2024 TIC Preliminary Exam H2 Mathematics Paper 1

1

A ball is rolling in a straight line such that its distance away from the starting point, s cm,
can be modelled using the equation

b
NI +4

where # is the time taken in seconds, and @, b and ¢ are real constants.

S=at+ +cC

>

The ball is at the starting point when £ =0, and moved 10 cm in the first 5 seconds. It
moved another 9 cm in the next 16 seconds. Find the ball’s distance away from the
starting point when # = 50. [4]

On a single diagram, sketch the graphs of y =|2x— p| and y = gx where the following
conditions are satisfied, indicating the axial intercepts.

¢  pand g are constants, p > 1 and ¢ > 0, and

e the graphs have only one point of intersection. [2]
(a) State the least value of g. [1]
(b) Solve the inequality |2x— p|> gx, leaving your answer interms of pand g.  [2]
Find

@ J' tan? (1) dx, 2]
(b) Ism—l 2x dx. [3]

Do not use a calculator in answering this question.

(a) Ttis given w=—/3+i.
() Find arg w. [1]
(i) Express iw’ in the form re'® where 7 >0and -r <6< . [3]

() () Itis given that (1+ axi)2 =-3-4i.Find the value of the real constant a.  [2]

{ii) Hence solve the equation 2z° +(-3+2i)z+{1-1)=0. 3
[
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The points 4 and B have position vectors a and b respectively. C 1s the point on line OB

such that 4C is perpendicular to OB.

(a)

(b)

(©

By using a suitable scalar product, or otherwise, show that oC = (Tblz ) b. [3]
: - . |a-b|
Give a geometrical interpretation of _|b| i [1]
-3 1
Ttisgiventhat a=| 3 | and b=| # |. Given also that the length of the line segment
-1 ¢
AB is 5 units and angle 4OB is an obtuse angle, find the exact value of . [4]

The curve C is defined by the parametric equations

(a)

. Fig
x=1—cost, y=sin2t, where Osrs-z-.

Sketch C, giving the exact coordinates of the points where C meets the x-axis. (1]

(b) The normal to C at the point where t=% cuts the y-axis at D. Show that the

(©)

(a)

y-coordinate of D is ——% . [4]

Find the exact area of the region bounded by C, the normal in part (b) and the
y-axis. (5]

The diagram shows the curve with equation y =f(x). The curve crosses the x-axis
at x=1 and x=2.5, crosses the y-axis at y=1 and has a maximum point at

(4, 6). The equations of the asymptotes arex =2 and y =3. Sketch the graph of

y=f'(x), giving the equations of asymptotes, coordinates of turning points and
axial intercepts, where possible. 2]

(4, 6)

™
If
(W]
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2
(b} The curve C has equation y = x—i_b;—l , where & is a non-zero constant.
x
(i)  Find the range of values of & for which C has no stationary points. (4]
(ii) Given thaty =x + 3 is an asymptote of C, show that k=4. [2]

: : 1
(iii) State a sequence of transformations which transform the graph of y = i -
X

2
-1
onto the graph of y=———x thx . [3]
x+1

The function f and g are defined by

fix>—~(x-4Y+5, xeR, x<3,
3

g:xt—e | xeR, x<10.
(a)  Show that the composite function gf exists. [2]
{b)  Find an expression for gf(x) and state the domain of gf. Hence find the value of
x such that x =(gf )‘l . [5]

(c)  The function g has an inverse if its domain is restricted to & < x<10. State the

smallest possible value of @ and find g™ (x) , stating its domain. [4]

The figure above shows a metal rod with length ! cm. The cross-section of the rod is a
regular hexagon with sides of length x cm.

(a) A regular hexagon is made up of six identical triangles. Show that the area of the
33
2
(b) Suppose the rod has a fixed volume of C cm?®, show that the total surface area,

4C
Tix [3]

(c) By using differentiation, find the value of x, in terms of C, which minimises 5. [4]

cross-section of the rod is

cm?, [2]

S cm?, of the rod may be expressed as § = 3v3x* +
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Lucas heats up one of these metal rods. When heated, the metal rod expands uniformly
such that it always retains its shape. At time ¢ seconds, the length of each side of the
hexagon is x cm, the length of the rod is / cm and the volume of the rod is Vem?.

(d) Given that x and / are both increasing at a constant rate of 0.0025 cms™!, find
the rate of increase of V at the instant whenx =2 and /= 5. [2]

Anand writes a computer programme to simulate a population of organisms in a
controlled environment. It is assumed that none of the organisms die or leave the
environment within the duration of a simulation.
(a) InSimulation A, 200 organisms are introduced to the environment on Day 1. At the
start of each subsequent day, 48 more organisms are introduced to the environment.
Find the first day when the number of organisms in the environment exceeds 2025
at the end of that day. [2]
(b} In Simulation B, 15 organisms are introduced to the environment on Day 1. At the
start of each subsequent day, each organism in the enviromment spawns two more
organisms of the same type, i.¢ there are 45 organisms at the end of Day 2. Find the
number of organisms in the environment at the end of Day 20. [2]
(¢) InSimulation C, 5 organisms are introduced to the environment on Day 1. At the
start of each subsequent day, the organisms in the environment will spawn in either
one of the following ways.
I: Each organism will spawn three more organisms of the same type.
II: Each organism will spawn five more organisms of the same type.
On Day 2 to Day 9, the organisms undergo process I on m days and process IT on
the other days. Given that there are 1,105,920 organisms at the end of Day 9, find
the value of m. [2]

Anand then adjusts the programme such that the simulation would allow for organisms

to die at certain junctures.

(d) In Simulation D, 100 organisms are introduced to the environment at the start of
Day 1. At the end of each day, 10% of the total population in the environment would
die. At the start of Day 2 and each subsequent day, 20 organisms are introduced to
the environment.

(i) Find an expression for the population size, P, in the environment at the start
of Day n, after the organisms have been introduced. Leave your answer in the

form s-t¢ (r"" ) , where s and ¢ are positive integers and 7 is a real number.[4]

(ii) Describe what happens to the population size in the environment in the long

term. [1}
(iii) Explain why the conclusion in (ii) does not depend on the population size in

the environment on Day 1. 1]
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A metal ball 1s released from the surface of the liquid in a tall cylinder. The ball falls
vertically through the liquid and the distance, x cm, that the ball has fallen in time ¢

seconds is measured. The speed of the ball at time ¢ seconds isv cms™ . The ball is

released in a manner such that x=0 and v=0 when r=0.

(a)

(b)

The motion of the ball is modelled by the differential equation

2
El—fdrlﬁ—uho.
d? 2.dt

It is given that v = & .
dr

(i) Show that the differential equation can be written as

dv 1
L o10-2v, 1
% SV [1]
(i) Using the differential equation in (a)(i), find v in terms of . Hence find x in
terms of £. [6]

The metal ball is now released in another tall cylinder filled with a different liquid.
However, for this liquid, the motion of the ball is modelled by the differential
equation

% =10~ k%, where £ is a positive constant.

Itis given that x=0 and v=0 when ¢t =0.

() Find vinterms of 7 and % (5]

(ii) When the ball falls through this liquid, its speed will approach its “terminal
speed” which is the speed it will attain after a long time. Find the ball’s
terminal speed in terms of k. You must show sufficient working to justify your
answer. 2]
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2024 TJC Preliminary Exam H2 Mathematics Paper 2
Section A: Pure Mathematics [40 marks]

1 A curve C has equation y=3_—ch.
x —
(a) Sketch C, stating the equations of the asymptotes. [2]
(b) Find the exact volume of the solid generated when the region bounded by C, the

x-axis and the line x = 9 is rotated through 2 radians about the x-axis. Leave your

answer in the form 7(a+5bIn2), where a and b are constants to be determined.
[5]
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1
8+x)% . .
2 (a) Find the series expansion of ———( ;) in ascending powers of x
cos2x

(b) Find the rane of validity of x for the expansion to be valid.
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n-2
3 Asequence {a,} isdefinedby a,=2 and g = a”_l_%[%] where n>1.

N
(a) By considering » (a,—a, ,), find an expression for a, . [4]
n=]

(b) Hence explain whether the sequence is convergent. 1]




The line /; passes through the point 4 with coordinates (1, 0, 4) and 1s perpendicular to
the plane 7, with equation 2x—y+4z=-3.

(a) Find the coordinates of the point B where [, meets z,. [4]
(b) Verify that the point C with coordinates (5,9,—1) lies on 7,. (1]
(¢) Find a vector equation of the line I, which is a reflection of the line AC in 7.

‘ [3]

(d) Find a vector equation, in scalar product form, of the plane 7, which contains /,
and [,. (3]
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5 (a) The complex number z =x+1y is represented by the point P(x,y) in an Argand
diagram and satisfies the equation

®
(i)

® @

(ii)

zz*=(2+3i)z*+(2—3i)z+12 )

Show that P is a point on a circle, and state the centre and radius of the circle.

[3]

The point Q represents the complex number —4—5i . Find the smallest
possible length PQ. 2]
Show that - 080 +1sinb . .8 3]

1-cos@—ising 2

h

It is given that z=¢"_ Find the set of integer values of # such that (?—-‘E]
—Z

is always real. [2]
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Section B: Probability and Statistics [60 marks]

(a) The 11 letters of the word REFRESHMENT are arranged in a row.
() Find the number of different arrangements that can be made. [2]
(i) Find the number of different arrangements that can be made such that all the
E’s are together and all the R’s are together but the E’s and the R’s are not
together. [2]
(b) Ad4-letter codeword is formed using the letters in the word REFRESHMENT. Find
the number of different codewords that can be formed. [4]



Two boys, Joseph and Elliot, play a game by cach tossing a coin. Joseph tosses a 20-cent
coin and Elliot tosses a 50-cent coin. The probability that the 20-cent coin and the 50-cent

coin shows a head are % and p respectively.
If both coins show heads, Joseph gets to keep Elliot’s coin.
If both coins show tails, Joseph gives his coin to Elliot.

If one coin shows a head and the other coin shows a tail, both get to keep their own coins.
Let W, in cents, be the amount of money Joseph wins in a game.

(@) Find, in terms of p, the probability distribution of W and E(W). 4]
(b) Find the value of p for the game to be fair. [1]

() Suppose Elliot’s coin is fair ie. p = —;— and the boys played 40 games. Find the

probability that Joseph wins an average of more than 15 cents per game. 3]
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A trainee nurse Angeline is investigating how the head circumferences of young children
vary with age. The age, 4 months, and the head circumference, H cm, of 2 random sample
of 8 young children are given in the table.

A 2 5 7 11 13 16 20 24

H 34.5 38.5 41 43 47 45 46.3 46.5

(a)

(b)

The value of the product moment correlation coefficient between H and A4 1s 0.880,
correct to 3 decimal places, and a scatter diagram for the data is shown below.

H
F 3
X
X x X
X
X
X
X
p A

(i) Explain whether a linear model is a good model for the relationship between

Hand 4. [1]
(ii) Identify one of the data that Angeline may have recorded wrongly and justify

your answer. 1]

For the rest of this question, you should not include the wrongly recorded data.
Based on the scatter diagram in (a), Angeline thinks that a model with equation
H =a+bn 4 is an appropriate model.

(i) Sketch a scatter diagram for H againstIn 4. [1]

(i) Use your calculator to find the equation of the least square regression line of
H on In 4 and the value of the corresponding product moment correlation

coefficient. [2]

(iii) Use your equation to estimate the head circumference of a 13-month-old child.
Give two reasons why you would expect this estimate to be reliable. [3]
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In this question, you should state the parameters of any normal distributions you use.

In golf, a player’s driving distance refers to the distance a ball travels when it is hit from
the tee using a golf club known as a driver.

Records from past competitions show the following statistics.

» The proportion of male players with driving distance greater than 261 metres is equal
to the proportion of male players with driving distance less than 170 metres.

» The proportion of male players with driving distance greater than 261 metres is equal
to the proportion of female players with driving distance greater than 181 metres.

* The mean driving distance of a female player is 147.5 metres.

It may be assumed that the driving distances of male and female players follow normal
distributions. The standard deviations of the driving distances of male and female players

are denoted by o, and o  Tespectively.
(a) State the mean driving distance of a male player. [1]
(b) Show that g, = ko, where X is a constant to be determined. [2]

It is given that o,, =24.14 and o, =17.77.
(¢) Find the probability that the driving distance of 2 randomly chosen male player is
more than 1.5 times the driving distance of a randomly chosen female player. [3]

(d) Find the probability that the difference in driving distances of two randomly chosen
female players is less than 15 metres. 137
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10 A ministry spokesman reported that students spend an average of 6.5 hours per week on
co-curricular activities (CCA) in school. Mr Gru believes that the average time spend on
CCA per week in his school is less than this average. To test his belief, he tasks his student
Kevin to take a random sample of 50 students in his school. The times, x hours, spent on
CCA per week are surnmarised below.

()
(b)

©

(@)

(e}

x =306.68 x* =1916.22
2 2

State what it means for a sample to be random in this context. [1]

Calculate unbiased estimates of the population mean and variance of the times spent
on CCA per week. [2]

Carry out a test and determine whether the p-value provides strong evidence to
support Mr Gru’s belief. [4]

Kevin suggests to Mr Gru that it is necessary to assume that the times spent on CCA
per week is normally distributed in order to carry out the test. Explain whether this
assumption is necessary. [1]

Student Bob tak other and finds that the mean
' 8 of their times spent on CCA per week are m hours and
respcctwely The result of a test at the 1% significance level is that the
average time spent on CCA per week by students in his school differs from the

average time reported by the ministry spokesman. Find the range of values of m.
(5]
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11  Onaverage, Alex sleeps less than 6 hours on 75% of nights. The probability that he wakes
up late on a school day is 0.625. On days where he wakes up late for school, there is a
96% chance that he has slept less than 6 hours the night before.

(a) Find the probability that he wakes up late when he has slept less than 6 hours the

night before. [3]
(b) Detetmine, with justification, whether the event that he wakes up late for school is
independent of the event that he has slept less than 6 hours. f1]

A school week has 5 school days. The number of days he wakes up late for school in a
school week is denoted by X

{c) State, in context, 2 assumptions needed for X to be well-modelled by a binomial
distribution. [2]
Assume now that X can be modelled by a binomial distribution.

(d) Find the probability that, in a randomly chosen week, Alex wakes up late for school
on at most 3 days. {1]

A school term has 10 weeks.

(¢) Find the probability that Alex wakes up late for school on at most 3 days in a week
for more than 4 weeks in a randomly chosen school term. State the distribution that

yOu use. [31
() Find the probability that Alex wakes up late for school on 32 days in a randomly
chosen school term. State the distribution that you use. 2]

(g) Find the probability that Alex wakes up late for school on at most 3 days in a week
for 4 weeks and wakes up late for school on 4 days in a week for the other weeks in
a randomly chosen school term. [2]
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Alternative method for finding intersection point
{20 - p|=gx
2x—p=gqx or 2x—p=—gx

x—gx=p 2x+gx=p
(2-q)x=p (2+g)x=p
Vi 2
x=—" x=—
wlm_ 2+¢
(rejected ...m,mfnc since g = 2)
~q

For students who used the
alternative method, do pay
attention to the correct reasons for
rejecting the other answer.

3

Find
(2) .-.E_:T: dr,

(h) ‘_‘ﬂu!_ 2x dx.

12]

[3]

u_.mgu?usu,&

=tan(x-1}-x+¢

] | |Solutions] Remarks
(AL 2 - Students to nate how to handle trigo
tan ? |5 dx with power 2 and linear angle!

1) sec’, cosec’ : can Integrate
directtyl

2) tan®, cot® : use trigo identity to
convert to (1)

3) sin®,cos’: usedoubleangle
formula

- Students must remember the trigo
identity formula correctly!

b‘_. sin ™ 2x dx

1 ¢ -J1 D

= Hxvmil_ x l-q (%) l&.—\m'%&lv“

3
—xsinlzre i (sa)1-422) 2
=xsm Nu+a-— ( mx;_ 4x v dr

dx

1

1 1 TL&JM
=xsin 2X+ —Xt—e—mt— o
PR

uam.ELMM+W§IA.xu +c

2

- Students pis note that :

“ferSe W REHpIGRE
- Bonotmixup
d . . P
MMwE x with TE x drwhere we

need 1o use by part for integration!
Must remember chain rule for
differentiation and nate the angle for
trigo when applying the formula

3 i (25) = e

dx 1- (20}

- Students to remember the following
formula for nw -1, [dentify carefully
what is the f(x) that will affect the 1*(x)
and todivide by the new power:

. Lad]
feeateeor =000

n+l
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The points 4 and B have position vectors a and b respectively. C is the point on line OB

OR this is the length OC.

such that 4C is perpendicular to OB.
. : . b
(a) By using a suitable scalar produet, or otherwise, show that OC = T___% vw . [3]
. N
(b) Give a geometrical interpretation of _W_W_L . 11
-3 1
(¢} ltisgiventhata=| 3 | and b =| & |. Given also that the length of the line segment
~1 0
AR is 5 units and angle A OB is an obtuse angle, find the exact value of k. [4]
[Selutions] Remarks
(a) [S8ince Cisa point oz line OF, A It is important to not just
OC = ; i read the question but also
| OC = 4 for some 2 eR ' A to process the information
I provided.
—
[#]
¢ B A good practice is to
AC is perpendicutar to OB annoiate on the question
G- h=0 what each key piece of
T information translates to as
{#h—g)-B=0 you read the question e.g.
Ag-b-a-b=0 ...C 15 the point on line
Alpf =a-b OB. . (jot down OC = Ab)
a-b ) )
A= ...AC is perpendicular to
el OB... {jot down
Thus 6C = w_mw (shown) 4C.08=0)
® | (ablb Need to be careful of the
Oﬂuﬁhhuﬂml_ ferm used.
hTe - Length of prajection e
OC| = Qv {
et -0~
This is the length of projection of g onto b. not ne of projection 8

®

Step 1: Determining possible k values

1y (-3 4
AB=|n|-| 3 ]=|Rh-3
o) (-1 1
Given: _Nw._u,_:mlrlm%i =5
{(R-3) =25-17
B=3+243

Step 2: Determining the correct & value
Approach 1A

Thus h=3-242

Approach 1R
For »uu+m)\m
-0 (1

-1; 10

while for #=3-22
Y (1
30|k uxfu}uufuﬂmufmvu?imé
-1) Lo

h=3-22

3llh nuw+§u&&?&ﬁT??ﬁv.ﬁ

Cambridge questions are
very precise in their
nEBEm ﬁ;ﬁu asked for
i (singnlar), it
Em_.n:u_ means Sie vaiie.

This means further
working is required to
reject the non-applicable
value,

For approach 14, itis
sufficient to compare both
h values and stata the
conclusion

For approach 1B, as the
substitution of Avalues
require further evaluation
to determine the sign of
the dot produet, it is
msufficient to just prove
cither h=3+22 leads
to pesitive dot product or
B=3-242 leudsto
negative dot product,

ute B nagv_oﬂn_w‘
u_.oqa Eo:. validity or
invalidity,




BP-~775

ml =d ‘¢ =xTYM
:L&.Wu £ :peutiou Jo uonenby
1T 0 SEILIY LA uIeu jo 1
— Z=2- o s
ummoomm } 151 Ie JO JUSIpRIy a0usH
m suoissasdxo Fugum =4 [=x
JO prajsal 510y aaw MEm
) _ﬁﬁ fr—= il !m .M| uD
30 Sn{EA OU3 SET[RAY #5007 Ap = 1 usum
ms 1
oy Ap
sog = id =4
Frd NIN.W = Jgus=
:Eum 4= 1500-1=X
T (0
"SAPEUIPA0CT
Furard Jo Juswanmbar
wonsanb a1 0N
TETSIF(
s1 DD oy Supzosa . .
»ye Mﬁ_.._ﬁbw treyop X+ (G 1] _ 000
oM} IR XAUAIRY
"
PoLI0F ) 498 aany
noA 1ey) (Rpeyr-agnop
pur) Yoous sAemry 4 ()
SHAEmIY [smoranjog]
4] E.EIA

og:pue;(q) ﬁw_n I | ool ey Ay popmiag woida o) Jo vae 1ouxa o) pury  (3)

kvl

L S1 (7 Jo SpEwpIcos-4

1
T

aq) Jeg) MoqS 7 I sixe-d o) S0 2 =7 s wrod oy 32 3 o) [Runou syl {q)

[13 sxe-x aq1 180w

qa sjmiod a1 Jo sajEmIpIoos oaxa Ay Suraid ¢ yopeg  (8)

a@ym ‘gus=d4 J500-]=x

suenenba simamered o) £q paumep §173 0AG AL

9

P
@

-ame[d v pue 2wy
B 10amiaq a[due anoe .
satepd
7 Usomieq 9[Sue amoe .
‘sauy]
T meamjaq offue amoe e
0} ATu0
1312
sordde ~——-= gsoo
1 ;_ﬂm.ln_l g

fa-3|
el
ﬂlm , 333

0A\ UsaMIdq I[Tae 100

<

= 502 JOU 5131

o

=]

)
e

"so]308 JU2131TIp

10} SOI¥1 SNBWOno3LY
JO suBis oyl JequIswal
0} syuexpenb moy agy

10 B9P1 oY1 250 AW NOK

‘nosuedures j901p
107 a73me oy uIByqo 0] Senjea gsoz au sseoord JepIng
g7 Preolday

pT-e=y

0>2950—=
o+ (gpe-ghraf ) +e+ e
0 I-

pT-E|| €
1 £

= gsoo

TpT—£=4 104

0<E950=
0+ (gpere)r af 1)+ e+ (o)
0 -

MTHEp| €
1 Un

__%wu . psos
IpTHE=Y 10

0> §E0d <=

‘s[8ue asmqo e 51 FOF7

V7 (ororddy




BP~776

1

Area nﬁmuwe + ._‘.“w de

nwiﬁspaﬁﬁ&
4 L}

1. Notice that one part
of theregion is 2
triangle. Use the
formula for area of
riangle.

2. You should always
start with the
expression _..“ ydx

before converting in
terms of 2.

OR [ sin2tsinz dr
n._. (2sinscost)sing dr
= ub. cost(sin Qp de

-2 ﬁmwuuu o

3

7

(a) The diagram shows the curve with equation y = f(x). The curve crosses the x-axis
at x=1 and x=2.5, crosses the y-axis at y =1 and has a maximum point at
Tr mv. The equations of the asymptotes arex=2 and y = 3. Sketch the graph of
y=F"(x), giving the equations of asymptotes, coordinates of turning points and

axiel intercepts, where possible, 121
Y4 :
R
_«
x < 2
2 —
(b} The curve C has equation y= Rﬁ_ﬂ_lw , where & is a non-zero constant.
x+
(i) Find the range of values of & for which C has no siationary points. 4]
(if) Given thaty =x+ 3 is an asymptote of C, show that k=4. [2]
{(iii) State a sequence of transformations which transform the graph of y MM|W
x
2 -
onto the graph of y = x a1 £3]
x+1
[Solutions] Remarks 1
y=f{x) ,
Note that y =0 is an
Y asymptote that iz not
' seen in the original
i graph.
m Note also that it is not
y=0 H »> possible to deduce the
N : &0 y-intercept of this
! graph.
x=2
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Method 2; finding inverse function

|-tz

y=e
Iny=|-(x-4) +2]
thny=—(x-4) +2
(x-4¥ =2FIny
xlhuﬁ\mvma\
xnpwa\mﬂ|_uw

IMPT: The definition of
function in general:
every input has only 1
output.

Hence CANNOT write

AWDL Tnv =44 25y
which will give 2 ouiput
because of the +

sincex<3, x=4- 23y

E.rm:wurhuhlem
cx=(gf) (D=4-2

any! In this the restriction
of x is based on the domain
of gf.

- Students to be mindful to
present answer clearly as
there are too many x in the
question, 50 pls ensure to
write down the final line

te=(gt)” M =4-42" 10
ensure this is answering the
question

- Mos! students used this
method but please be
careful of how to remove
modulus as well as the
power 2! Wilt have 2 *+°
in your working

- Whenever have 2 answers,
please check which to
reject and state reason
clearly!

- Lasily, ensure to read
question that they want it at
vy =1, hence need to sub in
and write according to
question to ensure you are
answering the question!

Since 3<x<10,|x -3 =x-3
ny=e”

Iny=x-3

x=lny+3

gl (x)=lnx+3

Uus_ = w.n H_Huu nuH_

y=g(x)
{16, 6Ny

arc.\

- To find g™, do not ignore
the modulus!

- And to reject with reason!
~ Students to note that if they
can reject, pls do so at the
right juncture becanse if

they proceed to rejsct at
later part, they will have to
provide more reasoning!

- Most students know that
D. =R, but plesse

remember in finding R,

you must draw graph
according to domain.

©

Smallest value of «=3

(for g to be one-one)

- To find smallest &,
students can draw graph
using GC and find the
tumning point.
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@

33,

ﬁllkm

: Uﬁaﬂnﬂﬂﬁu wit,

& (E)we)ord]

Whenx =2 and /= § and Wumlc.csm
m&m - ﬁwﬂ_w393.8&:+M§.8~£

=0.15%
Thus the rate of increase of ¥ is 0159 cr’s™.

Alternatively,
_\lmuma
Eﬂmqs-;_s»n wrtx,
VLT
o+ [ 22 F
4[4 (g) 005,
dr \dr) Lde) 00025
v _d¥ &
dr dx
2
HT&G;E + T&MS %_%cosm
=0.156

Thus the rate of increase of Fis 0.159 em’s™.

Since [ is not a constant,
we need to use product

rule to find ._lﬂ

de

Since 7 is mol a constant,
we need to use product

rule to find ml—\
drx

10 Anand wntes a computer programme to simulate a population of organisms in a
confrolled environment. It is assumed that none of the organisms die or leave the
environment within the duration of a simulation.

®

(b)

In Simulation A, 200 organisms are introduced to the environment on Day 1. At the
start of each subsequent day, 48 more organisms are introduced to the environment.
Find the first day when the number of organisms in the environment exceeds 2025
at the end of that day. 2]
In Simulation B, 15 organisms are infroduced to the environment on Day 1. At the
start of each subsequent day, each orgamistn in the environment spawns ?é more
organisms of the same type, 16 Hhefere 45 rgi
number of organisms in the environment at the end of Day 20. [2]

In Simulation C, 5 organisms are introduced to the environment on Day 1. At the
start of each subsequent day, the organisms in the environment will spawn in either
one of the following ways.

I: Each organism will spawn three more organisms of the same type.

1. Each organism will spawn five more organisms of the same type.

On Day 2 to Day 9, the organisms undergo process 1 on m days and process Il on
the other days. Given that there are 1,105,920 organisms at the end of Day 9, find
the value of m. [2]

Anand then adjusts the programme such that the simulation would allow for organisms
to die at certain junctures.

(d) In Simulation D, 100 organisms are introduced to the environment at the start of

Day 1. Atthe end of each day, 10% of the total population in the environment would
die. At the start of Day 2 and each subsequent day, 20 organisms are introduced to
the environment.

(i} Find an expression for the population size, P, in the environment at the start
of Day », after the organisms have been introduced. Leave your answer in the
form s — Aw‘_-_ v_ where s and ¢ are positive integers and r is a real number{4]

(i) Describe what happens to the population size in the environment in the long
term. m

(iif) Explain why the conclugion in (if) does not depend on the population size in
the envirenment on Day 1. |
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= (0.9 (100Y + 2001 - {0.5)"")
=200—100(0.9y"

. Comments
1

When tabulating a fairly complicated series, it iz always important not to over evaluate.
The focus is to identify a trend in the tabulated expression and not 2 number pattern arising
from evaluated values,

Group like terms together to form a series. To this end, some Tules of thumb which may be

useful are:

e Terms with the same constant value multiplied to the same ratio that changes
exponentially likely forms a GP e.g. in this question we have:

P 0 5)'

where 20 is the same constant value and 0.9 is the multiplier ratio that changes
exponentially.

Note that when the same constant value has no ratio multiplied to it, in this case 20, we
can append the multiplier term (ratio)’, in this case 0.9° to ensure that the number of
terms in the GP can be counted correctly, in this case from 0 to n - 2, there will be
(r—2)-0+1=n—1terms [the idea of no. of terms = upper limit — lower limit + 1]

« A standalone constant raised to an exponent or a standalone constant multiplied to a
ratio maised to an exponent is likely a power series e.g. in this question 100(0.9 ' or
say 87" for another unrelated instance.

»  Terms with the same constant being add progressively will likely form an AP.

It is goed practice to put your working for identifying the trend in a table for proper
oTganisation.

To determine the " expression correctly, the trick is to first observe the latest terms of
each group to see what is the relation to r e.g. in this question

Day

at start of Day n {units)

Ot
4 | (0.9Y(100} + (0.97(20) + (0.5)'(20) + (0.9°(20)

For the power series (0.9)°(100), 0.9 is raised to the power 3 = 4 - 1. So it follows thai in
the n® term, the expected component will be (0.9 ~1{100)

Likewise, for the terms comprising of (0.9)*(20) + (0.9)'(20) + (0.9)°(20), the highest
power of 0.9 is 2. Hence for the »® term, the expected expression will be
(0.9 2 + ... + (0.9)°(20).

(ii

-

As #-+%, (0.9 =0 and thus P> 200,
In the long run, the population size approaches 200.

It is important not to
provide the conclusion
directly but instead
provide a term-wise
trend leading to the
final conclusion to
cnsure clarity.

Make sure that the
conclusion is logical
with reference to the
context of the question
¢.g. inthis case, the
population cannot be a

negative value,

{iii) | If the starting population was § instead of 100, The 100 in the final
the population at the end of Day » would be expression
(0.9)"~7(8) + (0.9 F(20) + (0.9 Q0) + ... + 20 200-100(0.9)"" does

- vot represented the
- 9y (8)+ uehT 05 w initial population. The
1-0.9 misconception arises
- - as the value of 100
={0.9)""(8)+ 200Q1- (0.9)"") coincided with the
= 0.9y (§) + 200-200(0.9* Man__ papulation of
_ 1 e question. If we
= 200+(5-200)(0.5 trace the working, we
Since (0.9"~! -» 0 s n — e for all values of §. will realise that 100
the population size would still approach 200. hereinisn't the initial
population.
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{b) The metal ball is now released in another tall cylinder filled with a different liquid.
However, for this liquid, the motion of the ball is modelled by the differential

equation
dv
d

=10 - k*v*, where k is a positive constant.

It is given that x =0 and v=0 when r=0.

(i) Find vinferms of tand k.

(5]

(i) When the ball falls through this liquid, its speed will approach its “terminat

specd” which is the speed it will attain after a fong time. Find the ball's

terminal speed in terms of k. You must show sufficient working to justify your

Answer.

(2]

LIt

LY N

_}&ur&

L —w=fia

Pt in modulus!
Z!tili

o " 5 -m|

S0+ kv
_u,\l . =210t + 210 F

i+ S VT Hmnzslcﬁ
TR

B = 1?1

Recall:
._. 1'(x) mulitg_a+mﬁav_+n

7 |T.T“M_s |e=£(x)|

Note: There's no modulus in the formula
in MF26 as it is stated that |x|<a which

makes n+ch. /
a-x

(%) m Rabde /
i 1. ja+ X
pae R et >

However, in this question, we do not

aiﬁc

know whether ———— 1s positive or
Vo ot

negative. Hence we need fo put modulus
for the In function to be defined!

When t=0, v=0: -—==1=8

Vi0+ kv =e™ (iD - k)
Eﬁ:u;‘.d.v SIcT#..Q_ LV

N

V= ——

k N.T_TE +1

Find v in terms of £ and &1

4 Method 1

24108 1
I

.

and thus v - ——
k

V10 -

—— cms

) k
Mathod 2

Jio hnu.sle ~1) e

—_—— X
a:.‘_._.m +1 o\t:._@

J10( - g2eh
"k e

S
== cms

k

| Method 3

Jiof ™

v=——
e 4

and thus v — %
Method 4
At terminsl speed,
Lid =10 -k} =

dr

{ Hence the ball’s terminal speed is

Hence the ball’s terminal speed is

Do not write —
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3
2(1Y"
3 Asequence {a,} isdefinedby a,=2 and ¢, =a,_, Lmﬁwu where 12 1.
N
(a} By constdering Mﬁnz |aivu find an expression for a, . [4]
n=l1
{b) Hence explain whether the sequence iz convergent. m
{Solutions] Remarks
3(a) N - This is an equation. So when we take
a,~-a,, = |wﬁ& where 721 sum, we take syum ON BOTH SIDES
N N1V of the equation.
Ste-a-(-3J2G) o
nel Y =l . For summation, if you cannot observe
LHS = M,% a, - alv what sum 1s that, it 1s always good to
=l write ont few terms to see.
= Eﬁ”a
+ nflng - LHS: observe is sumn of DIFFRENCE
+ nwl/u of 2 SIMILAR TERMS, so use
: MOD.

- In MOD presentation, it is a MUST to
show the cancellation pattern.

- Pay attention to the SUBSCRIPT use.

- RHS: Can write out a few terms to see
as well to observe is sum of GP to
FINITE term.

- Sum of GP, learn 1o count the number
of terms correctly. For summation
number of terms can be obtained by

N I . “upper - lower limit + 1" if you did
ﬁlw Tﬁ v not remove any of the terms. Pay

3 attention to the use of capital letter
vs small letter again.

- Simplify all answers.

£l

3
Hence a, —>-1,a

~ N
As N oo, hlu —0.

Thus the sequence is converges to —1.

- Check the concept of converge and
watch necessary presentation.

~ Note the difference of SEQUENCE
converge vs SERIES converge.




BP-789

-auerd

parmbear sy uo
S10J03A [[2 210
gy e g3y
s (2) ued
Furaos mogum
UIAD “IaMsTe
ST Urngo o)
sAem oydnnu
am sreyy,
‘weIsep

anok 63 xayry

Le—=|9T— -4 "ol

97— |l 6 wml ‘D0=|97 |-7 st " Jouoymnby

g

- (x| 6 |=|1- xﬁ 81 %2 0) [puLoy ¥

[4
JF SUl] SUIBjU0d 088 *x <= Y pur Y sumyuoo tx
Tonnjos AR

Ls—=| gz~ |-

) (r) (T Tz~
9z- || 0 |=1 92~ [-FO =| 92~ |7 1 ¥ Jo ucnenby
1e) L) Lig 13
) (v (¢
97— (= 1— [x} L | 81 "z 01 euntoy
1e) \z) \s

Y pue 7 smeuos fx

“UOTIRMOLED
210w
axnbai asory
mnq uo os pue
N =
rorr &
Bursn apnpont
SUOYRLIEA ISYI0)

Dou PRy
o Jurodpion 213
81 g ‘poptaoid
uenewRLIeyIl

a1} Jnoqge
Aqnyares yup T,
‘melderp

pood & mexq

WA | L+ 6 (=7 w7 3o wonenbs say g,
8 [
&) (1) [t
L=l 6 |- T [=FOF
8- S £

Z
../  F pue 7 ySnonp sossed ¥ uonoaspyer Jo suyy sy

- ¥
(=0
I

£ I-

¥O-802=FO &
—° g0
Fyo+ve

‘tmalosy) oneI Juispy

“lz w o uonoapal Jo Jmed o o B 10T

()%

SHomas (peyuep) ~'x uo sep O sny,
BUOS apTIpoUL
‘uonenoed vi(l- ¥
ay) sium g-=p—6-01=|1- || 6 |={ 1 [-D0O
180100 0Qg TJ\S T (@y
‘pasnbal aze e N 0 ¥ v
soppmpaoony | (0°11-) 37 g jo snpeupprosa a1 | | |=| 1~ [-|0 (= g0 snL
B[P I- z I
01 uonuane AeJ I-=Y < IT-=711T =
"suonenba = G_+~+$,w + ?: +mv &=
10109A ¥ » ¥
Bujua vy e-=[1- ||| 1= [v+|0 || sngL
=+, M z 7 I
puR “H Y
e} UOTyUSTL L4
0] RQUIDTIFY e—=|1- | g0 Nz uoson g
SUDTJEJON] [4
-l 0) pewiou ¥ v
oy ur uaarg Y3y owosdoy | [— ¥+ 0 =50
Apoortput st 17 z t
JO uonosnp oy} _ “uosoy g
s ou el ! -l 0} p woy Temotpuediad Jojooy oy st g | (e
SHJRIIRY] [suoynjog]
(€] "9 pue
1 surmyuos yowm “x sueld ay) jo ‘uuoy jonpoxd mepeas w ‘wonenbo fopoa v puty  (p)
(€]
“lz w3 ) sul] 9 JO UOTIOApIA B 81 Yol & om] o Jo uonznbo xopas e puy  (3)
{11 " o say] ([-"6°5) seveuIpI000 g )y ymod o v A (Q)
(%] 'y soow 'f o1oqs g Jutod ot Jo sefenIpIood At puri  (e)

* g~ = Zp+ & — x7 uopenbs g 'z sueid ap

g

0) remotpuadiad st pue ?dd sajeuIpI00D PIM § Jutod oyl ySnomy sessed § emnj oyl




BP-790

7 8

5 (a) The complex number z=2x+1iy is represented by the point P(x,y) in an Argand 5)i)| Proof 1

diagram and satisfies the equation N 1s H seos? ut.hmmi 9 0sl u Use double angle
=(2+43)z*+(2-3)z+12 1-+cos@+ising _ 7 272 formula
: 1-cosf -isind - T —2gin® mu memumSm:@g cos = 2eos® - L
(i)  Show that P is a point on a circle, and state the centre and radius of the circle. 2 22 2 0
K macmmﬁ cosZ +isin® mu cosf =1-2sin’ = >
(i) The point @ represents the complex number —4—5i. Find the smallest 2 u . 8 b
possible length PQ. [2] u sind = umEm cos 5
() (i) Show that E uwaoﬁm. [3] g FTEMle u Factor out 1 in the
1-cosf—isiné 2 = cot—- numerator (see given
. 1+zY 2 TEMn_Sm u answer)
(ii) It is given that z=ec'. Find the set of integer values of » such that Tliu 2
—z o
is always real. (2 : =leoty (shavm)
~ | Preof2
[Solutions] Remuarks l+cosf+ising
S(a)(i) | Subst z = x+ i into 1-cos #—isin&
z*=(2+3)z*+(2-3i)z+12 This is 2 “Show” ¢n.
(x+ip)(x—ip)=(2+3i)(x —ip)+{2-30) (x+ip)+12 Need to give the
\ equation of a circle:
C+y =2x-2yi+3xi+3y+ 20+ 2¥i -3+ 3y +12
¥y u\— ¥y ¥y A.H|FVN+A.V~.!\WVMHHN
=4x+6y+12
Use completing
X —dx+yt —6y=12 squares
(x-2) +(y-3) =12+4+9=25=5"
. . . . Alls hould be
Thus P les on a circle with centre (2, 3) and radius 5. clew ..MMHM_M%M as the
X final unswer is given
S(a(ii) Tm
Proof 3 The conjugate of
1+cosf+isind (1-cosd)— ising
Sketch a diagram to {1-cos#)—isind is (1-cos@}+ising
. Re WMM.W%MMMW”WM _1-cos @+ (1 +cosB)ising+(1-cos6)ising - sin” &
length PO to be (1-cos8) —sin® @
shortest. 1-(cos 9+ sin’ #)+ 2isin @
B Tunamm.f?um»m;..&nu mu
Poor ﬁwm.mm.ﬁn:mx.. o disinf
Let C be the centre of the circle. X 2{1—cosd)
g#-4-51 PR
Use Pythagoras Theorem, point # complex no. isin Seosy
i Y Use double angle
o= J(2-(-4) +(3-(-5)) =& 18 = g4
_Q . E x 1-j1-23n ) formula

Shortest lenjgth PQ = €@ — radius of circle =10-5=5

Should be length OQ nazm (shown)
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' 6(b)

11
Case 1: Al distinct letters - Do not over split your
No. of ways ="C, x41=1680 cases.
- Choosing number of
Case 2: 1 pair of identical and 2 other different items from identical
letters objects is always 1 way
41
No. of ways = *C, x 'C, x T 504
Case 3: 2 pairs of identical letters (RR & EE)
41
No. of ways= —=6
212!
Case 4: 3 £’s and 1 other different letter
U
No. of ways = 'C| xﬂ =28
Total no. of arrangements = 1680 + 504 + 6 + 28
=2218

12
7  Two boys, Joseph and Elliot, play a game by each tossing a coin. Jeseph tosses a 20-cent
coin and Elliot tosses a 50-cent coin. The probability that the 20-cent coin and the 50-cent
coin shows a head are W and p respectively.
If both coins show heads, Joseph gets to keep Elliot’s coin.
If both coins show tails, Joseph gives his coin to Elliot.
If one coin shows a head and the other coin shows a tail, both get to keep their own coins.
Let W, in cents, be the amount of money Joseph wins in a game.
(a) Find, in terms of p, the probability distribution of # and E(W). [4]
(b} Find the value of p for the game to be fair. 83
.. 1 .
() Suppose Elliot’s coin is fair ie p = 3 and the boys played 40 games. Find the
probability that Joseph wins an average of more than 13 cents per game. {31
[Solutions] Remarks
Ta) Read the question
outcome HH HT ot TH T carefully; #
w 50 0 -20 represents Joseph’s
PV =w) 3 3 2 7 winnings, 5o his initiai
3¢ | S-pegr | S0-P) 20-cent coin should
3 4 not be included in the
=Z__p value of W.
5 5
3 2
E(W)=50x ww —20x NA_ -p)
=38p-8§
Por thié gamé' Important
4 Understanding
= 19 A “fair game” is one

in which the expected
winnings is 0.

It is not one where
P(J wins) = P(E wins)

Given p = 1 , E)= wmhwu -8=11 The question asks
2 2 about Joseph’s
Using GC, Var(W) =709 average winnings.
Thisis a big hint for
wuﬁ+a\»+ﬁ+.:+_ﬂc the application of
40 CLT. Remember to
Since n = 40 is large, by Central Limit Theorem, justify the use of CLT,
709 and that CLT daes aot

W ,.2? 1, |w approximately

40

Requised probability = P(W >15)=0.171 (3s.1)
q

let the original 1.v. (i.e.
W) become normal. It
only applies to W .
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15
8(b) | From GC, regression line of Hon In 4 is
(&) F = 5.03491n 4+ 30.899
H=50304+309 (3sf)
and r=0.997 (3s.£)
u@W When 4 =13, H=>5.03491n13 +30.899
(i

=438 (3sf)
Thus the head circumference of a 13-month-old child is 43.8 cm.

It is a reliable estimate as [ is within the data range [2, 24] and » = 0,997 being
close to 1 indicates a strong linear correlation between In A and H.

Reliability must remember 2 ‘R’s

1) Range. In particular is the i and NOT range of estimate
obtained.

2) R-value. Pay attention to alk the keywords needed.

-Be clear in your angwet, DO NOT USE ‘i’ as too ambiguous to know what you
are referring to.

- Final answer is non- exact, please remember to give 3 s.£.

16
%  In this question, you should state the parameters of any normal distributions you use.
In golf, a player’s driving distance refers to the distance a ball travels when it is hit from
the tee using a golf club known as a driver.
Records from past competitions show the following statistics.
= The propertien of male players with driving distance greater than 261 metres is equal
to the proportion of male players with driving distance less than 170 metres.
« The proportion of male players with driving distance greater than 261 metres is equal
to the proportion of female players with driving distance greater than 181 metres.
» The mean driving distance of a female player is 147.5 metres.
It may be assumed that the driving distances of male and female players follow normal
distributions. The standard deviations of the driving distances of male and female players
are denoted by o, and o, Tespectively.
{a) State the mean driving distance of a male player. 1]
(b) Show that &, = ko, where kis a constant to be determined. 12}
It is given that o, =24.14 and o, =17.77.
(c) Find the probability that the driving distance of a randomly chosen male player is
more than 1.5 times the driving distance of a randomly chosen female player. [3]
(d) Find the probability that the difference in driving distances of two randomly chosen
female players is less than 15 metres. [31
[Solutions] Remarks
92 | 1 ot M and F denote the driving distances (in metres) of 8 male
and & female player respectively.
M ~N(g, .0, and F~N{147.5,0,%}.
Given: P(M >261)=P{M <170) !
Theit; by, sy, m
7 4 " ] » M @ SR
170 4, 261 (population mean)
Thus En mean driving aiﬂ—.?o of a male player is 215.5 metres.
9b
(®) Given:  P(M >261)=P(F>181)
P Nva_lmG.u -F Nv_m_l_ﬁ.‘m Need to qus..
a, a, standardisation
455 335
s, o
o, 455
a, 335
91
o,=--0o, or 1.36a, (3sf})

" 67
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10(e)

Using Bob’s sample, &

m = sample mean
0.9 = sample standard

H,:p=65 deviation, NOT population s.d
H,:p#6.5 Since _
1-H7 0. to estimate it using s°.
Under H,, since n = 50 is large, by Central Limit| Recall
= 0.9? .
Theorem, X ~N m.m.ﬂmw. approximately.
Test statistic, Z = X635 N{®,1)
o5
49

Level of significance: 1%

Critical region: z<-2.5758 or z >2.5758

To conclude that the mean time spent on CCA per
week by students in Mr Gru's school differs from
the average time reported by the ministry
spokesman, H; is rejected,

. m—=6.5 m—6.5
£, = <-2.5758 2.
Le, ﬁﬁu <-2.5758 or ﬁmw =2.5758
7 7
0<m=<6.17 or mz6.83 (3s£)

0005 0.005

T
'
‘
H
i
i
H
}
i

-2.5758 ] 25758

. e

invnorm(0.99, 0,1 CENTER)

19
10(c) | Let z be the ucu_mwng mean time (in hours) | Define #

spent on CCA by students in Mr Gru’s schoel.

H,:p=65
H,: u<6 Under Ho, g=6.5

- .

Under H, ,Jsince = 50 is large, _ 071771 ¢
= 0.71771 ‘ X ~N| 61336, ——
X~ Zﬁm.m o approximately by Central 50
Limit Theorem. _ . 6.1336-65 N *
Test statistic, Z = Sl I N(0,1) approx 0177

071771 50
50

Using GC, p-value =0.00111 e
Since p-value of 0.00111 is very small, this _wuww"mmwm [Seats)
indicales that H,will only be rejected if level of | o M.wmwwﬂqmmqwumm

X6,

significance is at least 0.111% which is very nmmmo i
small. This means that there is very strong || Color: NENZITEEN
evidence to support Mr Gru's beljef, Calculate NS

Answer the question!
Decide if p-value obtained
provides strong evidence to
support Hi. The smaller the p-
value, the stronger the
evidence!

10(d) | It is not necessary as the sample size of 50 is large | State clearly and explicitly

and thus by Central Limit Theorem, the sample
mean of the times spent on CCA per week,
ie. X would follow a mnormal distribution
approxXimately.

what exactly is normally
distributed under CLT!
Common wrong answers:

1. Tt is not necessary as the
sample size of 50 is large and
thus by CLT it is nommally
distributed.

2. It is not necessary as the
sample size of 50 is large and
thus by CLT, the time is
normally disiributed.

3. It is not necessary as the
sample size of 50 is large and
thus by CLT the mean time is
normally distributed.
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11{e) [ Let ¥ be the number of weeks (in a school term of 10 When defining the
inmﬁv where he wakes up late for scheol on at most 3 distribution, always use
days in a week. the more accurate value
¥~ WGP c.m_mm& (with more significant
Required probability =P({¥ > 4) figures) if a previous
value is required.
=1-P(Y<4)=0.863 (3sf)
11(f) {Let # be the number of days (in a school term of
10 x 5 = 50 days) where he wakes up late for school.
W ~B(50, 0.625)
Required probability= P(# =32} =0.114 (3s.£)
(@ | X ~B(5,0.625)

Required probability

= B[Pl 3] [p(x=4)]

=0.0169 (3s.f)

Consider the following:

You have 10 weeks. 4 of
them needs Alex to wake
up late for at most 3 times
a week. 6 of them
requires Alex to wake up
4 times a week, How
many combinations of
such a scenanio are there?




