X

|

x-2

1 A function is defined as f(x) =

(i)  Show that f(x) can be written in the form ¢*’ + 4, where 4 isa constant and g(x) is
a function in x to be determined. [2]

(i) Hence describe a sequence of transformations that transforms the graph of y=¢” onto

the graph of y = f(x). [3]
v -2y
2 Acurve Chas equation ——=-=],
x +3xy
(i)  The points £ and O on C each have x-coordinate 1. Find the pxact gradients of the
tangents to C at the points 7 and Q. [5]
(i) Find the acute angle between the tangents to C at the potnts P and Q. (2]

3 The function fis defined as : x

, xelR, x=0,2.

2—x
(i) Find f* and f' interms of a, stating their domains clearly. : [5]
(i) Find the value of & such that £3(x) =™ (x) forall xR, x=0,2, ";* 2]
(it} Using the value of & found in (ii), find f**'(x) . (2]

. xX{(x+ . .
4  The curve C has equation y = (x), where f(x) :M and a is a positive real constant.
X—a
(i) Find algebraically, in terms of g, the set of values that y can take [4]

(i) Sketch €, indicating clearly the equations of any z-isymptotes and the coordinates of the
points where the curve crosses the axes. [3]

{iii) By adding a suitable graph to your same diagram in (ii) and tabglling it clearly, solve

"L L XX a :
the inequality ( . )_<[3x!. , o e (3]
xX—a ) '
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[1t is given that a cone of radius » and height 4 has volume énr:h J

A sphere with fixed radius a and centre O is inscribed in a right cone with base radius r and
height /. The sphere is in contact with the base and the curved surface of the cone, as shown

in the diagram below.

2
, /
(i) Show that > =———. 2]
h-2a

(i) Use differentiation to find, in terms of «. the minimum volume of the cone, proving

that it is a minimum. 6]

It is given that ¢" = 2+sinx.
- r !\:
(i) Show that 94+(dlj =2¢ " —1. 2]
dx® A dx

(i) By further differentiation of the result in (i), find the Maclaurin series expansion for y

in ascending powers of x. up to and including the term in X' [3]

(iii) By using the standard series from the List of Formulae (MF26), verity your answer n

(ii). [3]
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Mr Chan is interested in investing in a savings account with an interest rate of 3.2% per year,

so that on the last day of each year, the amount in the savings account op that day is increased

by 3.2%. He decided to invest $8 000 on the first day of each vyear, stafting from 2020.

the interest has been

[3]

(i)

Show that the amount in the account at the end of n vears after|

added is given by $258 000(1.032" —1).

After 10 years, Mr Chan stopped investing in this savings account. If he does not withdraw

ANGLO-CHINESE JUNIOR COLLEGE 2021

any money from this savings account, the savings account will still
interest of 1.5% per year on the amount in the account, so that on the
the amount in the account on that day is increased by 1.5%. Assumin

not withdraw any money from the savings account,

(&i) by the end of which year will the total interest be first more than

that Mr Chan first started his saving account?

At the age of 55, Mr Chan is able to receive a monthly pay-out over
from the savings account if he did not withdraw before. The monthly p:

is $850. The monthly pay-out for each subsequent year is an increi

continue to generate
last day of each vear
¢ that Mr Chan does

535 000 from the day

[3]

a period of 20 years
ty-out 1n the first year

nent of $0 from the

meonthly pay-out of the previous year. The total pay-out to Mr Chan at the end of 20 complcte

vears is $332 200.

(iii} Given that the monthly pay-out is $1 500 for the mth year of the ]

m is a positive integer, {ind m.

3

(i) By using the substitution x =cos®, find I \/L dx . expressing
1-x*
of x.
(ii} Verify that the curves with equations y = ‘ e

X
———and y=
NI V49 -

S . 1
point with x-coordinate 3

-
3

X

(i) —

and

Hence find the exact area bounded by the curves y =

the y-axis.

H2 MATHEMATICS 9758/01

20 year period, where

[3]

YOUT answer in terms

(4]

intersect at the

- x”
[1]
V= —1—"— , and
V49 —4x"
[4]
[Tura Over
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9

(@) () Show that the cubic polynomial x*+ px’+p’x+g can be reduced to

2

i +( 5 Jy+a: by the substitution x:y—g, where a is to be determined in

terms of p and q. (3]

(ii) Given that —3i is a root of the equation y* +6y—9i =0, find the other two roots

exactly in the form a+hi. [3]
(iii) Hence find the exact roots of the equation x° +3x* +9x+7-9i=0. 12]
.
. =1 SU}T
(b) Giventhat z=¢", showthat l+z+z°+2°+... 4+ 2" =z 2 g) . [3]
sin—
2

10 The Gompertz differential equation provides a good model for gauging lung cancer growth.

The differential equation is given as

d_V: aVln(_]i]!
dr ¥

where ¥ mm’ is the volume of the tumour at time 7 days after an early discovery, and & and

K are positive real constants.

(i)  Describe the behaviour of % as Vo K. [1]

(ii) By using the substitution » = In (F) solve the given differential equation and show
N

_ —u! . . -
that ¥V = Ke ™' ., where 4 is an arbitrary constant. 15]

(iii) What happensto ¥ as 1 —> o0 ? State the significance of K in the context of this question.

2]
IFor the rest of this question, you may assume that ¢ = 0.0} and K =8000.
A patient was discovered carly to have a lung tumour of volume 100 mim’ .
(iv) Find the size of the tumour after 100 days. Give your answer to the nearest mm' . [2]

(v) Sketch the graph of V against 1. 12}
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11 Mr Neo wants to build a shed in his future garden as shown in the dia grams below.

o

D
i D

I—; ’ P

0 i

Top view (Position of shed
relative to an origin ) \

" H
—

E

The planes 4ABCD and £EFGH are parallel to the horizontal plane, represented by the xy-plane.
The triangles APD and BOC are congruent isosceles triangles and the lengths of the pillars
AE, BF, CG and DH are of the same height.

The equation of the plane ABOP is given by —-2x—-y+3z =2 and the point P has position

vector 4i+2j+4k.

(1} Explain why plane CDP() is perpendicular to 2i + j+ 3k . Hence dhow that the equation
of the planc CDPQ is 2x+y +32 =22 2]

(ii) Find the angle the roof ABOP makes with the horizontal plane. 12]

(ii) Find the vector equation of the line PO and- hence find the coordinates of the peint {J

given that PQ has length 3V5 units. - -[5]

(iv)  When the shed was completed, Mr Neo discovered a hole in the roof ABQOP. When
light shines perpendicularly onto the plane ABQP, the light passeq through the hole and

hits the ground at the point with coordinates (3,6, 0).

Find the coordinates of the hole in the roof 4BOP. 13]
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2021 ACJC H2 Math Prelim P1 Marking Scheme

On

Solutions

1(i)

F)=1¢

eX—_

nA=—€"and g(x)=—x+2

1(ii)

1. A translation of 2 units in the negative x-axis direction.
2. A reflection in the y-axis.

3. A translation of €’ units in the negative y-axis direction.

Alternativel;
1. A reflection in the y-axis.
2. A translation of 2 units in the positive x-axis direction.

3. A translation of ¢” units in the negative y-axis direction.

Alternative2:

flx)=e ™ e’ =c’ee " —¢
1. A reflection in the y-axis.
2. A Scaling parallel to the y-axis by the scale factor e”.
3. A translation of ¢’ units in the negative y-axis direction.

2

Alternative3:
fx)=e —¢" =¢¥ (¢ ~1)
1. A reflection in the y-axis.

2. A translation of | unit in the negative y-axis direction.
3. A Scaling parallel to the y-axis by the scale factor e’.

2(i)

X =2y -
x4+ 3xy

x'=2y7 = x? +3xy
Differentiating implicitly wrt x:
) dy dy
Ixt =4y —-=2x+| 3x-=+ y(3
Y ( T )J
2 3 d}!
3x —Zx—Jy:(3x+4y)—
dx

d T_2x-3y
::);V:lr 2x~3y
dx Jx+4dy

Alternative {not advised)
Using quotient rule to differentiate:
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(xl +3ch)[3~3{2 ﬁ4y%]—(x-‘ _zyl)(2x+ 3x%+y(3)) L

(xz +3)&'y)2
= (x2 +3xy)(3x2 m4y%J —(Jc3 - 2}’2)[2x+3x%+y(3)J =

(because x” +3xy = 0)

= 3x (xzJri"».\jv‘)—(.ﬁc‘—2),’2)(2x+3y)=4y(x:+3).’}-‘)-%+3x(x}72}'3)2
dx dx
::,ijizh (x +31y) (x -2y )(2x+3y) b y+dn’ +6y
dx (x +3rv) ( 2y ) Ix' +4x’y 4+ 60y
Sub x =1,
-2y
IP+3My

=1-2y" =1+3y
=2y +3y=0

3
=>y2y+3)=0 .. y=0 or y:—-i

Sub x=land y =0 into di
dx

dy _ 3(H° =2(H-3(0) _t
dx 3N+ 4 3
dy

Sub x =land y:fi into —:
2 dx

“ 3(1)2_2(])_3(_23]_42

dr 3(1)+4(%3J 6

2(ii
( 0, :tan"'(éJ
J .
8 —'tan"(]_" L - 7 e
2 6 « 0.
acute angle between tangents :
Ak I
g +0, = tan"(%—JHan' [T)z 79.8 (to 1d.p.) (or 1.39 rad)
J )
3(i)

fix) = 7“

v 0,2

From graph, R, = {x e <:x =0, %}
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a _a(2-x)
4—a-2x

f*(x) = f(f(x)) =
a__ 7
2—x

f? :xHM,xiﬂ,Z
4—a-2x

, xx0,2

a
Let y=
Y 2

2—x=£:‘>x=2~E
y Y

S :xi—)Z—E,x;tO,E
X 2

3(H) | For f(x)= f(x),
ax—12 2x—-a

20 a4 -
4—a-2x x 2x—4d+a X
By observation, a=4.

3Gil) | Py =f" ()= Px)=x
Therefore %' (x) = f*""(x) = f¥(x) = Zx-4 23
X X

4(i) | Consider v =k, kis a constant
x(x+
x(x +a) Tk
X—a
x' +ax = xk—ak
X Ha—k)x+ak=0
For the range of y can take, the line y = £ and the curve C should have
point(s) of intersection.
' —dacz0
(a—kY —4ak >0
a’ =2ak+k’ —4ak 20

a —6ak+k> >0

Considerk® —6ak +a* =0

zéai.m:(siz\/?)a

k
2
ok 2(3+2\/§)a or £(3—2\/§)a

k
Hence, y> 3+2\E)a or y£(3—2\5)a

a0
(i) 14

N\
e e e e

3

\
\
el f

-
H
g
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4(iii)

y= |3xi

t
f
f
) -
= N\ M
7 {—a,0p H
-~ ]
- 1 X=a
) +
Consider M =3x
x—d
Xt +ax=3x" -3ax
2x* —dax =0
x{x=2m)=0

x=0 or x=12a
Hence, y = |3x| and y =f(x)intersect at x=0and x = 2ua,

From the graph. x <0 or 0 <x<a or x>2a.

Checking:

Consider M -

—3x
x—a
2 4.2
X tax=—-3x +3ux
5
4x  =2ax =0

X(2x—a)=10

x=0 or x:% (N.A. since a > 0)

5(i) | By similar triangles:
NIE = 2ah _a
_ _h "
“h-2ah _ a’
a r (shown)
h—2ua _i
h r
a*h
==
h—2a
5(it) ) 1, A
V =—ar h:lfr( «h h=—nma !
3 3 \h-2a 3 h—2a
, (h-2a)(2B) =R (1 . =4 I L h{h-4
EL_:ljm_(r a)(2h) : 1 (}:lna‘ ; alf . 1 h c.r?)
dh 3 (}7—2(1)7 3 (h—za)' 3 (fI—Q(I)'
, L dV
When V is minimum, —!—z 0
© h
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= h(h—4a)=0
S h=0(rj ~h>0) or h=4a

AV | h(h—4a)  ad’h

—ra == 5 (h—4a)

dh 3 (h—za)_ 3( —-2{1)

—& >0fork>0

3(]1—20)'

4 (4a) 4a (4a)’

%:— (;—Z<O for h={4a) 0 %>0 Forkfz(éla)+
ch<da h>4da
= h-4da<( = h-4a>0

Shape \ — !

Or 2™ derivative test (by quotient rule):

v d (] ¥ h(h—4a)]

3" :
3 (h-2a)

_1 2 (h=2a) (2h-4a)—h(h-4a)2(h-2a)

3 (h—Qar)4

2(h-2 h=2a)(h-2a)-h{h-4
1y 2002200 (=20) =20) = h(h=30)
3 (h—2a)
5 7[\ﬁ2\+4a374ﬁ5}h{+,4a1{]
T3 (r’1—2a)3
_ 8rat
3(h-2a)
A S TR
dh|,_, 3(40—2(1)' 3 -

Or 2" derivative test (by implicit differentiation):

dV: ma'h (h—4a)
dh - 3(h-24)

3(h-2a) %% = 7a’ (I —4ah)

dy A
6(h—-2a)——+3(h-2a) "5 = na* (2h-4
(h—2da) thr ( a) TR (2h—44)

When #=4q [and ip— = 0],

h
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Iyr

0+ 3(40_—-2'0)2 i d

=’ (2 (4a)— 4a)

d’v B dra’ _7a

=—= —=—>0 ('.‘a>0)
db 12¢ 3

Therefore volume of cone is minimum when A =4gq.

. . 1, (4a)2
o Mimimum volume of the cone =—7a” | ———— | = —7a
da-2a 3

6(i) | e =2+sinx
Differentiating w.r.t. x,

d
e-‘—y:cosx

Differentiating w.r.t. x again,

& 'y
e_\-_“%i_e."d_}(d_}]——Sin X
dx’ (b( d

¥

7 , 2
:>c‘g——}—+e"[9}~] =2 -e' ('.'e"’=2+5Enx:>—sinx:2—e"')

dx’ dx

id_er(dy) =2e™ —1 (shown)

dx? dx

Alternative Method 1:
e’ =2+sinx => y = In{2+sinx)

dy  cosx

= - :>(2+Sinx)£=cosx ...... '3y
dr  2+sinx dx

(2+sin X)%+%(COS x) =—sinx

(re’=2+sinx and fr(t) cosx=(2+sinx)%:e-"—}

X dx
e’ dy +ﬁ(el dl} =2—g'

Alternative Method 2:
¢' =2+sinx = y=In(2+sinx)

ﬁ_ cos X
dx  2+sinx
d’y  (2+sinx)(-sin x)—cosx(cosx)

dx’ (2 +sin x)

)

—2sinx—sin” x—C0% X

7

(2 +5inx)

B =Zsinx—1

(2 +sin .\f)2
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2 - 2
LHS—d’j (dyj N ——ZSmx—i_'_( Coslx J
dx dx (2+sinx) 2+sinx
—-2sinx—1+cos” x
(2+sinx)2
B —25inx;/r;|fl/—sin2x
(2+sinzc)z
_ —sinx(2+sinx)
(2+sinx)2
—sinx 2
= — =]+ -
24s8inx 24+sinx
:—I+%= 2e™ —1=RHS (shown)
e
6(it) 2 2
Differentiate 9—?+[le =2e” -1 implicitly w.r.t. x:
dx dx
2 ?
d y d_y d—’i’: _28_-"d_y
dx’ de /dx” dx
When x=0,e" =2+sin0= y=1In2
e"d—y:cosx:(z)d ~cos0 ol
dx dx 2
2 A2 2 2 2
2+(d—)’] =2e‘-"—l:>d ):-%(l] :2(—]- —t:>d “1’:
dy® Ldx dx® 2 2 dx”
ﬂiw[d—y IV per W
dx’ dx /dx’ dx
=9y, l)(_l - oL L4y 1
dy” 2 4 202 dx” 4
‘ (‘lj L
(] 4 2 4 3
y=In2+|—jx+ Xx° + X+
2 2! 3!
I R
=ln2+—x——x"——x" +
: 24
6(ifi) | e = 2+sinx T

y=In ( +smx

)

:In2+ln(l+£—£
Vo212

__;rJ‘ (LET
x ¥ 2 42 2 12
ln2+[l—l—2}—\ 4

1(—_:[112+£—igi-
2 2 8 24

P2
2 3

(vertfied)
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7(i)

nth | Beginning End
year

| | 8000 8000(1.032)

2 | 8000(1.032)+8000 8000(1.032)2+8000( 1 .032)

8000(1.032)*+8000(1.032)

3 2
3 | +8000 8000(1.032)*+8000(1.032)

+8000(1.032)

8000(1.032)"+8000(1.032y""
" +....8000(1.032)+8000(1.032)

Total amount = 8000(1.032) +8000(1.032) +....+ 8000(1 .032)"
8000(1.032)(1.032" -1)
1.032—1
=258000{1.032" -1}

7(ii)

After 10 years, total amount in the account = 258000(1.032' 1)
= 95522.18995

Let &£ be the additional number of years required.

95522.18995(1.015)" > 8000x10 + 35000

(1.015)" >1.2039

In1.2039
2 -
In1.015
2020+ 10+13-1=2042
Hence, he will have a total interest be first more than $35 000 at the
end of 2042,

= k=125

7(iii)

Year | Pay-out pcr month | Pay-out per year
1 850 12{850)

2 | 850+D 12(850+D)

3 850+20) 12(850+2D)

2
Total pay-out = ]2xi:)9(2>< 850+(20—-1)D)

120(1700+(20 - 1)D) = 352200
19D = 1235
D=65

To find the year m with a pay-out of $1500:
850+ (m—1){65)=1500

(m—1)(65) = 650

m=11
. The pay-out is $1500 in the 11" year.

8(1)

x=cosf = Ei:ﬁsin@
dod
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cos’

X =[50 (CGnoyde
e e il
-2 (sing)do
sind

= ~Jcos3 #do = —jcog2 Hcos@ do
= —J-(l —sin’ 9)0059 dé = —J-cost?’—cost?sin2 #do

=~[sin9——&3q]+c: sm3 H—Sin9+c

cos@=x = cos’@=x" = |-sin’ @ =x>

.'.sim9=\/l_—x—2
< d _sin:'tf?
iy
:%(I—xz)g—(]—x2)2+c

1

- -sinf+¢
(i) R [_;_]:G):l S B I
T T

. . |
Hence, the 2 curves intersect at the point [w

2$J

8(iii) | [Using GC to identify which graph is ‘on top’]

Il
| —
r | —
e
1
P
!
TN
|
G| -
———
L
=
. ¥
R
——
=
]
+
]
 S—
N~
b3 —

[ %*i(ﬁ ) ;2)}%

3
L] \E[E o2
2 7 3V41 4 3

1. .1 93-16) ., L. ,1 9 2
= —ism ;+~— unets Qr —Stnh  —

_|_u_ﬁ___
24 2 7 8/3 3

Y(a)(i

) Sub _xzyfg into x*+ px’ + plx+g
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3,2 po2pt P p
=y + -p+ + v —— + -
d y(pp)'(3 3 p)[m o 3 1
;2P p
=y +——y+lg-—
P Hyfe-12]
I
~97y
Ha)i | -3i is a root of the equation ¥ +6y-9i=0
Dl iey—oi =(y— (=3 +ay+b)=(r+30)(y’ +ay+b)
Compare coefficients
Y 9i=3ib=>bh=-3
Y i0=a+3i=>a=-3i
¥ +6y=9i=(y+30) () -3iy-3)
For roots of ¥* ~3iy-3=0
v -3iy-3
(33 4= 33
Y 2 2
Therefore, the other two roots are JIZJ; and 3 ;J; .
9a)(i | For x¥* +3x" +9x+7-9 =0, let p=3,4=7-0i, then
i) 8
2—‘:—_6, a=(7u9i —12372———% gives the equation in (ii).

Hence roots of x° +3x" +9xv+7-9i = ( are
| 3i+3-2 3i-3-2
X S .

-

x=y—l==-31—
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9(b)

I+z4+z2°+2 + 42!

zn _] einﬂ _ ]

—¢ " =cosa+ising

i(n-l)t? i
e * |2isin n_B] e
2

—(cosa —isin )

=2ising

10(i)

EJ—»O.:.d—V—H)
V ds

10Gi)

du I/)( K YdV
= —=|—||-——|—
dt K V=1 dt

4 du
ds dr

Jl du = j—a ds
7
e RIS

ln|u| :—at+C:>|uJ:C

u=Ae™", where 4=4%e°

In (fi] = A¢ ™
V

K At _ et
7:6"‘ >V =Ke™

10(iii)

L )
Ae N en =

Ast— =, e >0 and hence e
V=K
The size of the lung tumour approaches K (mmj).

K'is the maximum possible size of the lung tumour that can be
achieved,

10(Giv)

‘fcuﬂ,(ll.l

V =8000e
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When ¢ =0, V' =100.
100 = 8000e<" = »éla:e'A — A=In80.

When 7 =100,
V =8000e ™% 21595 81 ~1596 mm’
100y | ya
_________________________________________ ¥ = 8000
100 .
I

V =8000¢ 30"

11(i) | ABOP and CDPQ are symmetric about the vertical plane passing
through PQJ. Hence direction of the normal is 2i+ j+ 3k .

2 43 (2
rl1|=12]F]|=22. 2x+y+3z2=22.
3 4)13
11(ii) | Normal of horizontal plane is k. Therefore
=230
—1}.l0

~ 1 -
7 — —p=36.7°

cost =
V2T #3041 J14

11(iii) ! 7Q is the line of intersection of the planes ABQP and CDPQ.
2x—y+3z=2

2x+py+32=22
Solving using GC gives
(5 -1\ s —1
r=[0+2 1 |=0i+4 2
4 0 4 L0
Given IFQI = 3\/’3:.,
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5 —1 5 —1 4 1 -1
00=0|+2] 2 |=>PO=|0|+4] 2 |-|2]=]| 2|+2] 2
4 0 4 o) (4) Lo 0
| -1 -1 -1
=2 [+4| 2 =3V |(A-1) 2 |=3V5=[a-ill 2 |=35
0

0 0 0
=(A-1)|=3=2=4 or -2
1 7
=00=8| or |—4 (reject, from top view y-coordinate > 2)
4 4

Alternatively,

@_513\/5(?%)

4 -1
=2 ]23d5] —L | 2
4 m 0
4 -1 I 7
=|2]23| 2 |=| 8] or | —4|(reject, from top view y-coordinate |- 2)
4 0 4 4
11(iv) | Let / be the line passing through (3, 6, 0) and perpendicular to the
plane ABQP.
3 -2
Lir=|6|+ul -1
0 3
For foot of perpendicular on the ABQP,
3 -2 -2
Oftu| -l |}l -11=2
0 3 3
= (-6-6)+u(4+1+9)=2
1 =u=1
3 -2 |
=0+ =1 |=|5
4 3 3

Hence hole on roof has coordinates (1, 5, 3).

Alternatively,
Let the point (3, 6, 0) be R, then

4 (3 ]
RP=|2]-|6]=|-4
4] lo) |4
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— = 3 3 4 3
RNZRP. =
V2 4P 437 Y2 414 3 14
3 -2 i
Therefore, ON=OR+RN =|6|+|-1|=]|5
0 3 3

Hence hole on roof has coordinates (1, 5, 3).
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Section A: Pure Mathematics [40 marks)
Three digits are chosen from 0, 1, 2, ..., 9 and arranged to form a 3-digit number, with no
digit being repeated. The sum of the digits in the 3-digit number is 8. When the digits in the
3-digit number are reversed, the new number is 297 less than the original 3-digit number.
Find all possibilities of the 3-digit number. 13]
Relative to the origin O, the points 4, B, C have pbsition vectors a, b, ¢, such that Q4ACH is
a quadrilateral. Let P, O, R and § be the midpoints of the line segments OA, AC, CB and OB
respectively.
(i)  Show that PORS is a parallelogram. 2]
(i) For any vectors p and q, state the condition for |p +q| =|p|+]q|. [1]
(ii)) Hence, by considering vector products, show that the area of OMCB is twice the area
of PORS. [3]
(i) [Itisgiventhat f(r)= forrz2,re?.
(r—nr!
T4l ,
Show that f(r)—f(r+1) = — L (1]
r(r—Dir+1)!
. 11 .
The sum Z—r~+—-— +37" is denoted by S, .
=D+ 1)
(ii) Find an expression for S, in terms of ». [4}
(Hi} Explain why S is a convergent series and state its vaiue. [2]
A curve (7 has parametric equations
x=In (3+¢9), y=cos” [g} for -3 < 0|<3.
2
. dy 340 ) . . A
(i) Show that d— = g What can be said about the tangent to ("as & — 32 [3]
x f—
(1)) Sketch the curve C, stating the exact equations of any asymptotgs and coordinates of
any axial intercepts, showing clearly the feature of the curve at the point where & =3,
3]
(i) Show that the gradient of C at the point with y-coordinate p is —dot 2., 3]
(iv} The normal to C at the point with y-coordinate p passcs through the point (0, 1).
Find the value of p. [3]
ANGLO-CHINESE JUNIOR COLLEGE 2024 H2 MATHEMATICS 9758/02 |'Furn Over
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5

Tom wishes to build a pool in his backyard. The following diagram shows the dimensions of

the pool he desires.

10m

I8m

0.8m|

A

The surface of the pool is rectangular, while the floor consists of a rectangular piece and a
sloped piece with a side from point O to point 4 as shown (with the depth of the pool

eradually deepening from 0.8 m to 1.8 m). Taking O as the origin, the curve OA can be
modelled by the equation y =—vhx + k& , where /1 and k are real constants.

(i) Find the values of i and £. [2]
{if) Hence find the volume of water required to fill the pool to the brim. 2]
Tom’s wife, Jane, prefers a more artistic pool design, involving the curve ' given by the
equation y = "% _ 3 Her preferred peol is formed by rotating the region bounded by the
curve { and the x-axis z radians about the y-axis.

(iii} What is the exact volume of water required to fill Jane's preferred pool? Give vour

answer in the form (alnd—-c)=n m’ , where a, b and ¢ are real constants to be

determined. (5]
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5 [Continued]

For a curve y=f(x), where 0<x<«, to be rotated 21 radians

formula for the surface area of the revolution is given by

where 5is the surface area of the revolution and '(x) is the derivativag

to x (see diagram below for illustration).

S= ZEI:le +(f’(x))2 dx,

0

T

A

about the y-axis, the

of f{x) with respect

(iv) To ensure that there is no seepage in her preferred pool, Jane ants to laminate the

gi

entire curved side/floor of the pool. By using the formula g

lamimating material required. Give your answer to the nearest m

Section B: Probability and Statistics [60 marks]

The events 4 and B are such that P4 B) =0.03 and P{AUB

ven, find the area of

i [3]

)=037.

0} FmdPﬁAmBY(AuBﬂ. 2]
It is given that events 4 and B are independent.
iy If P'(A) > P(B)_. find the possible values of P(A) and P (I’). i3]

(b)

ANGLO-CHINESE JUNIOR COLLEGE 2021

The events X, ¥ and Z are such that events X and 7 arc mutuatly exclusive, P(X) ={.2

FEY

P{¥Y"Z}=0.05 and P(X'm}"mZ'):O.ES.Find the maxinrum and  minimum

possible values of P{Z).

H2 MATHEMATICS 9758/02
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7 A group of 12 students consists of 3 students from class 4, 4 students from class B and 5

students from class €.

(i}

(ii)

(iii)

Find the number of ways in which a committee of 8 students can be chosen from the

12 students if it includes at least | student from each class. 2]

The 12 students from the 3 classes sit at random at a round table. Albert is a student
from class 4 and Bob is a student from class B. Find the probability that Albert and

Bob are seated together and no two students from class A are next to each other. 2]}

Each of the 12 students attends one of 3 leadership programmes X, Y and 2. The table

below shows the number of students from each class attending the various leadership

programmes.
Leadership Programmes

X Y V4

Class A 3 0 0

Class B 0 3 I

Class C 0 0 5

4 students are sefected from the 12 students to participate in a group interview about
the leadership programmes, They are arranged to sit in a row of 8§ labelled scats such
that there is exactly one empty seat between every 2 students as part of safe

management measures.

Find the number of possible arrangements if each arrangement must include students

from all 3 classes with representation from all 3 leadership programmes. f4]

8 3 discs are taken. at random and without replacement. from a bag containing 3 red discs and

1 white discs. where #>3. The rando_m vari_ab_le R is the number of red discs taken and the

random variable W is the number of white discs taken. -

(i

(i)

(iii)

Determinc the probability distribution of W (3]
PR V7! g(n) i _
Show that ]:(W): — and Var(W)= - . where g(n) ts a guadratic
n+s (n+5Y (n+4)
polynomial to be determined. [5]
Hence write down an expression for Var(R). ]
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9 The Particle Filtration Efficiency (PFE) of a mask is a measure of how well a mask filters
airborne particles such as pollen or dust. A mask with higher PFE is deemed to be of better
efficiency as it filters more particles. A mask with a PFE of 95% would have met the

requirement for surgical masks.

A factory manufactures Brand BEY surgical masks that is known to have expected PFE of
95.8%. During a routine check of the manufacturing process, the quality control manager
suspects that the efficiency of the Brand BEY surgical masks produced is compromised such
that the mean PFE is reduced. The PFE, x%, of a random sample of $0 masks is taken and

the summarised results are as follows.

¥ (x~90) = 289 Y.(x=90) =1670.56
(i)  State what it means for a sample to be random in this context. [1]
The manager carries out a hypothesis test at 1% level of significance.

(if) Explain whether there is a need for the manager to make any pssumption about the

population distribution of the PFE of the masks. [1]

(iif) State the appropriate hypotheses, defining any symbols that you|use. Test whether the

manager’s suspicton is justified at 1% level of significance. [5]

The manager discovered an error in the data collection process of the sample and discarded
[0 out of the 50 readings. From the remaining random sample of 4() masks, the manager
found that the mean PFE is 95.5% and the standard deviation is & %. Glven that the manager
concludes that there is insufficient evidence to justify his suspicion at 1% level of

significance, find the range of possible values of & used in calculating the test statistic.  [3]

ANGLO-CHINESE JUNIOR COLLEGE 2021 H2 MATHEMATICS 9758/02 [Turr Over
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10 On average, 91% of the people who have taken a vaccine will develop immunity to a
particular virus. A random sample of # people who have taken the vaccine is chosen. The
number of people in the sample who develop immunity after taking the vaccine is denoted
by 4.

(i) State, in context, what must be assumed for A to be well modelled by a binomial

distribution. [2]

Assume now that 4 has a binomial distribution.

(i) Given that the most likely number of people who develop immunity after taking the

vaccine is 19, find the value of # without using a graphing calculator. [4]

(ifi) Find the probability that in a randomly chosen sample of 25 people, more than 3 people

did not develop immunity after taking the vaccine. [n

A sample of 25 people with at most 21 people who developed immunity after taking the

vaccine is deemed to be undesirable.

(iv) Find the probability that out of 30 randomly chosen samples of 25 people, there are at
most 2 undesirable samples and the eighth chosen sample is the first undesirable sample.

[3]

When a randomly chosen patient develops immunity to the virus after vaccination. there is a
30% chance that he exhibits an allergic reaction. When a randomly chosen patient does not

develop immunity to the virus after vaccination, therc is a 10% chance that he exhibits an

allergic reaction.

(v) Find the probability that a randomly chosen paticnt who exhibited an allergic reaction

after vaccination has developed immunity to the virus. 2]
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11 In this question you should state the parameters of any distribution that you use. You should

also assume that X, ¥ and S follow independent normal distributions.
Billy leaves his workplace X minutes past 6 pm daily from Monday to| Friday to pick his son
up from the childcare centre before its closing time at 7 pm. X follows the distribution
N(12.3%). The time taken for the Journey from his workplace to the childcare centre, ¥

minutes, follows the distribution N(m,10%), where m is a positive constant. The childcare

centre imposes a penalty fine on parents who arrive at the childcare centre after 7 pm.

Given that Billy pays a penalty fine 22.176% of the time, show that m = 40.0 . [3]

For the rest of this question, assume that m = 40.0 .

(i) The time in minutes after 6 pm at which Billy arrives at the childcare centre each day
is denoted by W,

Sketch the distribution of W for the period from 6.20 pm to 7.20|pm. 2]

(it) Find the latest time Billy has to leave his workplace in order for|him to have at least a

98% chance that he will not have to pay a penalty fine. [2]

(iii) In the month of July, the childcare centre is in operation on 22 workings days. It is
given that on # randomiy chosen working days in July, the probablility that Bitly’s mean
Jjourney time from his workplace to the childcare centre exceeds|42 minutes is at most

0.2. Find the possible values of . 3]

Bitly’s workplace is relocated to a new address and the time taken for the journey from his

new workplace to the childcare centre, S minutes, now follows an independent distribution
N(65,6%). The childcare centre imposes a penalty fine of $1.50 per late minute on parents
who arrive at the childcare.céntre after 7 pm. Each day, Billy leaves hig| workplace X minutes

past 6 pm to pick his son up from the childcare centre.

{iv) Find the distribution of 7, where 7' is the time in minutes after|7 pm at which Billy
arrives at the childeare centre on a randomly chosen day. Hence find the probability

that the total penalty fine paid by Billy for 10 randomly chosen days is more than $180.

[3]

ANGLO-CHINESE JUNIOR COLLEGE 2021 H2 MATHEMATICS 9758/02 [Turn Over
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2021 ACJC H2 Math Prelim P2 Marking.Scheme

Qn | Solutions
1 | Letx, yand z be the digits on the hundreds, tens and ones position
respectively.
X+y+z=8 ————— ()
(100x+10y +2)~ (1002 +10y + x) =297 ——— —(2)
o x+y+z=8
X—z=
Using GC: x=3+2z, y=5-2z, z=¢
Since x, y and z are non-negative integer values,
3+z20=>z22-3
5-2z220=z<25
zz20
S 0223
When z=0,x=3,p=5
When z=1.x=4,y=3
When z=2,x=5, p=1
Alternative: using GC
Piot2  Plotd 4
PNY LRI B 3
BNY2B5-2X ; ; ¥
K\Ya= : :
E\Yae E ; 2
#\Ys= 3
N FI L &
ANY o= 7 1 [
\Yg= e
E\Yu= =-2
Hence, the possible original numbers are 350, 431 or 512.
2(b) y 0 )
C
P
R
O
hY
B
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p=%a q=i(a+c)

PO=q- —l(a+c)—la—lc
=P=5 27 2
SR—r—s:E(b+c)—Eb:5c:PQ

Therefore PORS is a parallelogram.

2(ii) | |p+q|=|p|+]a| if and only if p and q are parallel and in the same direction.

2(iit) Area of PORS = |]TQX —PE" = %CX%(b—a) zilcxbmcxa| =%|cxb+axc
Since O, 4, B and C are coplanar, then ¢xb and axc are normal to the
plane containing (ACB and in the same direction. Hence
Area of PORS = %(lc xb|+[ax¢|)
Area of OACE = Arca of OAC + Arca of OCB
= %|a xc|+%|bxcf =2{Area of PQRS).

3(i) I

f(r)—f(r+1)=

G- Dl e+ 1)
o 1
T (r=Drl (el
Crir+)=(r—1)

Fr=Dr+1)!
rt ]
) | & Pl e w1
é_r(r_])(r+])!+3 :;f(r_)—f(r+])+;[§J
C (-3 |
+F(3) - () 1’ ( - ( 1 ]‘ J
_|H)-£(6) +3 3
ak -
+i(n=D—T(n) 3
|+ ()~ F(n+1) |
\ 31y,
*f(2)f(n+])+[5J[5)[\]F]
__ ’ l(]i)
2-D2! (n+l-1n+Nt 6L 3"
2 1 {1y
:3—n(n+1)52(3J
3Gy | . 1Y
As n—>w, '%O and k:) — 0.
w(n+1)! 3
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2 L. .
Hence S, »E which is a constant, hence S, is convergent.

a8 =2
3
7
@ x=In(3+9), y=cos g)
dx dy_ 1 1]
de 3+0 do oV 3 Jog?
1-{ =
5]
o
dy 9-0° _ 3+0
de 1 9-¢’
3+4
3 3+4
(3+6)(3-9)

:_M,/(3+9)
JB<9) J(3-9)
3+8

d
As 1 =3, d_y —» w0 => The tangent is parallel to the y-axis.
X

4(ii)

As # > -3, x=]n(3+9)—+uoo

and y =cos™ (EJ —cos”' (ij =7
3 3

. ¥ =7 is a horizontal asymptote of the curve €.

whenx:():>]n(3+9):0:>6=—2:>y=005" (:32)

~> y-intercept at (O, cos™ (:;D

g
\\'hcny:()zcos'}[—g—]:0:>9:3:>x=]n(3+3)= in6

= x-intercept at {In 6,0)
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4(iii) _,(QJ
y=p= p=cos |—|=>H#=3cosp
>
d 3+
¥ __ [3F3cosp
d¥}p-3005p 3—3cosp
= cotz—‘g— :—cotg {shown) ('.'OS}’<7ri>c0t§>0)
Or
L8
x=In(3+8),y = cos 3 =0 =3cosy
:>x=ln(3+3c05y)
dx 3siny sin y dy l+cosy
dv  3+3cosy l+cosy  dx sin y
dy| _ I+cosp
dx|,_, sin p
I+[20053—p-~l]
__ 2
2sin ¥ cos ¥
2 2
2cos’ £
_ 2
ZSin—‘?cos—[3
2
o (:05_£ _
=— = —cotﬁ . {shown)
P 2
sin-—
2
v Gradient of normal = S tang
[—culﬂ] B
! 2
—R[OJ o]
wheny=p—= p=cos” | -|=> 0 =3cosp
)

i ,
: (may have been found in (iit))

] = x=In{3+3cos p)
!

. .. equation of normal: y - p =tan ‘g(x— In (3 + 3cos p))
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(0,]) lies on the normal and thus satisfies normal equation

=1 —p:tan—g—(()—}n(3+3cosp))

ﬁtang(ln(3+3005p))+l—p:0
Using GC, since 0< p<7 = p=1.94 (to 3s5f)

S | y=-Vherk
(0,0):0=~Vk = k=0
Point A has coordinates (6,—1}.

(6.-1):~1=—V6h+0 = h:l

6
5(ii) | Volume of water required:
(10x5x0_8)+5xj° -\/E dx =60 m’
IR
S(iif) y= gt o -3

When x=0, y=1-3 = y=-2.
y+3=gt

In{y+3)=0.04x’

x'=25In(y+3)

Volume of water required to fill Jane’s preferred pool:
J'EJ_UZ X dy = 257[!_02 n(y+3)dy

- 2511[[)/11‘1 (v +3):|1 - Ji;% dyJ
- —25:{[_02 1 —}i—3 dy]

= —25}1([_1/—3 In(y+ 3):'1)
:—25‘&(—3]113—(—2))

=(75In3-50)% m’
a=75 b=3, ¢=30.

S(EV) y = 0.045° -3

0, "™ =3 = 0.0d4x> =In3 = x=45VIn3.

LS = 2rtJ-;Jm x\/l + (0.0Sxeo'm‘j )2 dx

=102.077 m? 2102 m’
(f x =5.24 used, § =102.038)
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6(a) P[(ANB) (AU B)]
G |P((4nB)j4uB)= [ P(;U;) )]
_P(AUB)-P(4nB)
~ P(4UB)
_0.37-0.03
037
34

=— or 0.919 (3s
37 (3sh)

6(5.1) A and B are independent events, P(4nB)=P(4)-P(B)=0.03
(i) P(AUB)=P(A)‘FP(B)"P(AP'B):0'37
= P(A)+ P(B)-0.03=057

= P(4)+P(B)=04

Let P(A]:a, P(B):b

So ab=0.03 - (1)

& a+b=04

Sub. b=0.4-a into (1), .. a(0.4—-a)=0.03

a* —04a+0.03=0

Solving ¢ =03 or 0.1
h=0.10r 0.3

Since P(A)>P(B), P(A):O.l P(B)=0.1

6(b)

Method 1
From the Venn Diagram,

024 p+0.05+¢g+028=1= p=047-qg p=047—yg
p20=¢9<047 Thus 0<4g <047

Since P(Z)=0.05+¢
- min P(Z) = 0.05. max P(Z)=047+0.05=0.52
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Alternatively
Let P(Z)=x

\
1-x-0.2-0.28 = 0.52-x

x—0.0520=x2005
052-x20=>x<052
Thus 0.05<x<0.52

Method 2
For min P(2), For max P(2),
Z is a subset of V. Yis asubset of Z.
Y ;
X X Z
0.28 0.8
So min P(Z) = 0.05 max P(Z)=1-028-02=0.32

7 | No. of ways = " C, - °C, - ¥,

~495-9_]
=485
(i) 9-1)2x7C, x2!
Probability = 0I5 2x Cax2!_ 56
SRR TEE 495

7(ii) | Case 1: 2A, 1B, 1C
No of choices of 4 students = °C, x ’C, x °C, (AX, AX, BY, CZ) = 43

Case 2: 1A, 2B, IC
No of choices of 4 students = °C’, x °C’, x °C, (AX, BY, BY, CZ)
+C 3 °Cox 'Cox °C (AX, BY. BZ, C¥)
=45+45 =90

Case 3: 1A 1B 2C
No of choices of 4 students = *C, x °C, x °C, (AX, BY, CZ, CZ) = 9]

Total no of arrangements = (45 +90 +90)x 41x 2 = 10800
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o 3 : 4 _ 3 _ 60
P =0) (n+5) (n+4) (n+3) (n+5)(n+4)(n+3)

u:”_5.4x3: 60
AR T NP MRS R O e [ ()

8(i)

a_n o omel 5 15n(n-1)
P(W =2) (n+5) (n+4) (n+3) 3 (n+5)(n+4)(n+3)

no nﬁ].. n-2 n(n-1)(n-2)
(n+5) (n+4) (n+3) (n+3)(n+4)(n+3)

P(W =3)=

w 0 1 2 3

. 60 50u 150(n-1) n(n—1}r—-12)
P(Wiﬂt) l!lfﬁ)(.’l+4}[u+3} (;HS}(H+4}(H+3) (r+3}n+4){n+3) [n*S}(rH-l](ﬂHS)

8(ii) (}><60+1x60n+2><lirr(n—])+3><n(nf])(n—2)
(n+5)(n+4)(n+3)

B 60n+30n(nfl)+3n(n—])(n—2)
- (n+5)(n+4)(n+3)
3n[20+10(n 1)+ (n-1)(n-2)]
- (n+5)(n+4){n+3)

3n(n3+7n+l2) I
(n+5){n+ta)(n+3) (n+5) (

oy Ox60+1x60n+4x15n(n—1)+9xn n-1)(n-2)
E(” )_ (r+5)(n+4)(n+3)
~ 60n+60n{n-1)+91(n=1)(n-2)
- (n+5)(n+4)(n+3)
3n[20+20(n-1)+3(n—-1)(n-2)]
N (n+5)(n+4)(n+3)

31'1'(31»:'2 +1 In+6)
(n+S){n+d)(n+3)

Sn(3n+2)(n+3) 3n(3n+2)

(n+5)(n+a){n+3) (n+3)(n+ 4)
Var (W)= E(W*)=[ E(#)]

3}3(3!1+2) ﬁ, N T
(n+5)(n+4) Ln+s

3n [ 3n+2  3m J

E(W)=

]

n+5 L n+d nta

~ 3n ﬁ(3n+2)(n+5)f3n(n+4_)}

Tuts (n+5)(.lf+4')

_ 3n Sn+10 '_ 15n H+2)
Cn+S (n+5)(rﬂ-4)

g(n)=15n(n+2) OR 1307 + 305
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8(iif)

R+W=3=R=3-W
]5n(n+2)

var(R)=Vaf(3-W):"ar(W):(n+s)2(n+4)

9(i)

A sample is random if every mask has an equal chance of being
selected and that the selections are independent of each other,

Or

A sample is random if every subset of # masks has an equal chance|of
being selected to be part of the sample.

9(ii)

There is no need for any assumptions to be made about the populatjon
distribution of PFE of masks since # = 50 is large, by central limit
theorem, the sample mean PFE will follow a normal distribution
approximately.

9(iii)

Let X be random variable for the PFE of Brand BEY masks.
L. . . - 289
Unbiased estimate of population mean, x= 50 +90 =95.78

Unbiased estimate of population variance,
1

2
§y =

(289)
1670.56— "2 | = 0.0028571
9 50

Let u be the population mean PFE of Brand BEY masks.

Totest H, : =958
against H, :pn <95.8 at 1% level of significance.
Under H, , since =50 is large,

0.0028571]

?~N(95.8, approximately by central limit theorem

X-958

10.0028571/
A 50

Value of test statistic’ 7= —2.646 7
p-value = 0.00408 ' '

z= N(0.1)

Since z=-2.646<-2.326 or
p-value = 0.00408 < 0.01, reject H; at 1% level of significance

There is sufficient evidence at 1% level of significance that the
manager’s suspicion is justified, that is, mean PFE of the Brand BCY
surgical masks is compromised.

9iv)

H,:p=958

H, :p<95.8 at 1% level of significance,

Now x=95.5, s = -—n—(sample variance)=@(k3)
: n—I1 39

www.testpapersfree.com




- 40k2/’ .
Under H,, X~N| 95.8, 4039 by CLT since # is large
_ 2
ie. X~N| 9538, L
39
—~95.8

. e X
Valne of Test Statistic, z =

K/
/39

A 4

-2.32635 0
Hg is not rejected if z>-2.32635
ﬂQS.S—?S.S >-2.32635
kx_
39

—0.3>-2.32635 \/E
39

0.3 k

<—_
2.32635 /39
k> 0.80534
k> 0.805 {to 3 s.f)

10Gi)

The probability that a randomly selected person who will develop
immunity after taking the vaccine is constant at 0.91.

Whether a randomly selected person will develop immunity after
taking the vaccine is independent of whether other selected people will
develop immunity.

10(ii)

A is the random variable for the number of people, out of . who develop
immunity after taking the vaccine.
A~B(n,0.91)
Mode of 4 =19
P(A4=19)>P{4=18) & P(A=19)>P(.1=20)
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P(4=19)>P(4=18)
"C15(0.91)7(0.09)™ > "C, 4 (0.91)'* (0.09)" "
nt (0.09)77 nt o (0.91)°
(n—19)119! (0,09)"-‘3 g (n—]8)!]8!(0_91)]9
(n—18)(0.91)>19{0.09)
L 19(0.09)

0.91
n>19.879

n—18

P(4=19)>P(A=20)
"C19(0.91)"7 (0.09) ™" > "C,y (0.91)7 (0.09)"

n—4

(0.09) n o (091)"
(7=19)119!(0.09)" 7 (n—20)1201 (0.91)”
20(0.09) > (n-19)(0.91)
20(0.09)

0.91
n<20.978

n!

n—19<

Hence 19.879 <n < 20978 - »n=20.

10(ii)

A"~ B(25,0.09)
P(4'>3)=1-P(4'<3)=0.18315=0.183

10(iv)

Let X; be the random variable for the number of undesirable sam
out of £.

X, ~B(k,0.18315)

Probability = P(.X; = 0)x0.18315x P{ X, <1)
=0.24267x0.18315x 0.069250
=0.00308

10(v)

. - { altergic reaction
immune = o
0.9 07

No reaction

0.1 allergic reaction
0.09 not

immune (.9 No reaction

P (immune Mallergic reaction)

P(immune|allcrgic reaction)z P( — - )
allergic reaction
B 0.91x0.3
0.91x0.3+0.09%0.1

=0.968
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HE(I™
part)

X denotes the random variable for the time in minutes past 6pm at which
Billy leaves his workplace
Y denotes the random variable for the time taken for the journey from

Billy’s workplace to the childcare centre X ~ N(12,3°),Y ~ N(m,10%)
X +Y ~N(Q12+m, 3 +10%)

Given: P(X +Y > 60)=0.22176

:>P[Z>M)_O.]6
J109
60—12—m
J109
Som=40.0(to 3 s.f)

=0.76626

11(i)

W=X+7Y ~ N(52, 109)

W ~ N(52.109)

Y

20 52 80

Note: P(20 < W <80)=10.995

11¢ii)

W=X+Y ~N(52. 109)
P(W < k)>0.98

From GC, k> 73.44177
Smallest k= 73.4 mins =1 h 13.4min
Latest time to leave workplace is 5.46pm.

11(iii)

PRRE +.+Y, N(40.0.£)
1 n
Given: P(¥Y >42)<02
By GC,
" P(Y > 42)
17 [020479>02
18 0.019807 < 0.2
19 0.19166 < 0.2

Since n<22., . n=18,19,20.21,22

Alternatively
Given: P(Y >42)<0.2

42 -40

/10?_
V I
i
= 4“,,,,,4.0 >{0.84162
10°

Ft

<0.2

=Pl Z>
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3%@—20.84162
10
=n=>177

Since n<22, . n=18,19,20,21,22

11(iv)

Let T'be random variable for the time in minutes after 7pm at which |
arrives at the childcare centre.

Given: § ~ N(65, 6°)

T=X+5-60

E(T)=12465-60, Var(7)=6>+3’ =45
T~ N(17, 45)

T+T,+...+T, ~ N(170, 450)

P(Total fine > 180) = P(T, +7, +..+ T, >+)
=P +T, +..+ T, >120)
=0.991

Alternatively,

F be random: variable for total penalty fines for 10 randomly ch
days.

F=15T+T,+..+1,)

E(F)=1.5010)(17) =255, Var(F)=1.5(10)(45)=1012.5
F ~N(255,1012.5)
P(F >180) = 0.99

Billy

hsen
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