1

A particle is moving along the curve with equation 3x” + xy = 5. Given

find the rate of decrease of x at this instant.

A triangle ABC is such that AC =<2, BC=4 and angle ACEB =

sufficiently small for @* and higher powers of € to be neglected, show t
AB=10]1+a0+567 ],

where a and b are real constants.

X"+ px+3

The curve C has equation y = . where p and ¢ are non-zero ¢g

x+g
given that the asymptotes of Care y=x+3 and x=2.

(i) Find the values of p and ¢. Hence sketch C, stating the coordinate
and turning points.

Usc the values of p and ¢ that you have found in part (i) to answer part (i

(ii) By drawing a suitable curve on the same diagram in part (i), find |
where b is a positive constant, such that there are 2 real

]1

The diagram shows the shaded region R bounded by curve € with equat

2 ,
(x—5)’ +b{x +px+3

X+g

line x=2.

Y a

that %2’-:4 when x =1,

f
[4]

i+ 6. Given that ¢ is
hat

[51

pnstants and x = —g. It is

s of any axial intercepts

(4]
).

he range of values of b,
roots to the equation

(2]

ion x = and the

[
JI=3

x=2

(i) Find the exact volume of the solid generated when R is rotated throu;

V-axis.

(i1) Write down the equation of the curve obtained when (is translated b
x-direction. Hence, or otherwise, find the volume of the solid gene

through 2 radians about the line x = 2

DHS 2021 Ycar 6 H2 Mathematics Preliminary Examination
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bh 27 radians about the

(5]

v 2 units in the negative
rated when R is rotated
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5

The complex numbers z, and z, are such that
z,=1+bi, b>1, arg(z})=a and
z,=1-c, O<ec<l, arg(z,)=f.
Let Z, and Z, be points representing z, and z, respectively on the Argand diagram.
(i) Indicate Z, and Z, on an Argand diagram. [2]

Z, is the point representing z, on an Argand diagram such that |Z_~,| = l-:,l, the origin (2 is collinear

with Z, and Z;, and z, = ekl z,, where k is a real constant.
(ii) Indicate the two possible positions of Z, on the same Argand diagram drawn in part (i). [2]

(iii) Hence determine the two possible values of &, leaving your answers in terms of « and f.
(2]
2} (2]

(iv) For value of k =L, express the area of triangle Z,Z,Z, in terms of |z | and

Do not use a calculator in answering this question.
Let f{x)=2x+1-2In(secx +1an x).

(i) Find f'(x). leaving your result in the form which involves onc trigonometric
function. 12}

(i) Deduce that f(x)<! for 0<x<ix [2]

The equation f{x)=0 has aroot, «, where 0 <« <%n.

(iii) A student wants to approximate the value of & using the x-intercept of the line passing
through the points (p. f(p)) and (g, {(g)), where 0<p<a<g<tm Obtain an

expression for the approximation of a. giving it in terms of p. gq. f(p) and f(g). (2]

(iv) By finding "(x) and by considering the concavity ol the graph v =I[(x), explain whether
the estimate in part (iii) is an over-estimate or an under-estimate. (2]
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7 Asequence ,, #,, u;, ... issuchthat u , +au  +u =b, where a, b are constants and n>1."

n+l

(i) Giventhat uy =c, u,=05, u, =5, 1, =14.5 and u; =29, where ¢ is a constant, find @, »
and c. [3]
(i) By using the substitution v, =u_, —u,_, explain why the sequenge fv } is an arithmetic

progression. (2]
n=1 n-1 .
(éii) By considering Zvr = Z(”m —u, ), find u, in terms of n. [4]
r=| r=1 -
(iv) Describe the behaviour of the sequence {u } for large values of n. [1]

8 The diagram below shows the graph of y = f(x), defined for x € R\ {a}, with asymptotes x = a,

¥=0and y=ax-g’, stationary point at (q+, a’), and cuts the y 1axis at (0, —a’), where
a and b are positive constants such that & > b.

Y a | 2
! - y=ax~a
|
f
|
1
i
I
|
|
I
|
1
y=0 0 ;
e > x
\ g
<1
(01' _az)/// § i
P |
7 I
7 f
I
x=a
1
(i) Sketch the graph of y=——. [3]
f(x)
(1) Sketch'the graph of y =f‘{x). [3]
Another function g, is given by
X for0<x<aq,
glx)=
a+bh for x > a.
(iii} Sketch the graph of g. (2]
(iv)} Explain why fo exists. [3]
(v) Find the range of fg, leaving your answer in terms of ¢ and 5. [2]
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I =1

9 Points A4 and B have position vectors | g | and | 0 | respectively, where ¢ is a positive constant.
2 1

The equation of the line / is dxo15 y, z= %

(i) Given that the length of projection of vector AB onto line /is % show that ¢ = 5. f3]

(ii) Find the coordinates of the point of A", where A4’ is the image of point 4 reflected in the

line /. (4]
2 | 2

(iii) The planes p, and p, have equations r-| 1 |=1 and r= g| s j+y| =1 | respectively, for
k | 1

constants &, s and parameters g, ¥. Given that the two planes p, and p, intersect at /,

determine the values of £ and s. [3]

(iv) The plane ps has equation 2x + v+ z =u. Given that the planes p1. p2 and p3 have no point
in common, what can be satd about the values of f and »? 2]

10 Mr Safe takes up a bank loan of $M for an investment plan. The loan amount compounds at an
annual interest rate of 100+ %, where 0 <r <.

(i) By considering the loan amount at the end of 6 years, find the range of values of » such that
the amount of compounded interest will not exceed 20% of the initial

loan. {3
Take M = 20 000 for the rest of the question.

Mr Safe invests $10 000 and $10 000 in Scheme A and Scheme B respectively for 6 years. with
the two schemes starting at the same time.

Scheme A:
To receive payouts at the end of every month, starting from $10 and increasing by $0.30 every

.month.

Scheme B: - .
To receive payouts at the end of every month, starting from $10 and increasing by 2% every month.

At the end of 6 vears, the principal sum of $20 000 is returned to Mr Safe.

(ii) Find the total monthly payouts Mr Safe receives after » months, leaving your answer in exact
form. {41

(ii) Find the set of values of 17 such that the total monthly payouts from Scheme B exceeds that
ot Scheme A. 12}

(iv) Given that the annual interest rate of the bank is 2%, determine whether it is worthwhile for

Mr Safe to take up the bank loan for the investment. [3)
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11 A company conducts experiments to investigate the resistive power of armoured plates of different

materials against a bullet fired from a rifle. The plates used for the expd
thickness of 0.1 m. Once the plates are positioned, a bullet is fired at the ¢

a fixed velocity of 100 ms.

For a duration of ¢s after it is fired, the bullet is x m away from the 3

velocity vms™. The setup is shown below.,

(i)

(ii)

(iii)

Start line End line

When a plate of material P is used, v and x are modelled by the
equations:

dx
A _—
(A) ke

&x dre Y’
(B) ?Jfﬂ(a) =

where /J is a positive conslant.

(a)

By substituting equation (A), show that equation (B) can be wi

(b)

Find v in terms of £ and 7 and hence find x in terms of [ ang

Given that it is found that the bullet exits the end line of the

(c)

) dv
inten as —

riment have a consistent
tart line of the plate with

tart line and travels at a

tollowing differential

—-Av. 1]

dt

‘. [5]

plate with a velocity of

80 ms™, find the time taken for the bullet to pass through the plate of material P,

leaving your answer to 3 decimal places.

[3]

The company develops another plate made of a new material (). When the cxperiment is
conducted with a plate of material (), it is found that the bullet is slowed down in such a way

2

dx 10000

that

.. . .. dx
o 1s mversely proportional to e . Itis given that ~(r= 100)
. {

2

and =2 = —10° when
de*

£ =0. Writc down a differential equation to model the bullet as it travels through the plate

of material Q. Solve this differentiation equation to find x in terms

ot 1 for this model. [4]

The company claims that material O provides better protection against bullets than material

P. Explain, with justification, whether the company’s claim is valid

www.testpapersfree.com
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2021 Year 6 H2 Math Prelim Paper 1 Mark

Scheme

Suggested Solution

3x% +xy =5~ (1)
d, o dx dy o dx

(2): 6513+4+2d—x:0
dt dv

cdx 4 ]

A 8 2

o
Rate of decrease of x is >

Alternative
3x° XY =5 e (H
d dy
— Oty =0 e g
dx dx -~ ()
dy =4:
dt
(J¥: 3+4yp=5

Soy=2

When x =1,

Rate of decrease of x is —2[
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Suggested Solution

ABZ:(J§f+4?—2JEH)amf§+9]

T
:2+46—8J§aw(§+9J

=18~8\/§(cos%cos()—singsin HJ

218—8@(%(:059——\/%si119)
=18-8(cost—sinO)

x]S—S[l —%—9} {since & Is small)
=18-8+46° +80

=10+86+40°
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AB=(10+89+492)%

Qn

Suggested Solution

3(i)

Since x =2 is a vertical asymptote, we have ¢ =-2.

Method 1:

o~

yY=x+3+

x=-2
X 4x—6+k
N x-2
Comparing coefficient of x in given equation, p=1

¥ Ex+3 9
Ly E——— =43+
x—=2 x—-2

Method 2;
X px 3

Y
x-—2

7i2p (by long division)
x-2

Comparing with the given oblique asymptote
pH2=3=p=1

={x+p+2)+
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et

P
'

\
S iy 1

(ii)

> ~ 2
2 4 px+ L . .
2 real roots for (x—3) +£{—m3~J =1 implies that therc are 2 ntersection

x+g

Y

oints between curve C and (x—3) +by* =1=(x—5)" + =1 (ellipse)
p

2
i

Ve
Sketch ellipse with centre (5,0) and horizontal axis | and vertical axis -

L>]1

b

0<\/3<%

0<Jb<L
121
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Qn | Solution

4(1)) | When x=2,
I

,‘“_u}ﬂ
JI=y =

B | e

|
-y =—
d 4
3
27—
70
V3 V3
y=— 0or ¥y —=———
2 ’ 2

Volume of solid

=223 -2 L gy
& l_‘}_-‘-
:4\fﬂ;,ﬁ In Ty
2 1—y ,
B

b —
:4\511*75 In 2 —1Inl

V3

1-Y2

s 2

= T-—7in 2+J§
SFNET (QAJEJ

(i) | Eqn of new curve:
1

NIEST

Velume of solid

X+2=

SX= -2

2

Fle
=3.7213
=3.72 (3sf)
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Qn

Solution

(i}
(ii)
» Re(z)
Note:
(Ha>0, G<0
(i) z, = el z, = |23| = lz,‘ and arg(z,) = kta
(iii) | From the Argand diagram
Case 1: z, onsame side as z, (in 4™ quadrant)
arg(z,) = k+ar
ie, kta=f=k=pF-a (note k<0 )
Case 2: z, on opposite side as z, (in 2" quadrant)
—Protk=n
k= mtfB—a (Notek>0)
(iv)

For k:g, 07, LOZ, , hence

base = |z;| Hz,| = |z,|+z,
ht :|zll

trianglc area = %(|Z.]+t23| )|31|
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Qn Solution
6(i) f{x)=2x+1-2In(sec x+ tan x)
F(x)=2-2 secxtanx+sec” x
secx+tanx
=2-2secx
(1) For 0<x<%ﬂ:,
O<cosx <1
secx>1
S f(x)=2-2secx <0
Together with the fact that £(0)=20+1~2In(sec0+ tan0) =1
f(x) <1 for 0<x<%n
(iii) Line passing through (p, f(p)) and (g, f{g)):
f(gn—f
y—t(p) =22 )
q-r
q-r
o=p-f(p)———
(@) —f(p)
Alternative:
f(g)-—-f
ytlg) =~ TD )
g-p
axg-fig)—I—L
fg}—f(p)
(iv) f"(x)=-2secxtanx <0 for 0 <x<lxn

f.e. curve Is concave downwards

y=1I(x)

From curve, the approximation in part (iii} is an under-estimate.
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On

1 Suggoested Solution . .. R - L

TG0y utau, vu =b > 5+a(0 5)+c b =2 0.5a- b+c-—5
u,+au,+u, =b> 145+a(5)+05=5b-> Sa-b=-15
ugtau, +i, =b> 29+a(l4.5)+5=b> 14.5a-h=-34
Solving, a=-2,p=5,c =1

(ii) vnﬁ - V”
= (un+2 7“»74»1)_(“;”1 —Il”)
=n_.,—2u_ +i,

n+l n+l

From (i}, u _, +au,, +u, =bwherea=-2, b=35
—2u

H+

12+l

Hence, & +u, =3

n+l

Thus, v

Therefore, {v”} is an arithmetic progression.

. = 3 {constant)

v

ALTERNATIVE

vn = Hf.Hl _H”
=(5+2u, —u, )—u,
=5+u,—¥u,_,

= 5 + vnfl

Since the difference between consecutive terms is a constant, {v,} is an arithmetic progression,

with common difference 3.
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(iii)

=l -1

;V.ﬂ :Z(um kur)

r=l

LHS-S',

r=l1

:”’T‘](z(—o.syr (n-2)5)

2 sno1)
2

Alternative:

LN s:”iv,
r=1

s=1

=Y (5r-5.5)

n

2—' (=0.5+57-10.5)

_
=T sn-11)
2

ri=|

RHS = Z(Hm ~1u,)

r=l

=y, —u

—1
Thus, u, —u, :_’?T(Snfl 1

-1
u, :L—(Sn—l )41
2
3 Sn” —16n+13
=

P

(iv)

Possible responses:
-Sequence increases and diverges for large values of n.

-Sequence increases to infinity for large values of n.
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Qn Solution
8(i)

1

p=—
T ()
F
(a+b, Lg)
o
@) o .
(@, 0)
1
0, ——)
a
Iy
(i) y=1"(x)
A \
1
lL v=ua
y=0 e
> X

-
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(iii)

¥ =g(x)

y=ath

a+bl----¢

¥
=

of a

(iv)

Range of g
= [0.a)w{a+b}

Since range of g is subset of domain of f, R\ {a},
Thus fg exists. (explained)

v)

To find range of fg:

D, =D, —£>R, :[(),a}u{ar+1_')}_">(—oo,Laz]u.{aj}:Rfg

www.testpapersfree.com




OQn Suggested Solutions
-2

9(i)
AB=0B-0A=| g

—1

LYoot
4 2
lir=| 0 |+A] | |.AeR
5 0
2 /
;IE-(], 8
i
__]\
=2 E
_q o ]
-1 0
1_8
N
2
1
0
PEIES
1 \BL 2
l—g=4 or l—g=-4
g=-3(reject ~g>0) or g=5
G A
/ S me
T
0 '
15 1
‘“_‘_'_/1.
4 2
ON=| 4 |forsomelel
B}
2
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4 4 2
AN=ON-04=| A [-|5]|=| 4-=5
5 1
2 2
AN, =0
o1t
4 2 2
A-5 W 1 |=0
] 0
2
L
1
s
4 2010 10 12
sov=| 2 o2l
10 10 “)25
5 5
2 2
Using ratio theorem,
aﬁzﬁﬁ+ﬁl
2
(12 1 14 7
OA4'=20N-0d==!51|-|5|=L 52 :lzﬁ
”)25 2 30) lis

Coordinates of A" = (-}%ﬁﬁ}

(iii)

. (15 5y
Since the point (—4—,0%) lies on the p,

2(EJ+£!{=I
4; 2
13

k=
5

| 2 s+]
Normal of pr =/ 5 |x| =1 |= 1

} 1 -1-2s
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Since line / lies on p2,

den, =0

1
) s+1
| =0
0 |i-1-2s,

1
——(s+1)+1=0
2(5+ )+

s=1
ALT 1:

Alternatively, solve SLE
| 2

=uls|+r| -1
I [

o= -:-l;',

o |ln

to Obtaiﬂ U=y = s :%

S0 5 =1
ALT 2:
151
4 s
Canalsouse | | |» 1 =0
_5_ \—172,5'/
2

since origin must lie on p2.

(iv)

For no points of intersection between the three planes, ps is parallel to fine /, and
line / does not lie on p;.

E.
4
0 pn, #u
dJonp}WO %
| R
—— 15
o= 15 5
! f‘J 0 and n=| 0 pl 1 l?'i":;:l(}
0 I < .
3
2
=0 IERL
[=1
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Qn

Solation

10(8)

Loan amount = $M
Loan amount after 6 yrs = M (14 r)°

For amount of compounded interest to not exceed 20% of the initial
MO +rY —M<02M
(1+r)° <12

1
r<i.2¢ -1
< (.030853
o r=0.0308

loan,

(i)

Scheme A amount
S¢=10+(10+03)+..  (for n terms)
:%(2(10)+(n—1)(0.3))
=9.857+0.154"

Scheme B amount

8, =10+10(1.02) + 10(1.02)" +...+10(1.02)"
_10(1.02" 1)
C1.02-1
=500(1.02" - 1)

Total amt = 9 851 +0.150° +500(1.02" — 1)

(iii)

9.851+0.150% < 500(1.027 - 1)

From GC, n>=58
cAne7:58<n <72}

(iv)

At end of 6 years,

total pavout

=9.85(72)+ 0.15(72)° + 500(1.027 —1)
=3067.3701

=3067.37

bank interest
= 20000(1.02°)— 20000 = 2523.25 < total payout

Thus it is worthwhile for Mr Safe to take up the bank loan for the iny

estment.
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Suggested Solution

TR TS
R

(i}b) o dv

When £ =10, v = 100, ('zf—]ﬁ

100

_\’Z;g]n(ﬁl-f'o.(}')—fD (since 3> 0)
Whent=0.x=0.
0= (0.01)+ D

B

D—-%mmﬂn
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x—%]n(ﬁHO.O])—]Eln(O.OI)

x:l[m(ﬁ”o'mﬂ
F;; 0.01

1
=— {100 A +1) — (2
X ﬁn( Br+1) —(2)

{iX(¢) | Let =T when the bullet leaves plate of material X,

When =T, v = 80, from (1),
o=—_ 1
BT +0.01

]
+0.01=—
AT 30

!
7 =——=10.0025
A 400

]

P Joor
Whenr=T7T.x=0.1and g= , 1 2),
L X nd g 1007 rom (2)
] 1
0.1= ——In(100(557) 7'+ 1)

(s

0.1= 4007‘]n(%1

/

B 0.1

40010 (1.25)
=0.00112035502
=0.00112 seconds

@ | & o
d—l‘:—i o000 = ke

When =0, X2 0.
dr-
_]oh :ke--lr_v'u]}
k=-10"
d’x

HCnCe, — = -1 Oﬁc-m',
dr-
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E_ _]06 e—lo"r
dr  —10
—100e™"" + E

+ £

When =0, —g{ =100,

!
100=100e """+ E
E=0
%: 10067 —(3)
x= —% e 4 F

x=-00te"" + F

When t=0,x=10,

0=-001c®
F =001

x=0.01-001e™""
x:O.{)](l —e‘”") ()

(iif)

Method 1
When /= 0.0011204, from (4).

v =0.01 (1 _c—w*(_o.cun:o“)

= 0.001<0.1
In the same amount of time it takes for the bullet to penctrate the entire plate of

material P of 0.1m, it only travels 0.01m through plate of material ). Hence, the
company’s claim is valid.

Method 2

From (4),as t —» =, x> 0.01.

This means the bullct will not be able to penetrate the plate of material O which is
0.1m thick, unlike what it has donc to material . Hence, the company’s claim is
valid.

Method 3
When ¢ = 00011204, from (3),

dv_ 100e™ "N 0 00136 = 0.

dr
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In the same amount of time it takes for the bullet to penetrate the entire plate of
material P to exit with a velocity of 80 ms™, the bullet that travels through the plate
of material O has its velocity reduced to almost 0 ms !, Hence, the gompany’s claim

1s valid.
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1

2z

Section A: Pure Mathematics [40 marks]

Do not use a graphing calculator in answering this question. Show all workings clearly.

W

The complex numbers w, z, and z, are given by w=3-4i, z, = ]m(—w;—] and z, =w—w".

(i) Find z, and z.. 2]

(ii) Given that z, and z, are roots of the equation bz" +¢z” +dz +1536 =0, find the values of
the real numbers &, ¢ and 4. [3]

(i) By expressing ——— 3 5 as a single fraction, find in terms of N, an expression for
2l(+|

X :

(i) Use your result in (i), or otherwise, to evaluate

6 3 6 2 .
(61)(29) (125)(61) (253)(125) ~ (2*-3)(2"-3)
leaving your answer as a fraction in its lowest terms. [3]

[It is given that a sphere of radius r has surface area Amr* and volume L7’

The solid below is made up of a hemisphere, with radius » cm, placed on top of a cylinder with
radius » cm and height /2 cm. The total surface area of the solid is kept at a constant & cm’.

h -

(i) Find » when the volume of the solid is at its maximum. leaving your answer in lerms
of £ and 7. [5]

(i) Find this maximum volume in terms of & and =, simplifying your answer. Find also the
ratio of r: h when this occurs. ) [3]
DHS 2021 Year 6 F12 Mathematics Preliminary Examinaiion
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4 (a) Find jsin" 4x dx. [3]

(b) A curve C is defined by the following parametric equations, x = 4 (t —%t"), y=at’, 120,

for a positive constant a.

(i) Find the equation of the tangent to the curve at the point P (a(p—%ps): ap’ ) [3]
The arc length between two points on C, where 1 =¢, and ¢ = ¢, is given by the formula
I 2 , 2
J G5
4 dt dr

(i) The tangent at P meets the x-axis at Q. Prove that the arc length OP is twice the length
of OQ where O is the origin that C passes through. (4]

5 The points 4, B and R have position vectors a, b and r respectively.

(a) The point C has position vector %a—%b and the point D is such|that the origin O is the

midpoint of the line segment CD. The point R lies on BD extended buch that the ratio of BD
to BR is 4:7. Show that the points A4, @ and R are collinear and |state the ratio of OA to

OR. (4]
X | =1
(b) Itis given that the point R has position vector r=| y |, andthat a=| 3 |, and b=| 5
z 2 3

(i) Determine the exact area of the triangle AOB. [2]

(if) Give the geometrical interpretation of the point R, given that r-(axbh)=0. (2]

(iti) Find the shortest distance between the point (-8, =2,9) and the collection of all points
R satisfying r-(axh)=0. 2]

DHS 2021 Year 6 112 Mathemalics Preliminary Examination [Turn over

www.testpapersfree.com




4

* Section B: Probability and Statistics [60 marks]

There are ten cards of which 4 are black, 3 are blue, 2 are green and 1 is yellow. Cards of the same
colour are indistinguishable.

(a) For parts (a)(i) to (a)(iii). four cards are to be selected from these ten cards and the order of
selection is not relevant.

(i) Find the number of possible selections that can be made if exactly 3 cards are of the
same colour. (2]

(ii) Find the number of possible selections that can be made if at least 2 of the cards are of

the same colour. [3]
(iii) Find the number of possible selections that can be made if either at least one green card
is selected or yellow card is selected or both. 2]

(b) Find the number of arrangements of all ten cards in a row if the blue cards are not next to
one another. [3]

Mike plays a game at a fun-fair. Each game costs $3 to play. The probability distribution of the
amount of money $X. that Mike wins from a game is given by

kx forx=1 2, 3,
P(X =x)={tk(x—1) forx=4.5 6
0 otherwise,
where k is a constant.
(i) Show that & = 15. [1]
(i) Find the expectation and variance of his net gain for one game. [3]

(iii) Assuming that each game is independent of one another. find the probability that his total
net gain in 30 games is more than $20. [3]

DHS 202 Year 6 H2? Mathematics Preliminary Examination
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In a computer game, a counter moves along a straight line and is origj
each stage, it takes one step to the right with probability p or on
probability g, where g =1- p. Each step is of length 1 unit and the std
independent of one another.

<

nally placed at £ =0. At

step to the left with

p taken at each stage is

For illustration purpose, the counter is seen to be at £ =—2 in the diagram below.

*__l_e_fl_k counter ———Egkhftﬁ
———t+—+—+—+@t+—+————++—+—+++—+— k
-ll0-9-8-76-54-3-2-1012345¢678/910

The counter takes 10 consecutive steps.
(1) Explain why the counter cannot possibly end at & = 7.
(i) Show that the probability that the counter ends at k =6 is 45p°q>.

(i) Given that the most probable end-point of the counter is k = 6, f]
values of p in the form p, < p < p, where p, and p, arc constants

(iv) Write down the most probable end-point(s) of the counter if p=1-

A manufacturer produces sweets in 2 flavours, lime and mint. On averag
sweets are mint. The sweets are packed randomly in bags of 12 and |
denotes the number of mint sweets in each bag.

b
i

(i) State, in context, two assumptions needed for the number of mint sw
modelled by a binomial distribution.

yeets in a bag to be well-

[2]
Assume now that the number of mint sweets in a bag has a binomial distrj

(ii) Explain why the variance of X does not exceed 3.

(it} Find the range of values of p such that in a bag. the probability thai
is less than 0.1. Give your answer to 2 decimal places.

Take p = 0.65 for the rest of the question.
(iv) Find the probability that in a randomly selected bag, at least half of
The bags are now randomly packed into boxes. Each box contains 3 bags,

(v) Find the probability that in each of the bags in a randomly selected
SWeets are mint.

{(vi) Find the probability that there are at least 30 mint sweets in a randomly selected box.

(vii) Explain why the answer to part (vi) is greater than that in (v).

DHS 2021 Year 6 H2 Mathematics Preliminary Examination
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(2]

nd exactly the range of

10 be determined.

[4]

Py [1]

e, a proportion p of the

he random variable X

bution.

[l

there are 5 mint sweets

(2]

the swects are mint. [2)

box, at least half of the

[1]
(2]
[1]

2
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6

10 The queue time for customers, in minutes, at a particular hair salon has a mean of 15 minutes and
a standard deviation of 10 minutes.

(i) Explain why a normal model would not be suitable for the queue times. [H]

The time duration of a haircut for customers, in minutes, at 2 different hair salons, Qcut, an express
service, and SPcut, a specialist service. are normally distributed with mean and standard deviation

as given in the table.

Mean Standard Deviation
Qcut 9.2 o
SPcut 20.7 3.1

(ii) If the probability that a Qcut customer having a haircut duration of more than 10 minutes
does not exceed 0.35, find the range of values ¢ can take up. [2]

Use o =1.5 for the rest of the guestion.

(iii) Given that the difference between a haircut duration of a randomly chosen Qcut customer
and its mean has a 95% chance of being larger than 4. find the value of £. [2]

(iv) Find the probability that the mean haircut duration of two Qcut customers and three SPeut
customers is less than 15 minutes. [3]

(v) State an assumption needed for your calculations in part {iv) to be valid. [1]
The salons fee-charging system comprises 2 components. Qcut charges a fixed component of $3
and a variable component of $0.50 per minute. Similarly, SPcut charges a fixed component of $10

and a variable component of $2 per minute.

(vi) Find the probability that the fees paid by a randomly chosen SPcut customer is at lcast 6
times the fees paid by a randomly chosen Qcut customer. i3]
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11 In t.].]-iS question you should state clearly the variables and the values of the parameters of
any distribution you use.

A pharmaceutical company has 300 employees from the research department and 330 employees
from the manufacturing department.

(i) Billy wishes to find out about the stress level of employees in the rgsearch department, so he
sends a survey to the 300 employees in the research department. Explain whether these 300
employees form a sample or a population. [

(i) Charlie wishes to conduct a survey regarding the employees” experiences with a new facility.
100 of them are randomly selected from the research department and the other 100 are
randomly selected from the manufacturing department. Explain whether the method will
form a random sample. [2]

The pharmaceutical company produces pills against a particular bacteria. The manager claims that
the average time taken to manufacture a batch of pills is less than 12 hours. The time taken in
hours, x was measured on 80 occasions and the results are summarised as follows:

T(x-12)=-12.8 Y (x—12)’ =16.19.

(iif) Find the unbiased estimates of the population mean and variante of the time taken to
manufacture a batch of pills. [2]

(iv) Carry out a hypothesis test on the manager’s claim. Find the p-value for this test and explain
what it indicates about the manager’s claim. (4]

It was found that the testing process had not been rigorous enough and the same hypothesis test
was conducted in another random sample of 80 observations. The sample mean was found to be
k& hours and the sample standard deviation was found to be 1.5 hours. It was found that the
manager’s claim was not supported at 1% level of significance.

(v) Find the range of values of k, correct to 3 decimal places. f3]
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Y6 Prelim i’aper 2 Mark Scheme

Qn

Suggested Solutions

1)

Given @ w=3-4j

) [.::J
] i

25

Or

wo 3-4i 3-4i
W 3+4i3-4i
9-24i-16
9416
7 —24i
25

(WJ —7—24&} 24
zy=Imf — |=Im| ———
W 25 25

Zy = w—-w*=-8i

(i)

Since coefficients of polynomial eqn are all real, by complex conjugate root

* .
=z, =&

Hence

[Z—Si][z+8i][z‘(_%ﬂ
[zz + 64][24’%‘:1

Simplifying:
2527 42427 41600z +1536=0
b=25 ¢=24, d=1600

0

It

I
o]

theorem,
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Suggested Solution

(i

i | ) (Zk_3)_(2k+l_3)
91 _3 - 7 _3 - (2"” _3)(2k _3)
~ ok ke
TEE )
o 2P-2(2)
)R )
_ o 2(1-2)
CRTE
ot

T
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(ii) 16 32 64 24!

(61){29) * (125)(61) +(253)(125) +"'+(2’”' -3)(2* -3) "

1 o 2R+1
AT

:E_ —2(0+1)= Z(?_M 2)(2 _3)]

:% 2(0+1)- [ ggﬂ

OQn Solution

3(i} | Surface area
=2+t + 2mrh

=3 + 2k

Since 37’ +2nrh =k,

b k-3

2nr

Let the volume be .

V= %ﬂr“’ +wrh

2 k=3’
= +ar
3 2mr

=—=mr' +—;
dvy d 5 k
= ——m +—F
dr dr\ 6
15 5, %
=——Mnr +—
6
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d¥v
When F max, ?— =0

.
6 2
k
, 5 6k k
" 15 30m sn
I, LAY
6
k
r=,—
Su

v 15, k
— et
dr

Hence, ¥ max when r = \j——

Alternative

(*)

d'v

—=-5mr <0 ( r> 0)
dr”

ke

51

av _sn ijS_ o [x
dr 2 \5x 2| Vsx Vs

dr
dr

www.testpapersfree.com




(i) 5

k; k2
S .
651 251
5

N

From (*), we have k = 5m°

k=3wr® Swr’-3m? 2wl
Hence, h = = = =r
2mr 2ar 2nr

Ratioof r: fis 1:1.

On Solution

4(a 4
@) jsin_] 4x dx = xsin™ 4x~J—x— dx
VI-16x°
|
= xsin”' 4x+éf—32x(l—]6x2) 2 dx
RS DL L bl L2
8 05
=xsin” 4x+%\f1~]6x2 +C
(b) dy

dx 2 B
(l) E—(J(l I ), E—Zat

Tangent at P:

dy 2t 2
dx  a(l-r)y 1-7°
by 2p
del_, 1-p°

. 2 !
1-p° 3
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Alternative

y=mx+c

: 2pa P
ap’ = -y
P 1-p? (p 3 ]

. 2y ;
oo

-p -p 3
ye p7x+ap7 ZpZ(f 2p'a
—p I-p 3(=p°)
(i) |ALQ.y=0
Aap"zl_pz[x—a(p—%‘n
—ap(lz—p)_x ap+£

ap’ _ap ap’ _ap ap’
3 2 2 2 6

Arc length OF

5] 3] «
- Ja (=) < (2a) a0

= aIOPJ] —20 4 A7 A

= a'[:,/(t? +1)° dr

=afj(+nde

3 P’
;
:(J[—+[:|
3 ¢
{3
P
=g —+
5]

()P:a( +p]2(fff’+'2] 200

P

" |"€id
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Suggested Solutions

5(a)

0D =-0C

By ratio theorem,
O—D' _ 4 OR;—.’;OB

40R =T0D-30B

or =1 7(21)—33}—31)
Al '\ 7"

=——la =——04
2 2

Since (R can be expressed as a scalar multiple of 04 and O is a

points 4, O and R are collinear.

The ratio of AO to OR is l:%: 2:1

common point, the

(b)(i)

Area of triangle AOB
=—|0Ax OB
1 -1

b2
[VERR V]

| -(ii} -

r-{axb)=0 refers to the collection of all points on the plane that
ax b and containing the origin.

is perpendicular to

(ifi)

r.[‘g;}o

Distance required

a6l

HI

5
8
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Suggested Solution

6(a)(i)

# of selections = °C, - °C, = 6.

Alt:
3C1+3C1 =6

(i) Case [: 2 of the same colour
(°c,-'¢) + ¢
=
Exactly } pair stune colour 2 pairs same colour
Case 2: 3 of the same colour (answer from (a))
2Cl '3C;
Case 3: 4 {all) the same colour
I(4‘|
Total # of selections =| (°C,-°C, )+ °C, |+(°¢,-°¢, )+ '€,
=(9+3)+6+1
=19
(iii) Total # of selections w/o restrictions = L‘g + 1
Ans from (b)) All dilferent
=20
# of selections w/o green and yellow = 4
2 blue. 2 black
3 bilac. I black
3 black. 1 blue
4 black
# of selections required = 20—-4 =16
(b) Total # of arrangements

:%(“(,}):5880
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Solution

7i)

D PX=x)=1
k+2k+3k+%+ﬁ+ﬁ=l
33 3

1
k=— (shown
0 ( }

i) E(X)
:—]-+2 2 +3 2. +4[—I— +5[£ +6 1
[0 10 10 10 15 6
52
=-— = 3.46666.....
15
Expected net gain = E(X - 3) = E(X) - 3
52
= I 3=0.46606... ~ 0.47 (2dp) or 0.467 (3sf)
Variance of net gain
= Var(X - 3)
= Var(X)
= 1.5860° = 2.5153 = 2.52 (3sf) (or 3%
iii) | Let ¥ = X' — 3 which denotes the net gain of one game.

Since 1= 30 is large, by Central Limit Theorem,
Y+ Y, +-+ ¥, ~ N(30(0.46666).30(2.5153))approximately

P(¥,+Y, +-+ T, >20)=0.24486 = 0.245(3s1)
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Solution

Let R and L be the number of right and left steps laken respectively.

(i) Note that since counter starts at 0, K— . gives the number of the ending position.
Forthe countertoendat k=7, R—L=T7T=>R=L+7
Also, since game is played for 10 stages, R+ L =10.
Hence, (L+7)+L=10= L =3 (Or show that R = 1]
But L must be integer, hence it’s not possible for counter to end at &k =7.
Alternative 1
Case 1: Ris odd, £ is odd (since must add up 10} = R—L iseven.
Case 2: Riseven, Liseven = R—1L is even
Hence, one can never end at an odd numbered position with 10 steps starting at 0.
Alternative 2
Any combination of 9 right steps and 1 left step Jeads to & = 8.
Any combination of 8 right steps and 2 left steps leads to & = 6.
Hence k= 7.
Alternative 3
Any combination of 9 right steps and 2 left step with a total of 11 steps leads to & =7.
Any combination of 8 right steps and 1 left step with a total ot 9 steps leads to £ =7.
Hence it is not possible to get to & =7 in exactly 10 steps.
(i) | Forthe countertoendat k=6, R—L=6and R+L=10
Hence R=8 and L=2
Any combination of 8 right steps and 2 left steps occurs with probability g
10
Number of such combinations is (8 J =45.
Hence the probability that the counter ends at £ =061s 45 Py
(iii) | R ~B(10, p)

For the most probable end-point to be £ = 6, the mode of R is 8. )
As R is binomial, it suffices to ensure the two inequalities below are sallsf"ed

ey , . (10 4 . 0
T < R

7 P 3 Pq
0y 5, [10) ., -
‘ 2
{gqu <(8 Jpq c (L)

From (1), 8(l-p)<3p= p>ﬁ
From (2) 2p<%1-p)= f7<;_)|

9 &

Hence we have %< P lep =9y 2

2 =11
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(iv)

Note that when p = p,, the modes of R are 7 and 8 i.e. most probable end-points for the

counter are k=4 and k£ =6.

When p=1-p, (complement probability), most probable end-points for the counter will be

k=—4 and k =-6. (by symmetry since interchange right with left)

Alternative
8 3

::.l———:—
P=m T

R~ B[IO,E—]
Il

Modes of R =2 and 3
The two most probable end-points for the counter will be k =—4 and

Qn Suggested Solutions
9(i) | 1. The probability of a randomly chosen sweet being mint is a constant p for each sweet in
a bag.
2. The event that a sweet in the bag is mint is independent of another sweet being a mint
sweet.
(if) | Let X' = number of mint sweets in a bag of 12 v a
X ~B(12, p) o’
Var(X) =12 p(1 - p) +.3)
From the graph, we can see that maximum /\ A\ » P
Var(X) is 3 (when p=1)
Hence, variance of X does not exceed 3. y=12p(1- p)
Alternative
Var(X)=12p(1- p) =~12(p-1) +3
Since (p-1)’ >0,
—12(p-1)’ <0
—12{(p—-1y +3<3
SVar(A) =3
(iii) | P(X =5)<0.1

" @ | NORNAL FLOAT AUTO
2R WAL ENTERSECT .o
CRLERIRGRPAFCLE ),

.

?{

" {htersecHioh j i Intorrection
B 2upousy Yué.1 R EECR YT R weed o
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From GC, p<0.24704 or p>0.60097
Lp<024o0rp>0.60 (2dp.)

(iv) | X~ B(12,0.65)
Required probability = P(X z 6) =1-P(X £5)
=0.91536
=0.915 (3sf)
(V) | Required probability = (0.91536) = 0.643 (3sf)
(vi) | Let ¥ be the number of mint sweets in a box.
Y~ B(60, 0.65 )
Required probability = P(Y 2 30) =1 —P(Y < 29)
=0.994 (3sf)
(vii) | The event in part (v) a subset of the event in part (vi).
Qn Suggested Solutions
;[; Let X denote queuc time.
1
If X ~ N(15,10%), then P(X < 0) = 0.0668, not close to zero.
Since queue time cannot be negative, a normal model would not be suitable.
(i) Let Q denote haircut duration of a randomly chosen customer at Qcut (in min).
)
Q~-N(92.0%)
P(O>10)<0.35
P(Z>’0_92]£OBS
o
% >1.38532
c
o <2.0761
o <2.08 (3sf)
(iii) Let ( denote haircut duration of a randomly chosen customer at Qcut (in min).

O~N(9.2.1.5%)

Given P(|Q-9.2]>k)=0.95,
9.2+ k=929406
k =10.0941
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Alternative
By complement, P(|0-9.2|< k)=0.05

P([Z’<%J: 0.05

LS =0.062707
1.5

k£ =0.0941
(iv) | Let S denote haircut duration of a randomly chosen customer at SPeu (in min).

§ ~N(20.7.3.1°)

Let M = O +0,+8 +5,+85,

5
N[ 2X9:2+3x20.7 2x1.5" +3x3.1°
5 | 25

f.e. M ~N(16.1,1.3332)

P(M <15)=0.17037=0.170 (3 s.I)
(v) | The haircut duration of each customer must be independent of each other /

All the haircut durations are independent.
(vi) | 10+2526(3+0.50)

28 -30>8

25 -30 ~ N(13.8,58.69)

P(25-30>8)=0.77550=0.776 (3 sf)
Qn Suggested Solution
11(i) | Billy is interested in the stress levels of employees in the research de partment, and surveved

all 300 employees in the research department, thus the 300 employegs constitute a

population.
(ii) | Probability of selecting an employee from research department

Probability of selecting an employee from manufacturing department

Since not every employee has the same chance of being sclected, thy
us a random sample.

t mcthod does not give
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(iii)

x-—-12 -12.8
?:Z( j+]2: +12=11.384

80 80

.1 oy (2 -12))
’ —80—1|:Z(XL_) 80 }

_Ll}("]()_ﬂ:l

79 80
= (017901 = 0.179 (3 s.f)

(tiv) |Ho:u=12
Hy:p<12
where g is the population mean time taken
- 17901 .
Under Hp, X - N(lz, ] approximately by Central
0
1.imit Theorem since sample size of 80 is large.
From GC, p-value = 0.000359 (3 s.f))
Since the p-value is very small, there is very strong evidence to reject Hyand conclude that
the manager’s claim is valid.
{v) | Given,
Xx=k, n=280

§ = r:l (sample variance) :%(] .53)

2

— I.5
Under Ho, X ~ N[lz,——J approximately by Central Limit Theorem since n =80 is large.
79

Manager’s claim not supported = we do not reject Hy

Method 1 (critical value)

FLO0O739 12

Critical value is 11.60739 at 1% significance level.
k>11.608 (3dp)  k>11.608 (3dp)

Method 2 (p-value)
p-value > 0.01
P(X <k)>0.0]
k> _1.608 3dm or k=11.608 (3dp)
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