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Section A: Pure Mathematics [35 marks]

(a) Differentiate 7In(3-4x) in terms of x, given that x < % . [2]

2
(b) Find the exact value of j. 3—e?* dx. 3]
0

On the same diagram, sketch the curves with equations

3 =(025x+1)(x~2) and y=2.5+2(4705%)
stating clearly the equations of any asymptotes, the coordinates of any turning points
and the coordinates of all points where the curves cross the coordinate axes. [3]

Hence find x such that

(0.25x +1)(x—2)* >2.5+2(4705%) 2]

Without using a calculator, solve the simultaneous equations
x—-2=107,

2x+1=10%. [4]

.
N, ST 135234
-

H.-7 G 0

D
The diagram shows a model of the top of a building which consists of a curved roof

ABEF and four flat sides ABC, DEF, BCDE and ACDF. AB is part of the
circumference of a circle with radius » cm, centre O and angle 408 = 135°. AQOB and
FGE are identical in shape and size. BCDE and ACDF are fectangles such that B and £

are vertically above C and D respectively, and ACDF is horizontal.

Show that

. L2 .-
(i) the length of BCis cm, (1]
(i) the area of ABC is é(Z +37)r? cm’. (2]

The volume bounded by the roof and the four sides is fixed at 5(2 ~ 37) cm”. Use
differentiation to find the value of r that would make the total area of the curved roof
ABEF and two sides A0B and FGE a minimum value and justify why this gives a
minimum value. [3]
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5

The equation of a curve is y =

®

(ii)

. 1
where k is a constant and x = ——.
1+2x 2

For k> 0, find the equation of the normal to the curve at the point where x = 0,

giving your answer in terms of &. [4]

Sketch the graph of y=1 k and find the area bounded by the curve

+2x

y= , the line x = 2 and the normal to the curve at the point where x = 0,

1+2x

giving your answer in exact form in terms of £. [5]

For k#0, the gradient at the point on the curve where x = £ i1s /. Express the
relationship between & and / in the form of a quadratic equation. 2]

Hence, for real values of £, find the range of possible values of ¢. [2]

Section B: Statistics [60 marks]

The duration of pregnancy is normally distributed with mean yu days and standard

deviation o days. Only 5% of all pregnancies are shorter than 240 days and 15% are

longer than 283 daysq.

°

Find the mean and variance of the distribution. [4]

)

(i)

(iii)

A large bag of sweets contains 8 red and 16 yellow sweets. Two sweets are
chosen at random from the bag without replacement. Find the probability that 2
red sweets are chosen. [2]
A small bag of sweets contains 5 red and » yellow sweets. Two sweets are

chosen without replacement from the bag. If the probability that two red sweets

2
are chosen is 7”1— . show that n=10. [2]

Dory has one large bag and two small bags of sweets. Assuming that each bag
has an equal chance of being selected, Dory selects a bag at random and then
picks two sweets without replacement. Given that two red sweets are chosen.

find the probability that Dory had selected the large bag. [2]



10

A college has 1440 students who each participates invonly 1 CCA. The breakdown of

the CCA participation is as follows: 450 in sporting CCA, 760 in performing arts

groups, 230 are in clubs.

A survey is to be carried out to investigate the number of hours students spend in the

school library in a week. The librarian decided to sample 200 students.

(i) Describe how he might obtain a systematic sample. 2]

(ii) Describe how he might obtain a stratified sample, identifying the strata and
finding the size of the sample taken from each (.)f the strata. [2]

(iii) State, with a reason, whether a systematic sample or a stratified sample would be

more appropriate in this context. [

A group of students are asked whether they play tennis or football. The probability that
a student plays tennis is 0.6. The probability that a student plays neither tennis nor
football 1s 0.1.

(i)  Find the probability that a student plays football but not tennis. 1]
Given that a student plays football, the probability that he also plays tennis is 0.4.

(i) Show that the probability that a student plays both tennis and football 1s 0.2.  [2]
(iii) Find the probability that a student plays only tennis. (1]
(iv) Given that a student plays only one sport, find the probability that he plays

tennis. (21

The probability that a student forgets to bring his notes is 0.08, independently of other
students.
(a) The whole class has to do a quiz if at least one of the students forgets to bring
his notes.
(i) For a class with 15 students. find the probability that the class will have to
do a quiz. 2]

(if) For a class with » students, find the smallest number of students in the class

such that the probability that the class will have to do a quiz is at least 0.8.

™
2]

(b) The whole lecture group has to do a quiz if at least 15 students forget to bring
notes. Using a suitable approximation, estimate the probability that a lecture
group of 180 students will have to do a quiz. State the parameter(s) of the

distribution that you use. (4]

[Turn over
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12

Blood sugar level is the amount of glucose present in your blood at émy given time.

One form of measurement for blood glucose level is millimole per litre (mmol/L).

A clinical company created a new drug that they claim helps to regulate the blood

sugar

level for diabetics. Some diabetics were invited to try out this new drug, and 10

patients were randomly selected for a blood test. The table shows the amount of new

drug, x mg, dispensed to each of the 10 patients each day and the measurement of their

blood

glucose level, y, mmol/L.

x (mg)

58 | 55 | 54 57 | 52 |53 49 | 44 | 43 4.2

ymmol/L) | 3.9 | 43 | 44 | 43 | 49 | 5.0 55 | 57 | 58 5.6

(@)
(ii)

(iii)

(iv)
)

Draw a scatter diagram for these values, labelling the axes. 1]
Find the product moment correlation coefficient and comment on its value in the
context of the data. [2]
Find the equation of the regression line of y on x, in the form of y = mx + ¢,
giving the values of m and ¢ to 2 decimal places. Sketch this line on your scatter
diagram. [2]
Find X and y, and mark the point (55, 7) on your scatter diagram. 2]

Use the equation of your regression line to calculate an estimate of the blood
glucose level if the new drug dispensed is 6.5 mg. Comment on the reliability of

your estimate. [2]

The masses, in kilograms, of kiwi fruit and peaches sold in a supermarket have

independent normal distributions with means and standard deviations as shown in the

following table.

(@

(ii)

(iii)

Mean Standard deviation
Kiwi fruit 0.08 0.02
Peach 0.17 0.03

Find the probability the mass of a kiwi fruit chosen at random is within +0.01 kg
of the mean mass of kiwi fruit. [2]
Three peaches and six kiwi fruits and are chosen at random. Find the probability
that the total mass of the three peaches is greater than the total mass of the six
kiwi fruits. [4]
Peaches cost $8 per kilogram and kiwi fruits cost $10 per kilogram. Find the
mean and the variance of the total cost of three peaches and six kiwi fruits.

Hence find the probability that the total cost is between $9 and $10. [4]



13 (a) A company distributes rice in packets. The mass of a packet of rice follows a normal
distribution. The mass of each packet of rice is denoted by Y kg. The masses of a

random sample of 600 packets of rice are summarised by
> »=3072 and Yy’ =16688.

(i) Calculate the unbiased estimates of the mean and variance of Y. [2]
The mean mass of rice in a packet is 5 kg. The managérs wants to check if their
machinery has been dispensing more than 5 kg of rice.

(ii) Carry out this hypothesis testing at the 2% significance level. [4]

(iii) Find the least level of significance at which this sample would indicate that the
machinery has been dispensing more than 5 kg of rice. (1]

(b) Another company also wanted to assess if their machinery has been accurate in
dispensing rice into 5 kg per packet. For this company, the mean mass of a packet of
rice is 5 kg and the standard deviation 0.153 kg. The manager takes a random sample
of 55 packets and carries out a test, at the 5% significance level, of whether the
r.nachinery dispenses rice at the stated 5 kg per packet.

(i) The sample mean mass of a packet of rice is denoted by x . Use an algebraic
method to calculate the set of values of X for which the null hypothesis would
not be réjected. (Answers obta{ned by trial and improvement from a calculator
will obtain no marks). ' 4]

(i) State, giving a reason, whether any assumption about the population is needed

in order for the test to be valid. [1]

~ End of Paper ~
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1@ | d(7In(3-4x) 7 (). =28 . 28
dx 3—4x 3—4x 4x-3
2
H® 2‘} =(6—ie4)—(0—1 1) —el_Lea
0 2 2 2 2
2

=2.5+2(4795%)

yA025x+ 1) (x—2)°
1=2,0) 0 o

(0255 +1)(x=2)% >2.5+2(470%) = 125 <x <=0359 or x>3.23(3 s
Note: intersections at (—1.25,7.27),(—0.359, 5.06) & (3.23,2.71)

(%)

Given x-2=10",we havex=10"+2 ... (1)

Substitute (1) into 2x+1=10%
= 200" +2)+1=10% = 107 -2(10")-5=0
T4 - - 2%
= 10-":2" 4-4()(5) = 10«":———~——@
2(1) 2
Since 10" >0, 10¥ = 2*;/—22
2 \
yzlog(er;/j] or y=log(1++/6)

; 2+ .. =
and x=10"+2= +7 24+2=(1+\[6)+2 giving x=3++6
Alternatively (x—2)*=2x+ 1

¥ —6x+3=0
6++36-4(3) 624
= X = =
2 2
2 N
= ‘ 6_\/j—2:1i—§4
~ J2 24
Since 10> 0, 10¥ =1+ 24 giving y:log(l+—\/2:) or y:log(1+\/€)
2 J

V2
and x=3—l~——;—él or x=3+'\/5

MNTAE ACTIC ICY H1 Mathe RR44 Preliminary Fvam




4 (1)

2BC=r

N 5

BC="_="Y% (shown)

\/5 2 ¥

Alternatively: sin45°=BC +r = BC=rsind5°= __ _ 2 CU 0
2 2
Or use cos45° = BC + r since angle OBC = angle BOC =45°

4 (i1)

2
3
j +=7r

Area= BOC + AOB = l[
2 8

r~2
2

1 2 -~
- _(L)Jrf—zrrz = l(2 +37)r” (shown)
2\ 2 8 8

4 (last
part)

Volume :é(2+37r)r2xCD=(2-+37r)5 = CD=—
Total Area = A =roof + 2 (area of 4 ()B)
:§(2ﬂr)xCD+%(7zr2)x2

3 40 3
:—(27rr)x—+—(7rr2)x2 =
8 r2 8-

307 371’
=
h
%:—3—0575+ﬂr=0 = ’02”=3—”5 = =20
& 2 , 2

= r=(20)" or r=2.71 (33D

. . R d4  —607z +371°
Using First Derivative Test, — =—————
dr 2r

r 2.7 2.71 2.75
sign of a4 - 0 +

dr \ /

. total area is a minimum.

Alternatively. using Second Derivative Test,

d’4 607 37 i .
— =+ " =37+157=457x>0 .. total area is a mimimum.
dr r 2

5(1)

Tk _ & %
YT ox dr (14 2x)

Whenx =0, y=kand Q=—2k

X
Equation of normal is v—k——l—(\'—O) ie *—k—i or ,_i”‘{
1 TR MGV GV

k
Graphof y=—=-— r=—1/2:1  AY  Normal at

$ @~




2

, 2
Area= [ 4 k- k dx :[x—+kx—£1n(1+2x)]

02k 1+2x ak 2 0
:{i+2k_£ln(5):}—0 :l+2k—ﬁln(5) units?
4k 2 k 2

5 (i)

&y 2k _
dx (142K

Then —24 = £(1+4k +4k> | giving 4¢k> +(4£+2)k+£=0

Atx=k, ?

Discriminant = (4£+2) —4(4£)¢20
1602 +16£+4-166%>0 giving fé—%

SAzZ—— 00

NG

Qn
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Let X be the random variable “the duration of a pregnancy”. X ~N ( ,u,az\)
P(X <240)=0.05 P(X >283)=0.15

P(Z<24O—,u):0'05 P(X <283)=0.85
e}

240 -
o
240 - p=—-1.644850 -——-- (1 283 — 11 =1.03643G —-mm- 2)

——1.64485 2831 1 03643

. u=266378=266 3sf) o =16.037=16.0 3sf)

7(1)

S
P(2 reds from large bag) = (ij( / =

7 (11)

5 4 2
2 Il bag) = =— S A2 =2(n+5)(rn+4
P(2 reds from small bag) [5+n)(4+nj o (5)(4)(21)=2(n+5)(n+4)

= " +97—-190=0 = (n—l())(n+l9):0

= n=10 or n=-19 (rejected since »n > 0)

2016 ACJC JC2 H1 Maths 8864 Preliminary Exam




7 (iii) -

G -
TareE ™

P(large bag | 2 reds)=

8 (i) | The librarian can arrange all the 1440 students in a list (either in ascending order by
their school exam index number or by alphabetical order of their name).
Then select a random student from the whole list to be the starting point.
Thereafter select every 7" student, cycling to the start of the list if the end of list is
reached, until we form a sample of 200 students for the survey.
8 (i1) | The librarian can use the CCA as the strata: sperts, performing arts and clubs.
Calculate the sample size for each CCA group (proportional to the relative size of the
CCA groups) as shown in the table below:
CCA sports P Arts Club
Sample size | 62 106 32
Randomly pick the required sample size from each group to obtain the sample.
8 (iii) | A stratified sample is more appropriate since it gives a more representative sample of
the students who each participates in only 1 CCA.
9 (i) | P( a student plays football, but not tennis) = 1-0.6 - 0.1 =0.3
- 9(ii) | Let x be the probability that a student plays both football and tennis
Let T be the probability that a student plays tennis
Let F be the probability that a student plays football
P(T'NF
P(T|F)=04 = PIOF) o4 = ~ =04
P ( F ) x+03
= x=0.4x+(0.3)(0.4) = 0.6x=0.12
wx=02
9 (it1) | P( a student plays tennis only) =0.6 —0.2 =04
9 (i . i 4 4 4
(iv) P(tennis | only one sport) P(tennis only) = 0 = 04 =
P(only one sport) 04+03 0.7 7
10 (a) | Let X be the random variable “the number of students who forget to bring his notes.
(i) | outof 15 students™. X ~B(15,0.08)
P(X 21):1—P(X =0)=0.714 (3 s
10 (a) | Let ¥ be the rv the number of students who forget to bring his notes out of » students.
(i) | ¥ ~B(n.0.08)
i From GC.
1-P(¥=0)20.8 19 0205
20 0.189
P(Y=0)<02 21 0174
n>20
". smallest number of students is 20.
Qn 2016 ACJC JC2 H1 Maths 8864 Preliminary Exam A
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out of 180 students”. T ~ B(180,0.08) v

n =180 is large, np =180(0.08)=144>5  ng=180(0.92)=165.6>5
. T ~N(14.4,13.248) approximately

P(T 215)—<>P(T >14.5)=0.48904 = 0.489 (3 sf)

11 (1)
4z 5g > x(me)
11 (i1) | PMCC r =-0.945 (3 sf)
Since [-0.945] is close to 1, it means that there is a strong negative linear correlation
between the amount of drug dispensed to the patient and the blood glucose level of the
patient. It suggests that as more of the drug is taken, the lower the patient’s blood
glucose level becomes.
11 (i11) | Equationis y=10.541-1.10477x=10.54—1.10x (3 sf)
(V) | x=5.07 (3sf), y=4.94 (3 sf)
11 (v) | v=0.541-1.10477(6.5) = 3.36 (3 sf)
The estimated value of y is NOT reliable since x = 6.5 mg is out of the data range of x
hence we are extrapolating.
12.(i) | Let X be the rv “mass of a randomly chosen kiwi fruit”. X ~ N(0.08,0.022)
P(0.07 < X <0.09)=0.38292 = 0.383 (3 sf)
12.(11) | Let ¥ be the rv “mass of a randomly chosen peach”. ¥ ~ N(O.I 7,0.032)
Let T=Y,+Y,+,—(X, + X, + X;+ X, + X, + X))
T~ N(3(0.17)-6(0.08).3(0.02*) +6(0.03)) ie 7 ~N(0.03,0.0051)
P(Y,+Y.+¥,> X, + X, + X, + X, + X, + X, )=P(T >0)=0.663 (3 sf)
12.(ii)) | Let C=8(Y+X,+Y), +10(X, + X, + X, + X, + X, + X,)
E(C)=8(3)(0.17)+10(6)(0.08)=8.88
Var (C)=8(3)(0.02*)+107 (6)(0.03°)
C ~ N(8.88.0.4128)
P(9<C<10)=0.385 (3sf)
Qn
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(i1)

13 (@) - | — 3072
-( ) Unbiased estimate of population mean = y = =512
) 600
Unbiased estimate of population variance
o 22
— 2= | 166882272 |~ 1.601602671=1.60 (3 sf)
599 600
13 (a) | Let udenote the population mean weight of the bags of multigrain rice.
(1) | Totest Ho: =5
Against Hy : 4>5 at2 % siglevel
UnderHo , Z =2 "75 0 N(0,1) where s> =1.601602671
JE
600
p-value = 0.0100995741 = 0.0101 (3 sf) <2%. Reject Ho.
There is sufficient evidence at 2% level of significance to conclude that the machine
dispenses more than 5kg of rice.
13 (a) | “Machine dispenses more than 5 kg of rice”, i.e. reject Ho
(i) pvalue < % ie. 100 (p-value) = 1.00995741 < &
The smallest level of significance to reject Ho is 1.01 %.
13 (b) | Let xdenote the population mean weight of the bags of rice.
(D) | Totest Ho: u=5
Against Hi: g#5 at 5% sig level
UnderHo , Z = ——):i—? N(0,1) by Central Limit Theorem since # is large.
/ 0.153
55
Do not reject Ho so .
".-//l
/’f
/
/ ~
«/720.025 A
19599 <« — 272 219599 giving  4.96 < v < 5.04 (3 sf)
0.153//55
13 (b) | There is NO need for any assumption because Central Limit Theorem is applicable due

to the large sample size.




