the probability that all cards numbered 17

Four cards are randomly dealt to every player, and there are a total of five

at a particular

[2]

s are arranged

are¢ next to each

other and separated from the cards that are numbered *27. [31
(iii) Three cards are drawn at random from the deck without replacement.

(a) Find the probability that the three cards have the same number. 2]

(b) Find the probability that at least two cards are of the same ¢olour. [2]

(¢) Find the probability that three cards are of green colour given that at least

two cards are of the same colour.
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11

A group of ornithologists in a nature reserve is conducting a research on three
endemic species of birds. They will tag and measure the beak lengths of the birds
they have caught. After a large number of birds were tagged and measured, they
found the beak lengths of the three species of birds have independent normal
distributions. The table below gives the mean and standard deviation of the beak
length of each species.

Spemes Mean . ::S;:t_.al'ldzzzi.rd De.viation‘
A 40 mm 5 mm
B 60 mm 5 mm
C 40 mm G mm

Let A4, 8 and C be the random variables. in mm, denoting the beak lengths of birds of
species A, B and C respectively.

(i) The probability of a randomly selected bird of species A having a beak length
at least / mm is at least 0.9. Find the range of values of /, correct to | decimal
place. [2]

(i) Find the value of k such that P(A<k)=P(B=k). [2]

(iii) One ornithologist randomly sclected 3 birds of species A and 1 bird of species
B. Find the probability that the difference between the total beak lengths of the
birds of species A and twice the beak length of the bird of species B is at least
2 mm. [4]

It is found that 73.9% of birds of species C have beak lengths greater than 33.6 mm.
(iv) Find the value of & . [2]
(v) Another ornithologist randomly selected a sample of 4 birds of species A and
n birds of specics C. Afier doing the measurements, he reported that the
probability of exactly 3 birds of species A and 5 birds of species C from the

sample, each has a beak length more than 33.6 mm is at least 0.0015. Find the
maximum number of birds of species C in the sample. 4]
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2021 TJC Prelim Paper 2 Suggested Solutions
Section A: Pure Mathematics |40 marks]

Thus 7 x> 2-V2—x for x<-2,xe

1 The functions fand g are defined by
f:xHZ—(x—Z)z for ¥v<0,xeR,
4 for xz3,xecR
and gix
x+1 for x<3,xeR
(i) Define {' ina similar form. [3]
(i) Explain why g does not have an inverse. [2]
(iii) Find the range of values of & such that fg (a) exists. [2]
M JLet p=f(0)=2-(x-2)", x<0
Then (x-2) =2-y
— x=2+2-y or x=2-2-¥%
(reject since x=0) ¥y
= 0 =2-V2 x
» X
0,-2 -
D, =R = (2] 0.2 ot
By
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(i)

4 for x23, xeR
gIXE> i _
x+1 for x<3, xex

: v

The line y =4 cuts the graph of y = g{w) at (3,4)
infinitcly many points.
=> gisnota 1-I function ¥ =glx)

= g does not have an inverse / _ .

/

Alternative solution
g3y=4=2g(
= gisnota |-1 function

— ¢ does not have an inverse

(iii)

(iv)  fe(er) notexist _ %

= gla)e D, =(-=,0] -
= gla)=0 /

= q+1=0 Gf/

|
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Itis given that f(r) :i| where r is a positive integer.
P

¥

(?‘+1)!.

(i) Showthat f(r)-f(r+1)= [

(i) The sum of the first # terms of the series %+%+%+--- is given by .. Find

S, and explain why the series converges. ; [4]

(iii) By considering (ii) and using the standard series from the List of Formulae

(MI26), find the exact value of Z/: r +r2 . 4]
-2
M [ f(r)=f(r+1)
o
o (r+l)3
w(i‘-&-])—lf r
(r+1)1 (1)
(i) 12 3 I 2 3 "
S, =—+—+—+---tonterms = —+—+—+---
: 21 3 4 2t 30 4! (n+l)!

My - 1)
() - )
£3) - f(4)

+ o+ 4+ o+ o+

i
-
—.
—
e
|
—
_——
]
+
-
—
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As n—)oo,——l——>0.'.S” -1
(n+i)!

Therefore, the series converges. |Bl]

(i1)

| Consider Z———

F+2 replace r'fby {rt1}r=l=n 3

= [B1]
. S GRS
r=n-1|

Zr+3 ~ . ‘+L+...+ﬁ1_.
= (r+1)! (r+1)t {20 3 (n)!

ir+2 Zr+2

= ot mee !

I |
=1+3 14—+ —+—+-—| 1+=
1t 2r 3t It

=1+3(e-2)=3e-5
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3 (a) In the triangle ABC, AC = BC =1 and angle ACB:[%ﬁH?] radigns

(b) Let f(x)=In(2-x).

D

that @ is sufficiently small angle, show that

AB~ N2+ £9—£9

(i) Write down the first three non-zero terms of the Maclaurin serig

where -2 s x<2.
enote the answer to part (i} by g(x) .

(i) Find the range of values of x for which the percentage error b
value of g{x) and the value of f(x) is within 10%.

. Given

[51

s for f(x),
i3]

clween the

2]

(@) | Using cosine rule, AR = AC” + BC* —2(ACYBC)cos ACB
= I+I—2(I)(1)cos(%jr +9J
. | . |-
=2-2 cos[—:r]cos@—sm(myr)sm g
2 2
=2+2sinf
)3
When @ is sufficiently small, AB = (2+28)7
1
=201 +6)
1o
f\fz—i:l+l9+i—2)n92 +:‘
2 2!
= \/E[ng_lg?)
2 8
(b} f(x)=In(2 —x)
(!) b 1
=In 2+ln[] »x}
2
In?_—lx—lx’ —L }
2 8 24
(b) 11, 1
8D 009 < 10%
f(x)
= —0.1< M <0
f{x)
Using GC(graphically), -1.73 < x <0.738 (comectto 3 s.f.)
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Relative to the origin O, the position vectors 4 and B arc a and b respectively, where
a and b are non-parallel vectors. The point C is the mid-point of 04 and the point D
is on the line segment 4B produced such that 41> = 345. The line CD meets OB at a

point £.
(i)  Find the position vector of £in terms of b. 4]

(i) The point F divides the line segment OD in the ratio 1:2. Show that 4, £ and
F are collinear, and find AE: 4F. [4]

. . . . Y
Given that the vector a is a unit vector perpendicular to a + 2b and angle AOB is e

]
(iiy Show that |b|=—. [2
b] NG ]
(iv) Find the exact area of triangle ACE [4]

ajzla
2
CD=CA+A4D

}
:Ea+3(b—a)

:—§a+3b
2

OE = b
Equation of line ’D: r = %a + U [A;S;a + BbJ

, . : 1 f5
Since E lies on line CD, Ab =Sa+t yl —%a+3b]
2 \

Since a and b are non-parallel vectors,

. 1 5 1
Equating: 0=———pu > pu=—
quating LR

3
A=3p=A="

L¥)

Hence OF = %b
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(i)

OD =04+ 4D
=a+3(b-a)
=-2a+3b

OF =100 =1 (-2a +3b)
3 3

r,e:o?_a%b_a

ZF:(TF_&:%(QH%)-E.

Hence A, £, I are collinear.
AE-AF =35

(iii)

ab= |a||b|0055—7r- = f—q|b|
6

a-{a+2b)=0

la| +2a-b=0

I+2(—£J|b|:(}
2

|h| = 2 {shown)

NG

(iv)

. =
Area of triange ACE = E‘ACXAEi

:i—lax(éb—aJ
2l 2 5

= i|—21>< b|
20

:i1aHb|sin5—?I
20 o

358 w-ta
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S For the events A, # and C it is given that, P(4)= p, P(B)=04, P(4nC)=02
and P(ANBAC)=P(4'nB'NCT)=0.

It is also given that evenis A and 5 are independent, find the range of values of
P(AnB). [5]

Since A and B are independent events, we have
P(ANBY=P(A)-P(B)=0.4p

< pLI=>0204p<04

Also. p202+04p=06p=02

1
= p ==
! 3
1 2
=04p=2—-(04)=—
p=3(04)=1;
2 2

]SgP(AmB)sS

Since 4 and B are independent events, we have
P(AB)=P{A)-P(B)=04p

Maximum P(A B)occurs when p=1

Therefore maximum P{AB)=0.4

Minimum P{4 B)occurs when p-04p=02= p= ‘1;

Therefore minimum P(A B) = 04(%) = %

2 2
Z<P{ANB)<=
05 ( M ) 3 ey

[ Let P(ANB)=x .
The Venn diagram is as follow:
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Since 4 and B are independent events, we have
P(AnBy=P(A4) -P(B)
= x=(p)(0.4)=04p
= p=25x
From Venn Diagram, we have
0<04-x<land 0<06-p+x<land0<x<land 0< p-x-02<1
= -06<x<04and 0<06-25x+xx1

and 0<x=<land 0<25x~-x—-0.2<1

=>—-><x=<= and —iéxég and 0<x<1and léxsg
5 5 15 5 15

2 2

Loyl

5

157

www.testpapersfree.com




It is generally accepted that a person’s diet and cardiorespiratory fitness affects his
cholesterol levels. The results of a study on the relationship between the cholesterol
levels, C mmol/L, and cardiorespiratory fitness, F. measured in suitable units, on §
individuals with similar diets are given in the following table.

Cardiorespiratory Fitness (F | 5501 507 1453 | 402 | 347 | 319 . 279 | 26.0

units) , ]

Cho

lesterol (C mmol/L) 470 | 498 | 530 | 5.64 | 6.04 6.3()!6.99 6.79

(i) Draw a scatter diagram of these data. Suppose that the relationship between F

and C is modelled by an equation of the form In(' = aF + b, where a and b are
constants. Use your diagram to explain whether @ 1s positive or negative. [3]

(ii) Find the product moment correlation coefficient between In € and £, and the

constants @ and b for the model in part (i). i3]

(iii} Bronz is a fitness instructor. His cardiorespiratory fitness is 52.0 units. Estimate

Bronz’s cholesterol level using the mode in (i) and the values of ¢ and 4 in part

(ii). Comment on the reliability of the estimate. [2]
() Cholesterol, C
F 3
6.99 |- "
A
. o
: [
§ a
i B
; 8
L S ®
T : : . Cardiorespiratory
" fitness £
26.0 55.0
NC=aF +b — C=e"
From the scatter diagram, as F’ increases, ¢ decreases at a decreasing rate, hence
a<{.
(ii) | Product moment correlation r =—0.992 (3 sh)
Model is InC =—0.013371 F +2.2772 (5 sf)
InC=-0.0134F+228 (3sf)
¢ii) | InC =-0.013371(52.0)+2.2772

C = e 1908 _ 4 g6

Estimate of Bronz’s cholesterol level is 4.86 mmol/L

Since r =—0.992 is close to —1 and Bronz’s cardiorespiratory fitness level, F=
52.0 lies within the data range of (26.0,55.0), the estimate is reliable.
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A manufacturer claims that the mean lifetime of the Alpha light bulbs he p

roduces is

at least 1200 hours. A random sample of 80 Alpha light bulbs is taken and the mean

lifetime is found to be 1198.6 hours.
Assuming that the liletime, T hours, of the Alpha light bulbs is normally

with variance 35 hours® , test the manufacturer’s claim at the 2.5%
significance. You should state your hypotheses and define any symbols th

It is given that the mean lifetime of the Alpha light bulbs is 1200 h
manufacturer produces a new type of light bulbs known as Beta light bulbs
a Beta light bulb has twice the mean lifetime of an Alpha light bulb.
sample of 50 Beta light bulbs is taken, where the mean and standard devis

distributed

b level of
at you use.
[4]
1ours. The
He claims
A random
tion of the

lifetime of this sample are & hours and 9.8 hours respectively. A test (at the 5%
significance level indicates that the manufacturer’s claim is not valid for this sample
of Beta light bulbs. Find the range of values of k, giving your answer dorrect to 2
decimal places. [5]

Let Tbe the lifetime of a randomly chosen Alpha light bulb in hours and 1 be

the population mean lifetime.

1}, =1200

H, g <1200

Level of significance: 2.5%

Under H,, T ~ N(lzoo,ﬁj

80
and test statistics 2 — 71200 N{O.I).
35/
V780

Using GC with ¢ =1198.6, p-value=0.0171 [B1]

Since p-value < 0.025, we reject H, .

There is sufficient evidence at the 2.5% level of significance to conclude the

mean lifctime of the Alpha light bulbs is less than 1200 hours, i.¢. that|the

manufacturer’s claim is not valid.

Let X be the lifetime of a randomly chosen Beta light bulb in hours.

Unbiased estimate of the population variance, s° = %(9.82) =98

H, : u=2400

H, : u = 2400

Level of significance: 5%
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Under H,, since 7= 50 is large, by Central Limit Theorem, X - N(2400,%]
5

]

approximately and test statistics Z = ﬂ ~ N(0,1) approximately.
9

0

[

0
k1200

ot T ﬁ%

For manufacturer’s claim to be not valid at the 3% level of significance, z,, is

within the critical region, i.e.

k —2400 k—1200

——<-1.9599 or
198,/
/50

Considering 2-tailed critical region
k<2397.26 or k=2402.74

>1.9599
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In a Junior College, it is known that the probability that a student is lefl-handed 1s

0.125. There are 25 students in a class. The number of students in a rando
class who are lefi-handed is denoted by L.

mly chosen

(i) State, in context of this question, one assumption needed to mogdel L by a
binomial distribution. lence find the probability that there arc less than 3
students who are lefi-handed in a randomly chosen class. (2]
(ii) Find the probability that the number of students who are right-handed in a
randomly chosen class is more than 85% ot the class. i2]
(iif) A group of students is randomly chosen from a class. Find the probability that
the fifth student chosen is the third student who is lefti-handed. (3]
(iv) There are »n classes in the college. Find the minimum number of classes in the
college such that the probability of having not more than 4 classgs with less
than 3 students who are left-handed in each class is less than 0.005. [3]
(i) Whether a student is lefi-handed or not is independent of whether any other
students is left-handed. :
The probability of a student is left-handed is the same throughout the sample
of 25 students.
L~ B(25,0.125)
P(L <3)=P(L < 2)=0.379609...
=0.380 (3 s.f)
(i) Let R be the number of right handed, out of 25 students
R~ B(25,0.875)
P(R > 0.85x 25)
=P(R>2125)=1-P(R<21)
=0.618 (3s.f)
(i) Let A be the number of left handed out of 4 studen@m
H~B(4,0.12%)
=P(H=2)x0.125
= 0.00897
(iv) Let C be the number of classes, out of n, with less than 3 left handed.

C ~ B(n, 0.37961)

P(C <4)<0.005

When n =28, P(C <4)=0.0592 > 0.005

Whenn =29, P(C <4)=0.00421 < 0.003
Therefore minimum number of classes is 29.
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A random variable X has probability distribution given by
kx(6-x), x=1,2,3.4.5

P(Xx){ )

otherwise.

{i) Show that % =—l—. [H]
35
(ii) Find the mean and variance of X. [3]
40 independent observations of X are taken.
(iii) Find the probability that the sum of the 40 observations of X exceeds 110. [3]
(iv) Find the probability that the maximum value observed is 5. [3]
() YP(X =x)=1
Sk+8k+9%k +8k +5k =1
35k=1=k= L
35
(i) E(X)=3 (by symmelry)
Var(X)=E(x?)-[E(X)]
=12 {5k)+2 (8k) +3% (9k)+ 4" (8k)+5° (5k) =3
=k(371)-3"
1 >
=—(371)-3"=1.6
Since # = 40 is large, by Central Limit Theorem,
S~ N(40x3, 40xl.6) ie. S~ N(120,64) approximately.
P(S>110)=0.894
(iv) P(max obsggyed = 5) = 1 - P{maxobserved < 4y [M1]

—1—IL&£4ﬁ%X§£ﬂ_.(Xms4)

—1-(1-P(x =5))"

40
7

= 0.998 (1o 3 5.0)
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10 A deck of twenty cards comprises four sets of coloured cards, namely ygllow, red,
blue and green cards. Each set is made up of five different numbered cards, from “I”
to “5™.

(i) Four cards are randomly dealt to every player, and there are a tqtal of five
players. In how many different ways can the cards be dealt so that a particular
player has only red cards?

(ii) Ten cards consisting of a set of yellow cards and a set of blue cards afe arranged
in a circle. Find the probability that all cards numbered “I” are next to each
other and separated from the cards that are numbered *27.

(iii) Three cards are drawn at random from the deck without replacement.

{a) Find the probability that the three cards have the same number.

(b) Find the probability that at least two cards are of the same col

(¢) Find the probability that three cards are of green colour given [hat at least

two cards are of the same colour.
(® 5) (16 (12) [8) (4 .
Number of ways = % X P P =315315000
4 4 4 4) (4

Gi) | Ml

6
Number of ways to form© 11 " where isnot2 :[2}2!2!: 60

Required number of ways = 60x(7—1)!= 43200

Mtd2
Casel: 2’s are separated

Number of ways = 2!(6—1)![2]3!— 28800
Case2: ‘2’s are together
Number of ways = 2!2!(6—])![2)2! = 14400
Total number of ways = 28800 + 14400 = 43200

43200 _ 5
(10-1)! 42

Required probability =
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(Gii) (5
)
3 ] 20 1
P(3 cards have the same number} = - = =—
(20 1140 37
3
OR |
20 3 2
VR
20 19 18
{b) I - P(all different colours)
43/ 5N5Y(3)
_ 3 ]J I IJ 32
- 20) 57
3
20 15 10
ORl——x—x—
20 19 I8
OR
Case 1: 3 cards same colour
(4 (5
X
Ll \3) 40 2
’20) 1140 57
w 3 J
Case 2: 2 cards same colour
4 5) 5
X % x 2
2)2) )7 600 10
20 1140 19
3
. 2 10 32
Required probability =—+-—=—
4 P ? 57 19 57
() P(3 cards are green | at least 2 cards are of the same colour)
_ P(3 cards are green and at least 2 cards are of the same colour}
P(at least 2 cards are of the same colour)
- P(3 cards are green)
P(at least 2 cards are of the same colour)
)
[zn" ]
_ ) _aw . b
53 e
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OR

) 4 3

%% 1
32 64
57
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11

A group of omithologists in a nature reserve is conducting a research on three
endemic species of birds. They will tag and measure the beak lengths of the birds
they have caught. After a large number of birds were tagged and measured, they
found the beak lengths of the three species of birds have independent normal
distributions. The table below gives the mean and standard deviation of the beak
length of each species.

' S‘p'e'ciq_s.' | Mean;E ;_ : S'ta'ndard Devnahon
A 40 mm 5 mm
B 60 mm 5 mm
C 40 mm o mn

Let A. B and C be the random variables, in mm, denoting the beak lengths of birds of
species A, B and C respectively.

(i) The probability of a randomly selected bird of species A having a beak length
at lcast / mm is at least 0.9. Find the range of values of /, correct to 1 decimal
place. 2]

(ii) Find the value of & such that P(A<k)=P(B=k). 2]

(iii) One omithologist randomly selected 3 birds of species A and | bird of species
B. Find the probability that the difference between the total beak lengths of the
birds of Species A and twice the beak length of the bird of species B is at least
2 mm. 4}

Itis found that 73.9% of birds of species C have beak lengths greater than 33.6 mm.

(iv) Find the value of . [2]

(v) Another omithologist randomly selected a sample of 4 birds of species A and
n birds of species C. After doing the measurements, he reported that the
probability of exactly 3 birds of species A and 5 birds of species C from the
sample, each has a beak length more than 33.6 mm is at least 0.0015. Find the
maximum number of birds of species C in the sample. [4]
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® | 4-N(40,5)
P(421)z09

= UsingaGC, P(4>33.592)=09
S 0=1<33.6 (3sh)

(i) | By using symmetry (graphical, both distributions have same standard deviation),
k=50
Or

P[Z < k‘“m) P(Z >f“—60J

3 5

_(k—él() _k-60
5 5

= -k+40=k-060
=2k =100 . k=50

(i) | p-N(60,5)
A+ Ay + A =28~ N(3x40-2x60,3(57)+ 2° (5°))
te. 4 +4,+4 —2B~N(0,175)

Required probability
= P(|4, +4,+ 4,—2B|>2)

= 2P(d,+ A, + 4, =28 >2)
= 0.880 (3 5.f)

(iv) . P{C>33.6)=0.739
PLZ _33.6-40
o)

J 0.739
33.6-40

[a)
o =100 3s.f)

——0.64026.. —

™ 4 3 it h - 5 - n-3
S |P(4>336) P(433.6) | [ P(C>336) P(C <33.6) 20.0015

From GC.5<n <13

Therefore, maximum number of birds of species C is 13
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