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A function f is defined by f(x)=ax’+bx’ +cx+d. The graph of y =f(x) passes

through the points (3,4) and (1,8). Given that the graph of y = % has a turning
X

point at (2,1), find the values of @, b, c and d. (4]
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(The volume of a sphere with radius 7 is given by %mﬂ and the surface area of a
sphere with radius # is given by 47+ ]

(a)  The volume of an expanding sphere is increasing at a constant rate of
5 cm’s™'. Show that, at any instant, the rate of increase of the surface area is
k

= cm’s™, where r is the radius of the sphere and k is a constant to be
r
determined.

3]

(b)

Find? e:exﬁg?égate of change of surface area of the expanding sphere when
the sprface grea is 20 em®.

il [2]

£
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(a)  Without using a calculator, solve exactly % <1. [4]
X+

[4]
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(8  Find f COSY i 131
cos3x+cosx

(b}  Find J- xtan™ x* dx. Hence find fhe #xackvalue of _[_1] |xtan‘1 x2| dx. [5]
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(a)  Using the formulae for sin{ 4+ B), prove that
sin(2r +1)6-sin(2r —1)6 = 2cos 2r@sin 6 . [1]

(b) Hence find a formula for ZcosZrG, wher

r=1

‘% 7, In terms of

sin(2n+1)@ and siné. [3]

H2 MA 9758/2024 RI Year 6 Preliminary Examination Paper 1

BP-~508



BP-509
7

(¢)  Using the formula found in part (b), show that the sum of the series
sin” 100 +sin” 116 +5in* 128 +...+sin* 208, for 0< <«

k- sin(418) —sin(196)

, where & is a constant to be determined. [4]

4sin
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(a)  The diagram below shows the graph of y =f(x).
YA

x=0 B2,k

The graph cuts the x-axis at point 4(5,0) . It has a turning point at B(12,%),
where k <0 and asymptotes with equations x=0 and y=0. On separate
diagrams, sketch the graph of

(i) v=2f(x)+k, stating the equations of any symptotes and the

coordinates of any turning point(s). o [2]

=Y
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9
(i) y=1'(x), stating the equations of any asymptotes and the coordinates of
any point(s) where the curve crosses the axes. [2]
y F 3
x

ere. gf?éﬁgg: x(x—1)* undergoes a single

The graph with equation y = g(x),
f the restiltant graph is y =h(x) . Describe

transformation and the equation of
the transformation if

() h(x)=—x(x+1), (]

(i) h(x) =%x(x—2)2. (2]
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An arithmetic series has first term ¢ and common difference d, where @ >0 and 4 = 0.
The first, sixth and ninth terms of the arithmetic series are consecutive terms of a
geometric series.

(a8)  Show that 25d =-2a4. (2]

(b)  The sum of the first # terms of the arim
set of possible values of » for which éx eedé ba.
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(¢)  Find the common ratio of the geometric series, and deduce that the geometric
series is convergent. [2]

(d)  Hence find the smallest value of
geometric series after, but noj:
sum to infinity.

uch that the sum of the terms of the
ag, the mith term, 1s less than 1% of the

(3]
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Do not use a calculator in answering this question.

(a)  The complex number w is such that w= @ +ib, where @ and b are non-zero real

numbers. The complex conjugate of w is denoted by w" . Given that
ww' =4-2i+2iw",

find the two possible values of w. [4]

(b) The complex numbe;
[31
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(ti) Find z in cartesian form x+iy. [2]

where ¢ and 4 are

(3]

i

(iii) Hence find the value of tan% in the form.¢ %d+/3

integers to be found.
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. b
A curve C has equation y =2ax+— where g and b are non-zero real constants and
X

x#0.

(@)  Using differentiation, determine whether C has any stationary points if ab <0.

[2]

. . 1
It is now given that b = Ea where a > 0.

¥ asymptotes, and the coordinates of any

(b)  Sketch C, stating the equations o
bsses the axes (if any). [3]

stationary points and points whér,

R"
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State the range of values of £, in terms of g, for which the equation 2ax + 5 = kx
b
has no real roots. [1]

The region bounded by C, the axes, the lines x m% and y =4a is rotated about

the y-axis through 27 radians. Show that the volume generated is given by

1 a
Ea”-’-éj:a Y =2a% —y\y' —4a® dy.

Hence, find, in terms of @ and 7, the exact volume generated. [6]
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10 For an upcoming motor-car race, a spectators’ gallery is to be set up near the racing
track. As part of the preparations, a model of this gallery, shaped as a prism, is
constructed.

The diagram above shows the model of the gallery with.Oas the origin and the unit
vectors i, j and k are parallel to O4, OC and OE r vely. Points (x, y, z) are

defined relative to €, where units are in metres.

[2]
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A shelter 1s to be constructed above the plane ABDE. On the model, this shelter is a
rectangular plane that intersects plane ABDE in the line ED.

(b}  Given that the equation of the shelter is —0.5x+z = A, show that #=0.5. [1]

(c) Find the acute angle between the plane ABDE and th&'shelter. [2]

A spotlight is shone towards the.
with cartesian equatiofiy %ggé: ¥y =1 for some real number a. The beam lands on a
point M on the ré%%ﬁlé%?@ufface ABDE.

(d) Find%%w tenngs of.a, the position vector of A, and hence find the range of values
ofa 4 [5]
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A large rectangular flat screen is to be placed in fron
away. The screen can be taken to be part of a
1

tofthe gallery at a distance
ical ‘plane with equation

12x+5y=d, whered >50. Using a= the value of d so that the

shortest distance between point M and the scréén is 4 m. (4]
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A wafer fabrication company uses the floating-zone method to purify polysilicon
ingots, each having a uniform cross-sectional area and a length of 200 cm. The method

involves placing a polysilicon ingot with impurity concentration C, atoms/cm? on top

of a single seed crystal. The polysilicon ingot is then heated externally by an RF coil,
which locally melts the ingot. The impurities prefer to stay in the molten state than in
the solid state and thus as the coil and the melt zone move upwards, a single crystal,
that 1s purer, solidifies on top of the seed crystal. A schematic illustration of the method
1s shown below in Fig. 1 and Fig. 2.
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Fig. ] Initial set-up

- N
For a ‘floating’ melt zone &ggge*ﬁg:% cm, the concentration of impurities in the melt
e

zone, C atoms/cm’, apd fstante moved by the RF coil, x cm, are related by the
differential equation ;

oz hogs
i ,Effz,_

e

where & 1s ponst%t such that 0<k <1.

ey
R

The length of the “floating” melt zone, L cm, adopted by the company is 2 cm and
0<x<198. Itis also given that whenx =0, C =C,.

()  Solve the differential equation to find an expression for C in terms of Cy, kand
X. (4]
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(b}  Sketch the graph 0 [2]
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Assume that &k =0.3 and that the RF coil moves upwards at a constant speed of
8 mm per hour. Find the time taken for the concentration of impurities in the
melt zone to reach 2C; and the rate of change of the concentration of impurities,

in terms of C; at this instant. [5]

[1]
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Section A; Pure Mathematics [40 marks]

The function fis defined by f:.m—)ﬁz- ,forxeR, x#2.
x—

(a)  Sketch the graph of f and find its range. [31

y.lh

w ¥

Another function g is defined by g: x>

sts. Find fg(x) and state the domain
[3]

(b) Show that the composite fus
and range of fg. @ %%%‘

A
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The function f is defined by f(z)=z"'+ 4z’ + Bz* + C2+45, where 4, B and C are
real numbers. Given that 2+1 is a root of £(z)=0 and (z-k)* is a factor of f(z),
where £ is a positive real number, find the values of 4, B, Cand k. [5]
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(a)  The points 4, B and C on the plane 7z have position vectors a, b and ¢
respectively. Show that a vector perpendicular to 7 is parallel to

bxc+ecxa+axb. [3]

(b)  p and q are non-zetro vecie
® [1]
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(i) Find |q|.

BP~531

[1]

rigin 0. A variable

u is the position vector of a fixed point U relative tgithe
point ¥ has position vector v relative to O. vﬁ%&

g .
y ithe set of all possible
[2]

Given that v.(v-u)=0, describe geomel

positions of the point V.
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(a) Given that y= e | show that

2 2
(1+2x)[%] =y* and (1+2x)3x—'§+d—y=y. [3]

dx

(b)  Hencei"oi ise, obtain the series expansion for y in terms of x up to and
including thé term in x°. [3]

Q‘%ﬁ%ﬁg %ﬁ?
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(c)  Verify that the same series expansion for y in part (b) is obtained if the
standard series expansions for ¢"and (1+x)" are used. [4]
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yll /
16
0 16 X

The diagram shows the curve ' with parametric equations
=(1+1)",  y=(3-1)"

The curve C meets the axes at (16, 0) and (0,16).

(a)  Show that the line x=16 meets C at the point P where 1=-5. M

The normal t %ﬁtﬁ@ is T%moted by .
oy

(b) Fm%he ca@svmﬁn equation of /. [3]

Eﬁ'ﬁ"% tw
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The line / meets C again at the point  where x =§ . Show that the area of

the region bounded by /, the lines x=16, x=4 and the x-axis is

266240 anits?. 3]
81

Show that the area (in units®) of the resgfon iided by C and / can be given

by %

" f(r) ar,

where (t) , and the o d d are to be determined.
Hence find the val . [3]
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Section B: Probability and Statistics |60 marks]

Eleven cards each bears a single letter and together they can be made to spell the word
COFFEEHOUSE. The 11 cards are arranged in a row.

(a)  Find the number of different arrangements that can be made. [1]

(b)  Find the number of different arrangements in which #it'g F’s are next to each
other and no E’s are next to each other. L [3]
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Three cards are selected from the eleven cards and the order of selection is not
relevant. Find the number of possibie selections that can be made

(¢)  ifthe three cards all bear different letters, [1]

(d}  if exactly two of the three cards bear the
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The probability of obtaining a head when a particular coin is tossed is p. A fair cubical
die has the number ‘1’ on one face, number ‘2’ on two faces and number ‘3’ on three

faces.

The coin and die are thrown simultaneously. The random variable X is defined as
follows.

If the coin shows a head, then X is thrice the score on the dic.
If the coin shows a tail, then X is the score on the die.

(a) Show that P(X =3)= %—% p , and find the probability distribution of X. [3]
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{(b)  Giventhat E(X)=35, find the exact value of p. [2]

{(¢)  Using the value of p found in part (b),dind th e #xact value of Var(X). [3]
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It is given that X is the number of times a student is late for school in a year
and Y is the student’s performance in the Mathematics Examination. The
product moment correlation coefficient of a bivanate sample (x,,y,),

i=12,..., n,for n students is r.

State, giving a reason, whether each of the following statements is true or
false.

(i) When the value of 7 is zero, it can be implied that the variables X and ¥
are not related. (1]

(ii} When the value of r 15 -1, it can be implied thagé%e coming causes poor
performance in the subject. - [1]

The table below shows the f cups of iced coffee in a week by a
shop and the maximum dap3#
"

“Tyne | Wed | Thu | Fri | Sat | Sun
1.5 | 31.3 | 31.9 | 34.8 | 259 | 28.5 | 292
5 1101115 | 79 81 86 | 88

Temperature (°C

[2]
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One of the values of y appears to be incorrect.

(ii) Indicate the corresponding point on your diagram by labelling it P.

. . .. 1
Omitting P, find the equation of the least squares regression line of —
y

on f, and the value of the product moment correlation coefficient

between 1 and r. Comment on this value. [5]
y

(iii) appropriate regression line to give an estimate of the daily sales
when the temperature is 20.4 °C .

State, with a reason, whether the estimate is reliable. [2]
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The masses of a randomly chosen bolt and a randomly chosen nut are denoted
by M grams and W grams respectively. M and W are independent random
variables with the distributions N(272, 8%) and N(98, 5%) respectively.

(1) Find the range of values of a for which P(a <M <275)>0.2024. [3]

e
(ii)  Calculate the probability that tw@%ﬁﬁéﬁss of a randomly chosen bolt
differs from the total mass(g%ﬁﬁ%;@omly chosen nuts by less than 80
grams. & e 3]

e

g &

4 5
£ -
E- Y
B, ¥

ey, £
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(b) Bolts are manufactured to fit into holes in steel plates. The bolts have
diameters, in cm, that follow the distribution N(2.65, 0.03%) and the diameters
of the holes, in cm, follow the distribution N(2.72, 0.02%). A manufacturer sells
boxes of twenty patrs of these bolts and steel plates, where each pair consists
of one randomly selected bolt and one randomly selected steel plate. A pair is
acceptable only if the diameter of the hole in the steel plate is at least 0.02 cm
larger, but no more than 0.15 cm larger, than the diameter of the bolt. Use a
normal distribution to estimate the probability that the average number of
acceptable pairs in 50 boxes is more than 18. [4]

H2 MA 9758/2024 RI Year 6 Praliminary Examination Paper 2 lTU rm over




10

(a)

18

A company has a machine designed to fill bags with, on average, u, kg of
salt. The mass of salt in a randomly chosen bag has a normal distribution with
population standard deviation denoted by o kg. The production manager

wishes to investigate if the machine is adjusted correctly. He takes a random
sample of n bags and carries out a hypothesis test at the 1% level of

significance.

(i) State null and alternative hypotheses for the manager’s test, defining
any parameters you use. [2]

s .
(ii)  Find, in terms of 4,, o and n, the critigal re?%}on(s) for this test.  [4]

25 8E
Sk
i
SR
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The company has a different machine which fills bags with, on average, 25 kg
of low sodium salt. One of the company’s production supervisor has reported
that some of the workers suspect the machine is no longer set correctly, and
the average mass of low sodium salt in the bags may in fact be more than 25
kg. The production supervisor decides to carry out a hypothesis test at the 0.5%
level of significance with a random sample of 80 bags of low sodium salt.
Summary data for the mass, y kg, of low sodium salt in these bags is as follows.

n =80 Y (y-25)=272 3 (y-25) =85.1
@) Carry out the test and state the conclusion of the test in the context of
the question. (5]

(ii)  State, giving a reason, whether any assumptions about the population
are needed in order for the test to be valid. [1]
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Two brothers Kai and Leo are duathlon (running and cycling) athletes who train

regularly. For each day, the probability that Kai cycles is —3—, the probability that he
uns is % and the probability he does bothis p.

(a)  Write down, in terms of p, the probability that, on one day, Kai either runs or
cycles but not both. {1]

(d) [2]
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On average, Leo cycles 5 out of 7 days in a week. The probability that Leo cycles
when Kai cycles is 0.9.

(¢)  Find the probability that Leo cycles when Kai does not. 3]

(d)  State, in context, two assumptions needed for the number of days Leo cycles
over a period of 5 weeks to be well modelled by a bigemial distribution. [2]

Assume now that the num@lzer eo cycles in 5 weeks has a binomial

distribution.

e 5 weeks, Leo cycles on at least 20 days but

[2]

(e)  Find the probabili
fewer than 3{°

() Find the probability that, in the 5 weeks, there are exactly 5 days in which both
brothers do not cycle and they both cycle on the other days. [2]
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