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HCI 2024 H2 Mathematics Preliminary Examinations Paper 1

Question 1 2 3 4 5 6 7 8 9 10 11

Marks 4 5 5 7 7 11 9 12 14 14 12

Question 1 {4]
The curve y = f(x) cuts the axes at 0, —EE-) and (1 — p, 0), where p is a constant such
that 0 < p < 1.1Itis given that f - exists.

State, if possible to do so, the coordinates of the points where the following curves cut the
axes.

@y=fx)+1
By =fx-p)
©)y = f3x — p)

@y =f "




Question 2 [5]
Part (a) [1}]

It is given that f(x) and g(x) are non-zero polynomials.

When solving an inequality % > 1, a student writes f(x) > g(x).

Comment on the student’s working. [1]

Part (b) [4]

A
Find the exact set of values of x for which 2 -x_: > 1.14]
X —xX-
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Question 3 [5]

The region bounded by the curve with equation x = —\/—& thelinesy = 1,y = 1.6 and
2y—y
the y-axis is rotated through 2x radians about the y-axis to form a solid ornament.

Part (a) [4]

Find the exact volume V ( of the ornament, giving your answer in terms of 7.

Part (b) [1]

An omament designer designs a different ornament by rotating the region bounded by
another curve with equation x = —2%— » Where b > 0, the linesy = 1, y = 1.6 and the

Vzy-y*
y-axis. The region is now rotated through 27 radians about the y-axis. The volume generated
iS now V State the ratio of V to V
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Question 4 {7]

Part (a) [4]

The 11th, 15th and 23rd terms of an arithmetic progression are three distinct consecutive
terms of a geometric progression. Find the common ratio of the geometric progression.

Part (b) [3]
The sum, S, of the first n terms of a sequence v, v, V, is given by

n+2

S _ 3n+2_(t2 -5
n 6

Find an expression for v in terms of n, simplifying your answer.



Question 5 [7]

Part (a) [4]

By using the substitution x = sec 8, where 0 < 0 < %, show that

4 92
J—=dx = [ g(8) de,
2z 8

=

Where 8 N and 92 are exact constants to be stated,

1

and g is a single trigonometric function to be determined.

Part (b) [3]

2
Hence, find the exact value of [ ——dx.

1/2 xz—l
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Question 6 [11]

The functions f and g are defined by

fixoin[(x + 4 - 9], forx €ER x>k,
g:x e i;gi, foerR,x>%.

Part (a) [2]

Find the least value of k for which the function ]"_1 exists.

Use the value of k found in part (a) for the rest of this question.
Puart (b) [2]

Without finding f _1, find the exact value of o if g(—‘;’—) =f ﬁl(a).
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The function h is defined by

hix e

,for 0 < x < a, where a is a constant.

3

yx(a—x)

Part (¢) [3]

Sketch the graph of y = h(x), stating the coordinates of the stationary point and the
equations of any asymptotes.
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Part (d) [2]

Given that the composite function gh exists, find the range of values of a.

Part (e) [2]
By considering y = 7(1? and its stationary point, or otherwise, find the value of a for which

[h(x)]2 = 1 only has one real root.
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Question 7 [9]

. 5 3
Tt 1s given that f(x) = ax” + bx™ + cx, where a, b, and ¢ are non-zero real constants,
Part (a) [1]

Show that f(—x) =—f(x).

Part (b) [3]

It is given that f(x) = O has only one real root and one of the non-real roots is p + gi,
where p and g are non-zero real constants. Find, in terms of p and g, all the other non-real
roots of f(x) = 0, justifying your answers.
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Part (c) [2]

3 3 3
Given that [ f(x) dx = -5, state the values of [ f(x)dxand [ f(|x|) dx.
0 -3 -3

Ileta = 1land b = 3.
Part (d) [3]

By considering f'(x), find the range of values of ¢ such that the curve with equation
y = f(x) has 2 stationary points, showing your working clearly.
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Question 8 [12]

A curve C has parametric equations
x=t, y = Int, for t > 0.

Part (a) {3]

Find the equation of the tangent to C at the point with parameter t.

Part (b) [3]

The line L is the tangent to C at the point P(pz, In p), where p is a positive constant.




Part (c) [2]

Find [in x dx.

The diagram below shows the parts of € and L for which x > 0.

Al

©y

Part (d) [4]

Find the cartesian equation of C in the form of y = f(x). By using the results in parts (b)
and (¢), find the exact area of the shaded region bounded by C, L and the line x = 1.
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Question 9 [14]

A night triangular prism has its 2 triangular faces ABC and PQR adjoined by 3 rectangles as
shown in the diagram below.

The coordinates of points A, B and C are (—5-4,1), (-3,6,2) and (3,4, 2) respectively.
Part (a) [3]

Find the area of triangle ARC.

Part (b) [2]

Find the cartesian equation of the plane which contains A, B and C.
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Part (¢) [3]

Tt is given that the plane which contains P, 0 and R has equation

Find the volume of the right triangular prism.
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Part (d) (3]

Find the coordinates of P.

Part (e) [3]

A circle with centre at the origin O passes through A and another point D with coordinates

(1,5, —4). Find the length of the minor arc AD, giving your answer correct to 3 decimal
places.

(arc length = r@ where 8 is in radians)




Question 10 [14]

In a particular chemical reaction, every 2 grams of compound Y and every 3 grams of
compound Z react to form 1 gram of compound X. Let x, ¥ and z denote the masses (in
grams) of compounds X, Y and Z respectively at any time t (in minutes) after the start of the
reaction. 24 grams of compound Y and 24 grams of compound Z are used at the start of the
reaction, and there is none of compound X present initially.

Part (a} [1]

Express y as & + Bx, where « and [ are constants to be determined.

Part (b) [2]

At any time t, the rate of change of x with respectto t is directly proportional to the product
of y and z. Show that

—‘;5:— = k(x - 12)(x — 8), where k is a positive constant.
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Part (¢) f6]

By solving the differential equation in part (b), obtain an expression for x in terms of ¢ and k.
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Part (d) [1]

State the theoretical mass of compound X formed in the long run.

Part (e) {2]
It is observed that there are 4 grams of compound X formed 5 minutes after the start of the
reaction. Determine the exact value of k.

Part (f) [2]

Sketch the graph of x against t with the value of k found in part ().



Question 11 {12]

[The volume of a right square-based pyramid is —;-— X base area X height.]

Jane designs a model in the shape of a right square-based pyramid. The square base has sides
x cm. Each of the four lateral faces is a triangle with base x cm and perpendicular height !
cm. The four lateral faces converge at the top of the pyramid to form an apex directly above
the centre of the square base. The vertical height of the pyramid is h cm. The model is
assumed to be made of material of negligible thickness.

Part (a) [1]

Form an equation involving x, I and h.

In the design of the model, Jane hopes to fix the total surface area, A cm?® of the model but
maximise the volume, V cm® of the model.

Part (b) [1]
Using the result in part (a), show that

2

A=x+2\h" + =
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Part (c) [2]
Hence show that

v = Ax'(A=2x") ‘

36
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Part (d) [5]

—
Use differentiation to show that the maximum V occurs when x = 3’2‘4— and find a simplified
expression for the maximum V in terms of A.
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Part (e) {3]

Given that V is a maximum, find the angle made by a lateral face and the base of the model,
giving your answer to the nearest degree.



Examinations Paper 2 Section A (Pure Maths

HCT 2024 H2 Mathematijcs Preliminary p { )

Question 1 2 3 4 5 6
Marks 6 5 7 5 7 10
Question 1 [6]
Part (a) {3]
By considering tan (A — B), show that
-1 .1 -1, 1 _ -1 1
tan (o) —tan ( ) = tan (x2+x+1 .

Part (B) [3]

Hence show that

1

-1
2 tan (=
r=1 r

Where f(n) is an inverse trigonometric function and k is an exact constant to be found.

) =k - f(n),
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Question 2 5]
A sequence is defined by the recurrence relation

14u
n

= — =
u p— for n =2 1.

Part (a) {1]

State what happens to the sequence when u, = 0.

It is now given thatu = 2.

Part (b} [2]

i u .
Find Uy, Uy Uy and u

3 5

Part (c) [2]

4n
By observing the pattern in part (b}, find ¥, u in terms of n.

r=1



BP~275

Question 3 [7]
Part (a) [5]

. 3 2 x
A curve C has equation 2y” — y" = xe”.

Find the equations of the tangents which are parallel to the y-axis.

Part () [2]

It is given that the tangents found in part (a) make an acute angle of —:— radians with the line

¥ = mx + 1. Find the values of n.
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Question 4 [5]
Part (a) [2]
For any non-parallel and non-zero vectors m and n, explain clearly and show that

(m-n) + [mxnf* = jmf{* [’

P and Q are two distinct points, where OP = p and 0Q = q. It is also known that p and q are
nen-zero vectors.

Two parallel lines [, and ! ) have vector equations

r=p +suand r = q + fv respectively, where 5, 7 & R.

Part (b) [3]

If v x (p — q) = 0, what can be said about the relationship between the two lines?
Justify your answer.



Question 5 [7]
Part (a) (4]

Using standard series from the List of Formulae (MF26), find the Maclaurin expansion of

. . . . .4
—— = In ascending powers of x up to and including the term in x .
{1+cosx)

Part (b) [3]

Find the set of values of x for which Tl—l—)z is within £0.5 of the polynomial found in part
+cosx
(a), where 0 < x < n,
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Question 6 [10]
Part (a) {1]

: ) 2
Given that w = x + iy, where x and y are real numbers, show that |u] = uu*.

Two complex numbers z and w with non-zero real and imaginary parts satisfy

|z + wi = |z — w|, where z # w.

Part (b) 3]

By considering part (a), show that zw* + z*w = (.
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Part (c¢) {2]

Hence show that zw* is purely imaginary.

It is now given thatw = ~1 + i\/§, and the argument of zis 8, where—m < 8 < .

Part (d) [4]

Using the result in part (c), find the possible exact values of 8.




HCI 2024 H2 Mathematics Preliminary Examinations Paper 2 Section B (Statistics)

Question | 7 8 9 10 1 12

Marks 6 7 9 12 12 14

Question 7 [6]

A factory produces a large number of monitor screens. It is known that, on average, 100p%
of the monitor screens are faulty. The number of faulty monitor screens produced each day is
independent of that on other days. Each day, the quality control manager will produce a check
on n randomly chosen monitor screens produced on that day.

Let M be the number of faulty monitor screens found. You may assume that M can be
modelled by a binomial distribution.

Part (a) [2]

State the probability that on a particular day, there are at least 2 but no more than 3 fauity
monitor screens found, giving your answer in terms of n and p.

Part (b) [4]

Each day, the quality control manager will perform a check on 10 randomly chosen monitor
screens produced. Find the possible values of p such that there is a 25% chance that on a
randomly chosen week with 5 working days, there are exactly 3 days with at least 2 but no
more than 3 faulty monitor screens found.
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Question § [7]

A conference hall has five doors, labelled A, B, C, D and E, which are located side by side as
shown below. The doors are to be painted using four distinct colours, and each door will be
painted with a single colour,

Part (a) [1]

By considering the number of colours available for each door, find the number of ways to
paint the five doors such that there is no restriction to the colour of each door.

Part (b) [3]

Find the number of ways to paint the doors such that there are no consecutive doors which
are of the same colour.

Part (c) [3]

Find the number of ways to paint the doors if all four colours are to be used.
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Question 9 [9]
In this question, you should state the parameters of any distribution you use.

A ceramic shop sells handmade ceramic cups. The mouths of the cups are assumed to be
circular in shape. The diameter of the outer circumferences of the top rim of the cups, S, are
assumed to follow a normal distribution with mean . mm and standard deviation o mm.

Part (a) [3]
It is given that P(S < 80.5) = P(S > 84 5) and that the probability of the diameter of the

outer circumference of the top rim of a randomly chosen cup being more than 85mm is
1.15%. Find the value of p, and show that o = 1.10, when corrected to 3 significant figures.
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Part () [3]

The shop also makes covers of circular shape that can be fitted over the mouths of the cups.
The diameter of any randomly chosen cover, € , in mm, follows a normal distribution with
mean 83mm and standard deviation 1.5mm. A cover would be considered to be well-fitted
over the mouth of the cup if the diameter of the cover is not larger than that of the outer
circumference of the top rim of the cup by not more than 2mm. Find the probability that a
randomly chosen cover is well-fitted over the mouth of a randomly-chosen cup.
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Part (c) [3]

A cover and a cup are randomly chosen. If the cover is well-fitted over the mouth of the cup,
find the probability that the diameter of the cover is larger than that of the cup by more than
1.5mm.



Question 10 {12)

An online website, Star-Salary, which shares information on the salaries for fresh graduates in
Singapore, claimed that the mean monthly salary of a fresh graduate with a Bachelor of

=y

']

—
~
L Y]

L

—
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Question 10 [12]

An online website, Star-Salary, which shares information on the salaries for fresh graduates in
Singapore, claimed that the mean monthly salary of a fresh graduate with a Bachelor of
Science (B.Sc) degree was $3600.

However, another website, First-Pay, stated a higher mean monthly salary for a fresh graduate

with the same degree. A random sample of 80 fresh graduates with a B.Sc degree is surveyed
and their monthly salaries, $x, are summarised by

Z(x — 3600) = 1000,  X(x — 3600)° = 205000.
Part (@) [1]

Give a reason why it is challenging to obtain a random sample in this context.

Part (b) {2]

Calculate exact unbiased estimates of the population mean and variance for the monthly
salaries of fresh graduates with a B.Sc degree.

Part (c) [4]

Test, at the 5% level of significance, whether First-Pay’s claim is justified. You should state
your hypotheses and define any parameters that you use.




Part (@) [1]

Explain, with justification, whether any assumption about the population is needed for the
test in part (c) to be valid.

Part (e) [1]

State, in the context of the question, the meaning of “5% level of significance”.

A second sample of 60 randomly chosen fresh graduates with B.Sc degree is surveyed and
the sample mean and standard deviation of their monthly salaries are found to be $¥ and $355
respectively.

Part () [3]

Find the largest value of ¥ such that this second sample would conclude the test in favour of
Star-Salary’s claim at 5% level of significance, giving your answer correct to the nearest
dollar.
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Question 11 [12]

An experiment was carried out to investigate the growth rate of a particular species of plant.
The following table gives the height of the plant specimen, h centimetres, at the start of the
nth month.

n 1 2 4 6 8 10

h 6.22 9.06 13.62 16.62 18.46 19.72

A possible model for the growth rate is given to be

h = _B%’ where g and b are constants.

Part (a) [4]

By writing the above equation in a form that is linear in -Z— and %, calculate the equation of
the least squares regression line of —;— on -i— Hence, find estimates for the values of @ and b,

correct to 3 decimal places.

Part (b) [1]

Sketch a scatter diagram for —,1!— on -i— and include the least squares regression line found in
part (a).
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Part (c) [1]

Explain, in the context of the question, the significance of the value of a.

Part (d) [3]
Use the least squares regression line in part (a) to find the least integer value of n required for

the plant to reach a height of 18 centimetres. Explain whether you would expect this estimate
to be reliable.

For a line of best fit y = f(x), the residual for a point (p, ) plotted on the scatter diagram is
the vertical distance between (p, f(p)) and (p, q)-

Part (e) [1]
Mark the residual for each point on the scatter diagram in part (b).
Part (P [1]

Find the sum of squares of the residuals for the least squares regression line of ":T on %,

giving your answer correct to 5 significant figures.
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Question 12 [14]

The probability distribution function of a discrete random variable, X, is given as follows:

PX=x) =—PX=|x+1) , if x=-2 -1
= a : if x=0,1
= b N lf X = 2,3
=0 . otherwise
Part (a) [3]

Show that b = 22,

Part (b)) [3]

Show that E(X) = —Z— - -‘-‘;—.

Part (b)(ii) [3]

Find Var (X) in terms of a.
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Part (b)(iii} [2]

Find the range of values of a for which Var (X) exists.

Leta = '576_‘
Part (¢} [3]

A random sample of 50 observations of X is taken. Find the probability that the sum of these
observations differs from 36 by less than 5.
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Suggested Solutions

Translation in the positive y direction by | unit
y= f(x)ﬂkm_,y: f{x)+1

{0, tﬂ} seplace v with v-1 [0’ i]
P b4

Note;
{only possible to state the ¥-intercept]
(1~ p,0) 2wt () p.1} doesn’t cut the x-

axXIS.

: Translation in the positive X direction by P unit
— y= f(x)_'”w%},-:f(xmp)

e - — mplwerwithrp

= ({1-2,0) (1,0)

. | Note:

i | [Only possible to state the x-intercept]

" (0,1-13] fephce s withs- p ;fp,!_p) doesn’t cut the
st r) " p

R | peaxis.

m@ Step 1: Translation in the positive X direction by p
% [ unit

& | Methed 1: From Part {b)

S

— Step 2: Scale parallel 1o the X axis by a factor of %
BEiEE

(1 - P,()) Topig x wnhz”L;(L{}) replace ¥ with h“"[%,o)

Note:

1
Step 1: Scale parallel to the X axis by a factor of 3
2

Step 2: Translation in the positive X direction by 3
unit

wers | [omly possible to state the x-intercept]

Y i-p pl-p

O |

I P P/ doesn’t cut the y-axis.
s"@s-; Method 2:
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replage x with replace x with

y=f{x)—= »f{3x} i —f(3x—p)

L ’0 ;plamxwilh , ;mpto T’éﬂwxwhh , 1,0
r 3

Nete:
[only possible to state the x-intercept]

G
4 37 P J doesn’t cut the y-axis.

yzf'(x)—mf»-—)yrf"(x)

A:- Reflection about the line ¥ =%

i

If g{x)>0 forall xeR, then f(x)zg(x}).
Otherwise £{x)2 g(x) may not always be true.

2% ~x-9 >1
C-x—6

2% -x—9
X —x—6
(2x2 —x—9)—(x2 —x—&}

¥-x—6

~1=0

=0

2

__x_—é_g{)

P-x-6

(x-B3)(x+45)

At L0
(x-3){x+2)

Critical values are: -2, —J§ . \6 .3

{xe‘ﬁ: x<-2 of -~ 3sst3_ or x>3}
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]
kit

S %fé

e

%’%

gw?g
e,

i

Volume generated
¥, =ﬁz"[:'éx2 dy

_ [ ¥ i ,

St

Byt

b g
By

i

New volume generated
o,
A mrrjl x* dy

s by :

_xfl [W"—r—f} dy
PO L N S
ol | g o

Required ratio: 1:5°
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FF~ | Let a be the first term of AP and 4 be the common
ff?j difference.
\ a+22d _ a+14d
5 a+l4d a+10d
(a'+22a‘)(airma’)=(a+14d}2
& +32ad +220d% =a* + 28ad +196d°
dad +24d° =0
4d(a+6d)=0
d =0 {reject) of a=-bd

Common ratio of GP =
a+l4d —6d+14d _8d -2

a+10d ~6d+10d 4d

32 (2 -5 3 -(=2)" -5
6

Uy osa a2 ]
- é[9(3”)—3(3")-{—2)’ (<2) +{-2)(-2)' |

- é[é(a”)ws(-z)”]
=3 -(-2)
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x=sech
dx
— = gec f fan &
) dé
:&Ié When x“—*wﬁ,
m»@zs«”’ ! =2 = LT—L = Q;E
cosd cos@  f2 4
i When x=2 |
g _l__= -_1_:1 = 9=£
cos@ cos@ 2 3

2 i
——=dx
L’i fxzv-;
1 1
Gt 2| e {sec G tan 6 )dO
s L Vsec® -1 ( )

ot | =L (secoma )do .
e $ tand

i Since vtan® ¢ =|tan 6i=tan@ where
s Dcg<t

e 2

| = secode

ot | [secndo

St i_;

[ | =[injsece+anel]]

il :In[2+\/§]—in[«/5+£_{'
T -

R 1 2+\/§
V241




it

f:xl-—)ln[(x+4)1—9]
(x+4)-9>0
(mufl)2 ~-¥ 50
{x+4—3][x+4+3]>0
(x+1){x+7)>0

x<—7 or x>-1
Minimum k = -1

g[;—) ={"(@)

a:ln[(0+4)2—9:!
a=In7

: -
=0 .\“;u
Method 1:

. a 1 2
By observation, x=—, y= = i=
2 aﬁ a

&8

4

Coordinates of stationary (minimum) point is

)

Equations of 2 vertical asymptotes:
x=0, x=a
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[t

PR

[resg

B

Method 2:

d 1
Ex—[x(a—x)] 4

= ——E[x(a - x}]ﬁg [a-2x]

a—2x

) 4{"[1’(& - x)]s

) . dy a
For station mf, ~=0 > xr=-
Ay po dy 2
yoten
S
4

Coordinates of stationary (minimum) peint is

&

Equations of 2 vertical asymptotes:

s x=0, x=a

Ej g:xH3-2x, for xzi,

R, i
| Bixhd e for O<x<a,
ﬁsmﬁ 4x(a—x)
ik
ot Ry = \/g,w » Dy = }",f’c)
A, o & 2

- i

= % | For ghto exist, R,c Dg
e

3 \F ]
b Zs
=E a 2
e

w@z a 4

= %gai

y
= - a<§

Since a>0_ 0<ax<§
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[h (x):]z =1
i

h(x)= ——

(x) h(x)
Method 1:
Consider minimum point [% , \/g ) of y=g(x)

a

mtgrsecting

a a. ]
Maxi f point of —J—} fy= t
imum of poin (2_ 2}0 ¥ g(_x)a

exactly one point:

Singe >0, a=2

Method 2:
[x(awx)_{l =1
[x(a—x)] =1

x{a-x}=1

2 —ax+1=0
For repeated roots,
a’-4=0

a==%2

% |Since a>0, a=2
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f(-x)=a(—x) +b{-x)" + ef{-x}
= -»[axs +5x° + cx)

=—1(x}

f=ad +b +ex =0
Since all coefficients are real, by Conjugate Root

Theorem, if Z+ 9! isaroot, then # 4l isalsoa
root,

Also from part (a),

f(—xpF—1f(x)

We know that fis an odd function and

If f(x)=0, f(-x)=0

and hence ~p—giand —p+4i are also non-real
T001S.

Since f(—x)=—f(x), So —p—qi and —-p+qi are
also the roots.

f;f(x} dx
i . 3
= L F(x) cbe+ [ 1(x) dx
Since fis an odd function and L:f (XYdxr=~5

9 3
IRIGTY RIeT™
=5+(-5)
=0

[ £ ax
=" f-x) dr+ [t ax
= [t ax+ [ e dx

=[t@ e+ [t ax
=-5+(-5)
=-10
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A | f)=x"+3C +ox

) =5x" +9x" +¢

kess | At stationary points, 5x° +9x° +¢=0

2_ﬂ9i«@2~46Xc)
A5

9 “92 —465Ke) (rejected)
235)
If they are 2 stat points, x° >0
-9+ .,J9% —4(5)c) >0
JoP -4 > 9
81-20(c) > &l
e<i)

Note - x° =

.

t
dy dy & 1

ax  dr dr 28
At the point with parameter ¢, Equation of tangent to
Cat (£,Int}is
1 1 2
F y-—lﬂlﬁ-z—-t—z“(.X"f )

yz—]——(x——tz)ﬁm

3

a

Equation of L, the tangent at P

11
=——rx——+In
yEgEiTy e

2
Given that L passes through [l, z +l}
r

pr+ 1
27 2p
Inp=1

p=e

1
~—+1
7(1)-5+Inp
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Jln.xdr
u=inx , v‘=_[ldx

T xlnxuj'ldx
= | = xlnx-x+C
Ei&i Cartesian equation of curve C, :
L
5 & | Since £>0,
| e=vx, y=ins
g o5
Bl = y= In(\/; )
RS
P, =—Inx
. 2

Area bounded = f ( - yz}dx
1 2e 2 2
I, g 1¢
Tigat “'“—XJ ~=} (Inx)dx
de 2] 2%

1 2 i 1 1 ,
“{3l) 3¢ g} gl
{3
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4d=| 41, OB= 6 and OC=

2
(-3} (-5 -5y (2
jé:s—-atz 4]-4:0
2 1 2
(2 (2 (10
ABx AC=110x, 01= 0
Li $ L—ze
Area of tnangle ABC
= ~JaBxid]

H

%JIOO+0+4OO
z%\ISO(} or =5\f§ unit?

L

o

g =K (XE e Fé)

Planc ABC is paraliel to Plane POR
i

B =t O
-2

I ape = @ 4pc
1y (-5 f 1

rf 0 =] 45 0J=—7
~2) 1 j-2

Vector equation of =, in cartesian form:
x—2z==1

Vector equation of Tac in scalar product form:
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k==t | Let N be a point that lies on Teor

3.:;’*? Tpgr: [ 0 |==2
— \_2
0
“ By observation, ON =| 0
o 1
S«E«_»gq:,g' .
" -3 ( 0y (-5
NA=! 4 ([-10|=| 4
1) L) (o,

Shortest distance from A to 7 ooy
waref | = Perpendicular height of the prism is

B 1
& -
. Wid 0
5k
Fa L2
R .J-S_
st N/
4+ 0
o | 0 /(-2 |
_‘:g;g«’??é% Jg
et - «/g
e

% | Volume of prism
2| =(5)5)

hamtann =25 uynit’

Method 2;

Tpge: t4 0 |=-2,

Perpendicular height of the prism is

-7-(=2) :
— =+/5 units

Volume of prism
=(55)(%5)

= 25 unit®
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Methed 1: Use intersection of 1, and =,

Let P be the foot of the perpendicular.

-5 i
Ipt r=|—4i+dl 04, Aek
1 -2
—5+4
OP= -4 |, forsome Ae X
1-24
—5+A\ 1
-4 b O |==2
1—21J -2

5+ A-2(1-24)=-2

i
Method 2: Use AP/!| 0
2:
Let P be the foot of the perpendicular,
-3 1
lp: o= —4+/1(0 . Aek
1} =
—5+4
OP =i —4 1, forsome A B
1-24
-4
AP=| O
22

From part (¢), iAPI =5

) i
0 =5
24
4] =1
A=zl
{4 AYE
When A=;_,O}5=L—4 and | -4 0l==2
-1 -1z
o P(-4,~4,1) lieson 7y
-6 -6

When A=-1,0P=|-4]and -4 0 (=0
2

3 3
<. P(—6,~4,3) does not lie on 7,y
o P(4,—4,-1)
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Method 3: Using projection vector, N4 projected
onto normal vector

1
Let N'be a point that lies on the plane r+f 0 |=-2

-2
0
£ ON=0
-5} (0} (-5

NAd=|~4]|-0|=| -4




Od=|—-4|,0D=| 5
! —4
Let the angle between 04 and OD= @

-5\
{4} 5 :(Jﬁ)zcesé?
-4

-5-20-4 29
T2«

RS

cosf =

e
Since, #=cos™ [»"—9)
42

e

0=133.66781353°

(Minor) Arc length

= g, where ¢ is in radians.

(3]

=15.119 (3 d.p.)

OR
{minor) Arc length
=§—i—6[2zzr] , where ¢ is in degrees.

=15.119 (3 d.p.)

y=24-2x

z=24~3x

%’:— o (yz) or _j_x =k {yz) where k; isa positive
s

constant

% = k(24— 2x)(24—3x)

= 6k (12— x)(8— )
= k(x—12X(x-8)

f;i = k(x-12)(x ~8), where k is a positive
f

constant
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Method 1:

& = k{(x=12)(x—8)
dr

dr 1
dr  k(x-12)(x—8)

1 1
E!(x~8)(x~12)dx

¢ -*%D s;(,,;]-lz)dx—I 4(’:—3)de

t:-—l—ln x-12
4k | x-8

[+

x-12
x—8

x—12 = et g0

x—8

:Aeﬂﬂd

where 4 =+e™is an arbitrary constant
When (=0 x=0.
0—12 :Ae‘m(u}

0-8
3

A=
2

x=12 méediu
x—-8 2
2x~24 = (3x-24)e*

oa| 280=e")
2-3e

4kt—-4C =In
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1Le) Method 2:

dx

- = = k(x—~12)x—8)
W;ﬁg _.__.._....._i_..._-...—idi = k
sz (x~12)(x—8) dr

— L amhic
{(x—8)x-12)

[y dr =kt +C
(x-10)" -2

1 1]x--]O—Z
2A2) x-10+2
x—12

=ki+C

In

where 4 = e is an arbitrary constant
When t=0_x=0,
0-12 - Aeum;
0~8
A=

X"‘lz :éedh
-8 2
2x~24 = (3x~24)e™"

24(1 -
Xx=|\———F=
2-3e

. x—=8ast>w
. | Theoretical Mass = 8g
e, | Whent=5, x=4
% 4-12 "ée‘”‘m
- 4-8 2
:__8_ r E pRIEY
-4 2
303
20 13
&
X
x=8
f} ran
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fz - hz +(5]2
2

By nyhagorasThet}rem, e ey

A= Area of Square + Area of 4 Triangles
3 I 2 xz
A=x"+ 4 = (x)[h* +—
2 4

2
nA=x+2x 0 %-— (shown)

From part (b),

f 2
A—x*=2x iz2+£-
4

Volume of a right pyramid = %x base area x height

;f’zix?h
3

x? (Amxz)z ~x®
36
x? (A2 -24x" +x4)-~x6
36

_ AN 24

- 36

sz(z{-sz)
36

V2

V2
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Method 1:

v _Al24x-87)
dx 36

r

For stationary values, . =0

245 8% =0
2x(A—4x2)={)

x#0 x;&—\ﬁmj: y le&

Method 2:

v &x,[(zi—2xz)

6
L AT+ ] S22 ()

dv JE(A-—sz)w-QJ;I-xQ
r efa-247
\/’E(A—éixz)
) 6V A-2x"

For stationary values, %? =0

A-4x =0
x#0 xqt*JE . x:—"—l—\/g
4 2

A

Maximum ¥~ = ”
£ & L
288 122 24

Maximum V =
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BP-311

1, 2 \/:'!3
? —(x) A=
ey | 3T
A 7
e h_ A [
Ae | x 2 | 2
el K 2*
g“ﬁx% x 4 \&'
P I
’ x
s | Let the angle the lateral face make with the horizontal
be &,
h
1 g
d
2
tanfd = L
z
3
tan g =21
X
tan@ = 2»5
8=tan™! ( 22 )
& ="70.529°
0 =T1° (nearest degree)
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HCI 2024 Prelims Paper 2 Solutions

Section A: Pure Mathematics

On
H

Suggested Solutions

a)

i an 4~tan 8
tan( 4 —g}= 00BN E
¢ ! totan dtan B
-, Amsztm“‘fm“) A%
\1+tan Atan B
A i
et f=tan™ |~ 1 - and= -
ixt x
(10 i
thﬁmm"'tw‘. A J; .
I+x) f+x

From {*)

. 41{1 —z{ 1
oA B etagT) — e tan T ——
Lx/ Wl4x

[ R

I 1 h

xR+

=tan™ \ pe +]x " 1} {shown)

1)

where k‘w£7 f{ﬂ}:laﬂ"!(mim—). {shawn)
4 R+
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BP-~314

2 u w140,
255 P ten, 1-0
a
wo= 28 1D ich is uadefined
1-i, 1-1

s The sequence ends at w, =1 as the subsequent terms are

undefined. OR
» There are only two terms and terminate(ends} at the 2ad

(b)

nMin=1

mwins g B0
wilike
ul2y=
Bty
Wiy
wiZks

From GC,

[ e ks

i
i, =3, u;=——,u‘-=§, by =2, 0, =3

2
I () I From observation, the sequence Tepeats with a period of 4,—|

A

Fu, = (u, ity V4 (ot Vo (B )
=

= '2—34—(—-1—}-#1%&—{’1
20730

-
L 6




i7l
{2}

2}!3 ",V2 = xet

Bifferentiate implicitly throughout with respect to x:

2%—2}*%317&:’%-%;
dy ¢ (x 1)
dr 2p{3y-1)

by

When tangent // 10 y-axis,

2{3y-1)=0

i

3

When y = 0,x = (s equation of the tangent // ta y-axis

y=9,

When j."ﬂl
3

x=-0.03840. ~ 4881235
Note: The more accurate answer is x = ~(.038490398

Therefore, the equations of 3 tangents that are /7 to y-axis
are:
*¥=0, x=-D03B5{3sf) x=-488(3sf)

)

. T g
Giradient = ttar{—2—~gj=i: 3 or 21,73 (3s£)

Alternative Solntion

et eom=tf
m 6

BP-315




4 Tt the acute angie between the vectors 1 and # be @ and
I5] | the unit vector perpendicular fo m and 7 be P .
(o) Applying definition of dot (scalar) product,
men = | jeos
(o) =l cos” 6
Applying definition of cross (vector) product,
mx s = |m||njsin6p
(ot} = o s 8] 5]
im x | = mi|nlsin @ (since E:*l}
s’ =l f sin’
r{men) +imxal
= E‘?.’F bl cos” @+l *|nf’ sin® 4
=l | (cosf #+sin’ 9) since sin” B+ cos” =1
=]’ |af” (Shown)
® | yx{p-g)=0
=v=0(rej) or p-g=0 (rej. - Pand {} are disiinet
poinis)
~yti(z-q)
= pg=my
= p=q+my, where me R\ {0}

Since p satisfies the equation of 2
Therefore the lines /i and & intersect at the point P
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()

{
-l PR 1 4
z{H?-%-w“%} , since cusxzfﬂfz— }-;E

43

__%[ —2} 2, (wrnm?»)( j,,fi]

n 43} 2t

.

L)

k-%]s0s
From G,
[xeR: O0<xs< 175} 3sf)
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6 Ll

oy | L

{u} Ilé{+l:v§ 2T
= .,fx‘-any
P
2(:+iy}(x-—iy}

) | Methed 1

tz+w| =l z—-wl
(z+w){z+w)*r=(z-wl{z—w)*
{z+w)(z*+w*)=(z~ wi{z*-w*)
2= e ® dpn * w2z ¥ —wn P eww
2w *rwz ¥} =0

ow*enet =0

(method 2 omitted - avoid)

(c}

Method 1:

owk+wz¥ =0
ow*+(wrz)*=0
{w*z)+{wrci*=0
2Re{w*z)=0

w? 2 is purely imaginary.

Method 2:

-

=(x+iyHa-ib)

={ux +by)+i{ay - bx)
From part (b),

Since ar+ b =0

m‘§

= 0-+i{ay -bx)

Re(:.-'w' ) = {

{d)

we=-l+i3 ::‘»a:g(w)z-zmgi
arg{2w*)
=arg(:}+arg{)w*)
=arg(=)-arg(w)

-.:9»-»-%-‘,—!—
3

Since ow®* is purely imaginary,

09— Ekr, kel
32

=z£+kﬂ'

== or 3=—% since x4 <G<x
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Section B: Statistics

7 | M~B(np)
@ | p2sar<3) =Pt =2y P =3)

. ) H _ a3 R 1y _ 3

—{EJP (1~ p) +(3]p {1-p}

- ”("2_1) 7 (1-}7)5“2 . n(”'?}(”"z)}p (pr)*‘3
7 M ~B(I0, p)
by | PRsM<

P2sM=z3)

= P(M =2+ P(M = 3)

10 . (10 :
=, |7 0=p)+ P (0-p)
2 3
=45p" (1 p)' +120p* (1- pY’
=k
Let X be the number of days in which 2 < A <3 out of 5
working days
X ~B(5,k)
P(X =3)=0.25
@k’(l-i}z =025

5
Let ¥, =(3Jk3(3——k)2 and ¥, =0.25

From GC,
p=0.1559537 or (.3540735

p£=0156 or 0.354 (3s1)

GC Keystrokes:
= P2Zs M3}
=P{3 $3)1-P(M <1)
= binomedf(10, X,3)~binomcdf(10,X,l)

» PR2EM<))
=P(M =2)+P(M =3)
= binompdf{10, X .2)+ binompdf (10, X,3)

s PX=3
= (5, binomedf ( 10,x,3) - binomedf (10, x,1),3}
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S(m) NEREN
ic | D
. [Each door
€, ‘oG Ko ﬂpaimed n any of
No. of ways ={*C,)' =1024 1th?4 celou:s .
)

i |

EE E E—! E E

Consider each door f I
"a(_:_ 3(1 S(-‘z 3(: :(,‘

Ato L in sequenee |

[ Y

[ 'C

1, ways to paimﬁ % I
ways to paint B different from A } ‘

%
z

E‘Q ways ta paint C different from B é

["Ci ways to paint D ditferent from _Lj

FC, ways to paint E different from D !

Ne. of ways = *C,x{*())’ =324

8{c)

TF all 4 colours are used, there must be 2 doors out of 5 painted
with the same colour.

Method : {consider colows 1o be used)
k3

No. of ways = *C,x 7= 240

t 1

4 (:i

colour to paint 2 doors  [lyith | colour appearing twice

? .
ways to choose a % ways 10 armange 3 colours in a Tow,

Method 2: {cotsider donrs to be painted}
No. of ways = ", ', x 3t = 240
4

$t

doors with 3 colours

o ] : -
*(7, ways 1o choose 2 doors | | ! 3! ways to paint remaining 3
!

out of § to paint same cologr

€, ways to choose 2 colour to paint the 2 vhosen duors

T
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{a)

&~ N[,u,(rz)

Since P(S <805)=P(§> 84.5),

§0.5+84.5
o

-

By symmetry, = =825.

Method 1: Using GC
§~N{82.5.0%)

From GC,
o = 10956583 = 1.10 {3 5.£) (Shown)

Method 2: Using Standard Normal Distribution
P{8>85)=0.015

p(z > 85““}:0.1 155
(=2

7

8-825 227343
[+2

o =1.099657 =1.10 {3 5.£) (Shown)

(b}

C~N(83,1.5%)

Let W=C-8.

W~ N{83-82.5,1.1099657° +1.5%)
i 7 ~ N{0.5,3.45025)

or W~ N{0.5,3.46) [if use o=1.10]

P0<C-5<2)

=P{0<HF <2}

=0.3955¢ or (39595 [if use o=1.10]
=0.396 {3 5.0)

()

P(C~5>15/0<C-5%2)
_P{L5<C-§<2)
 P(0<C-552)
(00854258 _0.0854208

0.3959¢ 6.39595
=02}15727 or =0.215734 {ifuse o=1.10]
=0216 (3s.f)

{if uze =110}
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10 The population consists of all fresh graduates with a B.5c

(a) | degree. While universitics may have data on students before
graduation, these graduates can work in various industries
across Singapore afier graduation. To obtain a truly random
sample, every graduate must have an equal chance of being
sclected, and the selection process must be independent.
However, several challenges make this difficult:

» Not all graduates will be employed immediately after
graduation, making it harder to gather salary data and
select a truly random sample.

s It may be difficult to track where fresh graduates are
employed, as their contact details may have changed
since leaving university.

+ Some graduates may be unwilling to respond to the
survey, particilarly if they are uncomfortable sharing
salary information.

« Graduates in different job scotors or industries (¢.g.,
private vs. public) may have different leveis of
transparency regarding salary data. For example,
starting salaries in the private sector may be
confidential, further complicating data collection.

10 3 {x~3600) = 1000
(b3

¥ x— 3 3600 = 1000
3 x=1000+ 3 3600
> x =1000+80(3600)

o 2
T80

An unbiased estimate of population mean is = ¥

I= ————1000 +3600
80

=361235
_ 7225
2
An unbiased estimate of population variance is = §?
5 = | 205000 - 1907
79 30
192500
79
= 2436§£
79
= 2436 708861
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10
(€}

Let 4 and o be the population mean and variance of
starting monthly salaries of fresh graduates with B.Sc.

Test  H,: p=3600
Against H,: g 3600

Perform a 1-tailed test at 5% level of significance.
Under H, , since n=80 is large, by Central Limit

2

Theorem, X - N[ p,g—} approximately
A

Test Statistic; 7 = i;_ﬂ,y N{0.1}) approximately

N

At 5% level of significance, p-value
=(01173874 = 00118 (3 5.4)

Since p-value =0.0118 <005, we reject H, and conclude

that there is yafficient evidence at 5% level of signifieance
that the popuolation mean monthly sadary is higher than
83680. Therefore First-Pav’s claim is justifiable.

| £1]
(d)

Since the sample size of %0 is large, by Central Limit
Theorem, sample mean monthly salary of fresh graduates
with B.S¢, X follows a normal distribution approximately.
Thus, no assumption on the population, X is needed.

10
{e)

"5% level of significance” tesns that there 15 a 5%
probability that we wrongly conclude that pepualation mean
monthly salaries of fresh graduates with B.Sc. is higher
than $3600 when it is in fact $3600.

H1!
n

" Test Hy: u=3600

Against H,: g > 3600

Perform 2 t-tailed wst at 5% level of significance.
EaES g—zxﬁﬁ: =12846] 0169

Under H, . since n=60 is tage, by Cenfral Limit

-

Theorem, ¥ - N[ y,g--J approximaiely.
n

Test Statistic; Z = % ~ N{0,1} approximately

Voo
At 5% level of significance,
rejeet H, when critical region is 7 2 ].644853626

Since H, is not rejected,

FoI00 ) eaansions
g

F < 1644853626 x /RIS | 3600
0 < 5 < 3676.020304
Largest 7 = 3676 (nearest dolfar)
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(2 b b+n
1 bin
P
1 {'b) 1 ] I
LI LN I
f La y (n a
From GC,
¢=Ii. where L=n , [, =~ where L, = h
” s
Bt ? )
1 e D | | B e
HIE 5 bl ] be, BAROS 27363
t e faa 158 rr=d, FHaaSeaz2Y
----- B B ey e, PS5 Z1 8566
TEisEL ]
% - 0.1235019611 1 4 0.0408529963
"
}~ = 0.]24i +0.0409 (351}
h n
] )
— = (1235009611
a
1 - 0.0408529963 => o = 24 47800893
a
b =0.123501961 1= 24 47800893 = 3023082082
L a=24478and b=3.023 3 dp)
11(b) | Red vertical line on the graph represents the residuals
i
;;—? Fy
161
L azat 00200
k ;]
0307
f .
i 1
iH —_—
"
11 _an
© baim o l:[f)(lhi
Hean ab ho\aj\n) d
bin

Asn—w, h—ua or lw&—l—
h 7

¢ The theoretical maximum height of the plant specimen.
¢ The maximum height of the plant specimen in the long
run.
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1
()

Smee k=18,

RS

18

={,123501961 }(-]+G.0408529963

1
n

A

B | e e | e

0.123501961 1( l)+ 0.0408529963 < .-
A 1B

8400031487
Minimum number of months is 4,

The estimate #s reliable since
* 4= 18 cm is within the data range [6.22.19.72] and

*  scateer diagram in part (b) shows that there is a strong
posisive binear relationship between ;; and l
n
¢ F=0995215566=0.995 (3sf)iscloseto |
indicating a strong positive linear relationship between
]

1
d —.
fimn

314y

i
L4=;'-

From least squares regression line:
s
L= ;:; = 0.123501961 IL1)+G_G4{}8529963 o
8
L, =0.12350L, + 0.040852 (5 5.1

From GC,
sum of squares of residual

= Sum (L, L}’
= 8 8416x107 (S s.8)

wml{La-11)7)
e miessi e, AR SBRRNLE S,

= 0.000088416 (5 5.£)

8t varianoel
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12
(%)

Probability Distribution of X

x —1i{ 0

- | a
p

I
rajarll,

P(X =) b

TP(X =x)=1

W

é+é+ﬁ+a+b+b=l
22

2a+36=1
bﬂ]—-Za
3

12
(b)
(i

E(X)=3 sP(X =x)

E(Xj=——--~—+ﬁ+a+2b+3f:

6 3

12
(b)
()

12(3”)12!::2?(/&' = x)
E(X")

=f‘2£+2+()+a+4b+%

3 2 (1 )

6 3 6 3

3 Ba (0 s, 160
6 3 % 18 9
137 S6a_16a’

|
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12 For Xto be defined,
(b} @, b >0 as stated in the question.
iii -
Gy From part (a}, bm]'—g%g
Sie-da )
a% i
When X is defined, Var{X}is defined when O<a< —é—
12 7
F E.
() or a 56

5 3 i0
7 f1y
56 —1 16 =
wﬂxkzﬂ%@w@plzzﬂ
: 36 9 9 106G

Since 7= 50 is large, by Central Limit Theorem,

Let T=X, + X, 4.+ Xy~ N 59{1},50(335J
: 107 (100

approximately.

< T ~N{3570.5) approximately.

P(|T-36|<5)
=P(~5<T-36<5)
=P(31<T <41

= 0.445667

=0.446 (3 5.0)
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