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1

Section A: Pure Mathematics [40 marks]

The equation of a curve is given by »° —xy=¢** +7.
. ., dy .
(i) Find 3 in terms of x and y. [2]

(i) Find the equation of the tangent to the curve at the point where x = 0. [2]

It is given that z=—\/g —14/2 and w=3(cos57n—isin§7£). Without the use of a

2

calculator, find the modulus and argument of in exact form. [6]

w*

A curve C has equation y = 5 -
4+x

() Sketch the graph of C, stating the equations of any asymptotes and the coordinates
of any turning points. [2]

(i) The region bounded by the curve, the y-axis and the line y = % is rotated about the

x-axis through 360° . Use the substitution x =2tan# to find the exact volume of
the solid obtained. [5]

In the triangle ABC, angle BAC = %radians and angle ABC = (% +2x) radians. Show

that 4B - _2cos2x [31
AC cos2x+sin2x

Given that x is sufficiently small for which x* and higher powers of x can be ignored,

find the series expansion of %— in ascending powers of x. [4]
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Referred to the origin O, the points 4 and B have position vectors a and b respectively
where a and b are non-zero non-parallel vectors. The point C is on AB such that
AC:CB=3:2 and the point D is such that 4 is the mid-point of OD. It is also given that
ODPB forms a parallelogram.

(i) By finding OC and OP in terms of a and b, show that the area of triangle OPC
can be written as k|a>< b‘, where k£ is a constant to be determined. [5]

The lines AB and OP intersect at point E.
(ii) Find the position vector of F in terms of a and b. [4]
(i) It is given further that angle 4OB is acute and a is a unit vector. Find the range of

values of |b| such that E is the foot of perpendicular from D to the line OP, giving

your answers in exact form. 7

Section B: Probability and Statistics [60 marks]

The probability function of a discrete random variable, X, is given as follows:
p ifx=0
P(X=x)= %P(X=x—1) ifx=2,4,6
q ifx=13,5
(i) Given that the expected value of X is 2, find the probability distribution of X. [4]

(ii) Given that X, and X, are two independent observations of X, find
P(X,+X,=4). [2]

(a) A team of 5 people from a family of 7 adults and 3 children is to be selected fora

competition. Find the number of teams that can be selected if

(i) there are no restrictions, [1]

(i) at most one child and the oldest adult must be in the team. [2]

(b) For events 4 and B, it is given that P(B) = ;—(7)-, P(4'nB)= % and P(B|4)= ;
() Find P(4NB). [3]

(i) Find P(4|B). 2]
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To improve the prediction accuracy of earthquakes, a group of seismologists gathered the

following information about the crack density p , measured in millimetres™, at different

distances away from the fault line d , measured in millimetres.

d 1 10 100 200 500 1000
49 27 16 11 10 9
(i) Sketch a scatter diagram of the data. [1]
(i) Find the product moment correlation coefficient between
(@ pandd,
M) Inp and Ind. [2]
(iii) Using the answers to parts (i) and (ii), explain why the relationship between
p and d is better modelled by Inp=A4+BInd, as compared to p=C+Dd,
where 4, B, C and D are real constants. Hence, find the equation of a suitable
regression line for this better model. [3]
(iv) Use the regression line found in part (iii) to estimate the distance away from the
fault line, to the nearest integer, when the crack density is 8 mm™ and comment on
its reliability. [2]
(v) Without further calculations, explain whether the product moment correlation

coefficient between In p and Ind would be different if d was recorded in metres

instead. (1]
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A fruit seller claims that the apples he sells have a mean weight of 200g. A consumer
believes the fruit seller is overstating his claim and decides to do a hypothesis test. He
buys a random sample of 30 apples from the fruit seller and measures x, the weight of

each apple with the following results:
Y (x~200)=-30 and Y (x~200)" =1800.
() Explain why, in this context, the given data is summarised in terms of (x —200)

rather than x. [1]
(ii) Find unbiased estimates for the population mean and variance. [2]
(iii) Test, at the 10% significance level, whether the fruit seller has overstated the mean
weight of apples that he sells. [4]
The fruit seller wishes to test whether the weight of oranges he sells has a mean weight
of 120g and it is given that the weights of oranges sold by the fruit seller are normally
distributed with a standard deviation of 8g.
(iv) For a random sample of 30 oranges, find the set of possible values of the sample
mean weight to conclude that the mean weight of oranges is not 120g at the 10%
level of significance. (Answer obtained by trial and improvement from a calculator

will obtain no marks.) (4]
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10

A company produces large batches of key chains. It is known that, on average, 3% of the
key chains are defective. The key chains are packed in boxes of 7.
(@i State, in context, two assumptions needed for the number of defective key chains
in a box to be well-modelled by a binomial distribution. (2]
Assume that the assumptions stated above hold.
(i) The probability that a box contains fewer than 3 defective key chains is less than
0.95. Find the smallest possible integer value of 7. [2]
As part of the company’s quality control process, the company is considering 2 methods
for inspection of a batch of key chains.
Method A
The key chains are packed in boxes of 20. A box is randomly selected. If there are 2
or fewer defective key chains, the batch will be accepted, otherwise the batch will be
rejected.
Method B
The key chains are packed in boxes of 10. A box is randomly selected. The batch is
accepted if there are no defective key chains and rejected if there are 2 or more
defective key chains. Otherwise, randomly select another box for inspection. If there
are fewer than 2 defective key chains in the second box, the batch will be accepted.
(iii) For each model, find the probability that the batch will be accepted. 3]
(iv) By calculating the expected number of keychains to be sampled for each method,
give a possible reason why the company would choose method B. [2]
The key chains are packed in boxes of 20.
(v) A random sample of 30 boxes is taken. Given that there are 3 boxes with 3 or more
defective key chains, find the probability that the third box with 3 or more defective

key chains occurs on the 15 box. [3]
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In this question you should state clearly all the distributions that you use,

together with the values of the appropriate parameters.

In a factory, oil is stored in barrels of different sizes. It is given that the volumes of oil in
the barrels can be modelled using normal distributions with means and standard

deviations as shown in the table.

Mean volume | Standard deviation
(in litres) (in litres)
Light oil 110 2.5
Heavy oil 145 3.5

(i) Find the probability that the volume of light oil in a randomly chosen barrel is
between 104 litres and 116 litres. [1]

(ii) Sketch the distribution for the volume of light oil, indicating clearly the probability
found in part (i). [2]

(iii) A random sample of seven barrels of heavy oil is chosen. Find the probability that
exactly four barrels of heavy oil have volume between 142 and 150 litres each and
exactly one barrel of heavy oil has volume more than 150 litres. [3]

(iv) A random sample of n barrels of heavy oil is chosen and it is given that the
probability that the mean volume of these n barrels of heavy oil exceeding £ litres

is at least 0.3. Find an inequality, expressing & in terms of n. [3]

A lorry with a maximum laden mass of 6800 kilograms is used to transport 25 barrels of
light oil and 30 barrels of heavy oil. It is given that the densities of light oil and heavy oil
are 0.83 kilograms per litre and 0.94 kilograms per litre respectively, and the empty
barrels for light oil weigh 5 kilograms each and the empty barrels for heavy oil weigh 8

kilograms each.
(v) Find the probability that the load of the lorry exceeds its maximum laden mass. [4]
[Density is defined as Mass .
Volume
(vi) State an assumption needed for your calculations in part (v). [1]
End of Paper
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2022 H2 MATH (9758/01) JC 2 PRELIMINARY EXAMINATION SOLUTION

1 Sequences and Series
M |3 2 5  3(r+))(r+2)+2r(r+2)-5r(r+1)

r r+l r+2_ r(r+1)(r+2)

37 +9r+6+42r7 +4r—5r> = 5r
a r(r+1)(r+2)
_ 8r+6
B r(r+1)(r+2)
(i) u 4r+3 1& 8r+6
ér(r+l)(r+2) ;r(r+l)(r+2)
5

1 (3 2
= — + —————
2r=1

r r+l r+2]

1(3 2 3 5 2 5)
=—| —F—+—== + -

2\1 2 2 n+l n+l n+2
11 3 5
T4 2(n+1) 2(n+2)
z 4r -5 a8 4r+3
= r(r—l)(r—Z) - o r(r+l)(r+2)
11 3 5
4 2n1) 2m
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Integration
1 1 Vs
J (1—x2)sin'1x &= (1_x2)(51n lx) de
_ (sin‘l1 x)% iC
2
=2/sin'x+C

b - -
(b) J‘2x3 d":lJ— 2502 g 2 4
x -2x+4 2) x*-2x+4 (x—l) +3

=lln(x2——2x+4)—-g—tan"-x—_l+C
2

V3B

Note: x*> -2x+4=(x— 1)2 +3>0 . Therefore, modulus is not required
for In(.)

whenx=8,(at)2 =8=>t=

22
a
whenx=(),(at)2 =0=>t=0

2,2
x=a't

E =2a’t
dr

= 2e2‘/2-(2\/5—1)+2
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Graphing and Inequalities

. r=p-

v
=

0.697 3 4.30

y==x +5x~3

x> +5x-3=3-x]

-x*+5x-3=3-x or x> +5x-3=—(3-x)

For x<3:

—x*+5x-3=3-x

¥ —6x+6=0

_6+,JeF—4(1)(6)
2

612

2
=3+.3

=3—\/§ since x < 3

X

For x> 4:
—x’+5x-3=—(3—-x)
x—4x=0
x(x-4)=0

x =0 (reject since x >3)orx =4

—x>+5x-3 <|3——x]

Using graph, x <3—+/3 or x> 4
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Maclaurin Series

ld—y=kcoskx
dx

y
dy

—< =kycoskx
” ky

— = (—ksinkx)+k$}—coskx
dx
=—k2ysinlcx+%(kcoskx)

=—k2ylny+d—y 1y
dx\ ydx

+

+...
2 6

Bx’ ’ Bx’ ’
W G M G
=1+(kx— p +

3.3
:1+kx—kx

+%(k2x2) +é(k3x3) +...

2.2
=1+kx+kx

+... (verified)

Coefficient of x* =0
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Applications of Differentiation

(@)

The water forms a smaller cone of radius r and height A.

From the diagram, by similar triangles,

Let the volume of water in the cone be v .

V= lﬂ'rzh
3

dr 27

The rate at which the water level is decreasing at 3 cm/s.

2

(b)

tan @

=—I?—A—l— ".DM =5tan @

c0s0=——5—— S AD =5secd
AD

DA+ AB+BC =20
Ssec@+ AB+5secf =20
S.AB=20-10secd

Area of trapezium ABCD

-~(5)(48+Dc)

=-§—(2(20—10sec€)+2(5tan0))
=100-50secd+25tanf (shown)

Page 5 of 17
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(ii)

A=100-50sec@+25tan 8
g—%=—50$ec0tan0+ 25sec’ =0

25sect9(—2tan0+sec49) =0
25sec =0 or 2tan@ =secd

(NA) sind =

0=

oy NI=

A=100 —SOsec(zj +25tan [Zj
6 6

=1oo-50[%)+25(%)
~100- 2

V3
=(100—25\/§)cm2
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7 Functions and Transformation of curves
(a)
a) Ya !
H
1
1
:
I
|
I
]
1
! e
¥ y=£fx)
:
1
T > X
)
1
1
1
1
]
I
1
}
rx=1
( : )
Lety=a| x+——
x-1
9— =0 =>x=00r2
dx
(a) Since the line y = 4a cuts the graph of y = f (x) more than once, fis not
(ii) a one-one function, hence f does not have an inverse.
(a) R, =(-w,-a]U[3a,0) D,=R\{-L1}
(1ii) Since a>1, —-a<-1 and 3a>1
Since R; € D, . gf exists.
(b) 2ot
y=¢

{ A :Replace x by o

(3)

y=e 12 —e 3

I B: Replace y by y+1
-1

y+l=e_3—

1 C: Replace y by x and x by y
y-
x+l=¢ 3

2

L= = in(x+1)

y*=3In(x+1)+1
vy>0,y= 31n(x+1)+1

Page 7 of 17
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.'.y=q(x)= 31n(x+1)+1

1
Range of C: [e_g,wj

Page 8 of 17
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Equation of /; : r=|-1+4| 2 where AeR
3 -3
1
Equation of p, : rlol=3
1
1 5 -2 —1
Normalof P, =|0 (x| 2 |=| 8 [=2| 4
1 -3 2 1
-1 =23 (-1
Hence, equation of p, : r-l 4 |=l =111 4 |=2-4+3=1
1 3 1
Cartesian equationof P, : —x+4y+z=1
(i) Solving x+z=3-—-(0)
—x+4y+z=1--——(2)
x=3-u
From GC: y=1_lﬂ
2
z=u
3 -2
Hence, equation of L : r=|1|+al| =1] where o e R
0 2
(ii) | Let 7 be the foot of perpendicular from B to P,
Method 1:
0 -1
Let lBF tr=|4|+1| 4 where r e R
3 1
—t -1
Sub into equation of P, : 4+4t || 4 |=1
3+¢ 1
t+16+16t+3+¢t=1
t=-1
(0—(=D) (1
Hence, OF =| 4-4 |=|0
3~-1 2
1
Perpendicular distance from 5 to p, =k =|BF “—‘ —4|=32
-1
Page 9 of 17
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Method 2:
Since F ison l,as p, and p, are perpendicular planes,
_ 3 -2
OF = v |1 |+a| -1
0 2
3-2a 0 3-2a
BF =OF -OB=| 1-a |-|4|=| -3-«a
2a 3 —3+2a
-2
BF-|-1]=0
2
3-2a \ (-2
-3-a || -1|=0
3+2a) | 2
—-6+4a+3+a—-6+4a=0
a=1
3-)) (1
OF=| 1-1 |=|0
2(D 2
1
Perpendicular distance from B to P, =k=|ﬁ|= 4 |=32
-1

@iv)

Since the perpendicular distance from B to L is 342 , the lines on P, witha
distance of 3+/2 must be parallel to /.

Using ratio theorem, find the reflected point B' in the line L,

1 0 2
OB'=20F -0B=2{0|—| 4 |=| -4
2 3 1
Hence, equation of lines:
Y -2 2 -2
r=|4{+a| -1 where feR or r=|—4|+y| -1 yeR
3 2 1 2

Page 10 of 17
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| ‘C\omplex Numbers

9
(a) | Given z=x+1y, x,yeR
() _(=)
z  z
_(x=2i)’
- X+ yi

_ (= i)’ (x— i)
(x + yi)(x —-yi)

_ (x-i)
** =(yi)
3 x*—3x* (yi)+3x(yi)2 —(yi)3
- X +y°
=)53—3xzyi—3xyz+y3i
x* +y?
X =3x7 -3x*y+y’.
=g T2 !
X +y X +y
2\ 2\*
Given gz—)— isreal — [m{(_z_)} =0
zZ z
a2 3
—_—>3_)§'X_i-.22)_=0
X +y
-3x’y+y* =0
y(y2—3x2)=0

=)+ =0

y =0 (rejected as y is non-zero), y= \/gx or y= —\/gx

Since |z|=1:>x2+y2=1,

For y=1+3x,, x2+(ix/§x)2=1
=l
4

x=i—l :>y=i—\/—_?i

2 2

.. Possible values of z are

ﬁilﬁ.lﬁ. 1 3.

+—i, ——+—1i, ~———

1
2T Tty T Ty

Page 11 of 17
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(b)

Let z=x+1y, x,yelR

(x+iy)’ =33+56i
x? +2xyi—y* =33+ 56i

Comparing real and imaginary parts,

K-y =33 (1)
2xy =56
y=2
X

Substitute (2) into (1):

2
x? —(2§) =33
x

x*—33x>—784=0
(x2—49)(x2+16)=0

Sincexisreal, x==7 or x=7

When x=-7, y=—4 Lz=-T7-41
When x=7,y=4 nz=T7+4

.. the roots of the equation are —7—4i and 7+4i.

w? =-33+56i

—w’ =33-56i

(—w2 )' =33+56i (conjugate both sides)
* 2 .

—(w') =33+56i

i2(w') =33+56i

(i) =33+56i

Replace z by iw' ,

iw =-7-4 or iw =7+4i
—-w' =-T7i+4 -w' =7i—-4
w=7i-4 w' =-T7i+4
w=—4-Ti w=4+T7

Page 12 of 17
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10 | Differential Equations
O | ¢ 2
d—2 +0. l(dx) =10
dt dr
2
Sincey=— = — dy dx
dt At df
dy 2
—+0.1y" =10
@Y
Y _10 ~0.1y* (shown)
dt
(ii)

dJ’_ _ 2 L2
5_10 0.1y* =0.1(100- y*)

L&,
100—y* ds

1
JIOZ— - dy=[0.1dt

10+y|
10-y|

0.It+C

=2t+20C

0-y
10+y _ 4e2t+20C
10-y

10+y
10—y

= Ae* , where 4 =+e”¢

Whent=0,y=0,. 4=1
10+y=¢*(10~-y)

y(1+e*)=10(e* -1)
_10(e™ 1)

e¥ +1

10(e2’ 1)
+1

e
(e +1 e ]
10
e” +1 1+e
2t -2t
5 2e 2e dr
e +1 1+e

1n|e2'+1l+1nI1+e‘2’])+D

&9 1)
dr

1

S

X

il

lI

II

5(
( +1 +1n 14+ ))+D ,ve+1>0and 1+ >0

5h1(2+e +e'2’)+d

Page 13 of 17
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Whent=0, x=0, d=—5In4
x=51n(2+e2'+e-2')—51n4

2t -2t
x=5In (2‘%_":_)

(iii))

When t=2,x=13.3m (3s.f.).
The squirrel has fallen 13.3 metres.

@iv)

Note that y = % is the velocity of the falling squirrel at any time 7.

10(e” -1)
e+l
10(1-¢™)
C 14e™
Ast >, e >0,y —>10
Hence, the terminal velocity of the falling squirrel is 10 m/s.

Page 14 of 17
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APGP

®

n(no. | Total amount in account A4 at the end of n'® year
of
years)

1 1000(1.035)

2 [1000+1000(1.035)]1.035
=1000(1.035+1.035%)

3 [1000(1.035+1.0357)]1.035
=1000(1.035+1.035? +1.035°)

n 1000(1.035+1.0352 +1.035° +...+1.035")

Total amount in account 4 at the end of » years
= 1000(1.035+1.0352 +1.035° +...+1.035”)

(1.035(1—1.035")}
= 1000

1-1.035

_ 1000{1.035(1.035" —1)J

1.035-1
_ 207000

(1.035" -1)

Therefore, p = 207000

and ¢ =1.035.

(i)

Method 1:
Using result from part (i),

When 7 =23, 207000 (1.03523 —1) =35666.53 < 36000

When n=24, 207000

(1.03524 -1) =37949.86 > 36000

When n =23, total amount in account 4 at the end of 2045 =
$35666.53

Total amount in account A4 at the start of 2046

= $35666.53 + $1000 = $36666.53

Hence, the total amount in account A4 first exceed $36000
on 1 January 2046.

Method 2:

n(no. | Total amount in account 4 at the start of n® year
of

_years)

1 1000

2 1000-+1000(1.035)=1000(1+1.035)
3 [1000(1+1.035)]1.035+1000

=1000(1+1.035+1.035%)

Page 15 of 17
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n 1000(1+1.035+1.0352 +...+1.035"")

Total amount in account A4 at the start of the nth year
= 1000(1+1.035+1.035* +...+1.035"")

(1(1-1.035”)]
= 1000 ————
1-1.035

_ 200000
7

(1.035" -1)

Using GC,

When n=23, 200000

(1.03523 —1) =34460.41 < 36000
200000

When 7 =24, (1.03524 -1) =36666.53 > 36000

Since n =24, the total amount in account A4 first exceed $36000
on 1 January 2046.

(iii)

n (no. | Total amount in account B at the end of n® year
of
years)
1 1000+ 40
2 (1000 +40)+(1000-+36)+40
= 2(1000) +36 +2(40)
3 [2(1000) +36+2(40) ]+ (1000+2(36))+40
=3(1000) +(36+2(36))+3(40)
n 7(1000)+36[ 1+2+...+(n~1) | +n(40)

Total amount in account B at the end of n years
= n(1000)+36[1+2+...+(n—1) |+n(40)

= n(1040)+36[(—n——212j|

S

207000

(1.035"-1)> n(1040)+36[(" —2 D), }

-1
207000 (1.035" ~1) - n(1040) +36[(" . )"] >0
Using GC,
When n=6,

207000

(1.035¢ —1)-6(1040) + 36[&_31—)9} =-0.592<0

Page 16 of 17
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When n=7,

2077000 (10357 —1)—7(1O4O)+36[(7_1)7

2

:|=15.687 >0

Leastn=17

Therefore, the total amount in account 4 first exceeds the total amount
in account B in 2029.

(iv)

At end of 31 Dec 2032, n=10

10(104O)+k[(10_21)10} > 2077000 (1.03510 —1)

[207000(1.035‘0 -1)
k>

1
-10(1040) | —
7 ( )} 45

k>38.711

Least k£ =39 (to the nearest whole number)
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2022 H2 MATH (9758/02) JC 2 PRELIMINARY EXAMINATION SOLUTIONS

lefere;lnanon and apphcatldns

@

dy d)’j 2
3y? L —| y+x—= |=2e*
Pyl

(3y2 —x)%x)iz 2e> +y

d_y_2ez"+y
dx 3y’ —x

(ii)

When x=0,

¥ —(O)y=e2(°) +7
¥’ =8

y=2

dy 26" +2 4

1
dc 3(2-0 12 3
Equation of tangent to the curve at x =0
y—2=%(x—0)

1
=—x+2
Y=3

More papers available at www.testpapersfree.com

BP~653




Complex Numbers

e argz
=—m+tan™ (—\/:J o
z=—V6—iV2
T S
=t —-—=—"=
6 6

Method 1
‘izwz | (1)(2v2)(3)’
w’ (3)

=62
.2
arg(lm,) ]=arg(i)+argz+2argw—arg(w')
w

7 Sm ( 51:) (Sn)
T T [ 2E (22
2 6 7 7

_ 52n
T2
- _10m
- 21
Method 2: Using exponential form

Sm.

Sn.
z= 2s/5e—7l

w= 3(cosEE —1isin ézj = 3e_71
7 7

LA __S".i _5—1[i 2
e? 2\/§e 6 (|3’
izw? _

L S5n.
w =i

3e’
- 6\/5 e(g_%ﬂ_l_:ﬁ_(i;_‘))
s, iom,
=6\2¢ 2 =6J2¢ 2
.2
=62
w
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] "Graph‘;ng (Rationa

@

y

4 (2 L)

4
v=20 .
0
(4
T4

(i)

T X
=——1 ;

8 J0(4+x )

x [* 4wn’e

=Z-n| —2 7 _(2sec’0) dO
8 nao(4+4tan202)2( sec'0)

=E—£IZI—COSZH do
8 47

= nlie_sinZH:Ig

8 4 2,
=£,E[(E_l)_ J
8 4|\4 2
_n_m

4 16
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Maclaurin Series

4ACB=7:—£—(£+2x)=Z—2x
4 \ 4 4
Using Sine Rule,
AB _ AC
sin z—2x sin £+2x
2 4
. (=
sin| —-2x
48 "2
AC Gn| T 12x
4
_ cOs2x
sin50052x+cos£sin2x
4 4
B cos2x
1 )
ﬁ(cos2x+sm2x)
_’@.:______‘Ewﬂx (shown)
AC cos2x+sin2x
ilf__ «/Ecos2x
AC cos2x+sin2x

b

(1—(2—;)1}(2;:)

B \/5(1—2x2)
T 1+2x-2x"

=2 (1-2x) (1425~ 22
1+(-1)(2x-24%)+ (;122(!;2)(2x_2xz)2+m)

)
2(1-2x)| 1+

N

V2(1-2x)(1-2x+ 22 +4x% +.. )

5

N

I

V2(
(
(1-2x*)(1-2x+6x +.. )
(
(

\/51 2x+6x> —2x* +.. )
s/EI 2x+4x* +.. )
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Vectors

0 | 5g_204+308_2_ 3,
5 5 5
OP =0D+0B =204+0B =2a+b
Area of triange OPC = -;—,_O?X R’\
=l(2a+b)x(ga+§b)
2 5 5§
=—1——|2ax2a+2ax3b+bx2a+bx3b|
10
=i|6axb—2axb|
10
= Zjaxp|
5
k=2
5
() | Line4B: r=a+Ai(b-a), AcR

Line OP: r=,u(2a+b), pHelR

To find intersection point:
a+A(b-a)=pu(2a+b)

(1-A)a+Ab=2ua+ ub

Since, A is not parallel to b and they are nonzero vectors,
1-A=2u

A=y
Solving, A= u =§

55:%(2a+b)
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(iii)

Method 1:
Since E is the foot of perpendicular from D to the line OP,

DE-OP =0

(%(2a+b)—2a]~(2a+b)=0

%(b-4a).(za+b):o

b-2a+b-b—4a-2a-4a-b=0
b -8a]’ ~2a-b=0

2a-b=b| -8jaf
2|a||b|cos AOB = Ib]2 - 8|a|2
~_ B[’ =8a’
cos AOB =———
2|al[b|
b -8 .
= ( a is a unit Vector)
2/b|
Since AOB is acute,
b -8
Lt RN
2Jb|
and since |b|>0,
Ib|> 242
Also,
2
|b—£'-l-,_|—8 <1 (- aisnot parallel to b)
b -8 <2b| (:[b}>0)
b* ~2|b|-8<0

(Ib]-4)(jpl+2) <0
we get 0<|b|<4 .

Thus, 22 <|b|<4
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Method 2:
Since E is the foot of perpendicular from D to the line OP,

DE-OP=0
G(zub)—za]-(zaw):o

S(b-4a)-(2a+b)=0

b-2a+b-b-4a-2a-4a-b=0
[b" ~8[a]" ~2a-b=0
2a-b=|b[ -8’
2|a||b|cos AOB =|b|" ~8|a[’
[b[* ~2[b|cos 4OB-8=0 (" a is a unit vector)

b| = 2cos AOB + \/4cos2 AOB —4(1)(-8)
- 2

=cos AOB++/cos? AOB +8

=cos AOB++cos? AOB+8 or cos AOB —+/cos* AOB+8

Since |b|>0, |b|=cos AOB ++cos®> 40B +8

Since AOB is acute,

0<cos AOB <1

0 <cos? 4OB <1

And cos AOB is strictly decreasing for the given domain,

We have 242 < [b| < 4
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Discrete Random Variable

(i) | Probability Distribution of X
X 0 1 2 3 4 6
P(X = g q q
(Xx=x)| P | 4 s | 9 3 9 | 3
E(X)=2
29 49 69
0+g+ 239+ 154+ =2
+q+3+q+3+q+3
p+q+—§—+q+%+q+%:l
. 5 2
Solving, p=—, g=—
2P
Probability Distribution of X
x 0 1 2 3 4 5 6
p(sz)_S_i_?_iiii
13 13 | 39 13 39 13 39
(i) P(X1+X2=4)=P(Xl=0,X2=4)+P(X1=4,X2=0)

+P(X, =1 X,=3)+P(X,=3,X,=1)
+P(X, =2,X,=2)

5(2 2(2) 2(2)
= 2 Z x| = x2+ = =
13139 1313 39\ 39

= 136 0.0894 (3 5.£)
1521
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BP-661

Permutations & Combinations and Probability
(a)() | Number of teams — 'oc, = 252

@)@) | Number of teams = °C, +(°C,)(°C;) =75

(b)) | Method 1:

A B

Let P(ANB)=x

P(B14)=5
x _2
Ly 3
10
2
*7s
Method 2:
P(AUB)=1-P(4'~ )=§
(B[A) i (:kA)):P(AmBF%P(A)
P(4UB)=P(4)+P(B)-P(4ANB)
=P(d)+ - 2P(4)
tr0-
:>P(A)=-;—
:>P(Ar\B)=§
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(b)(Gi)

.ulb——
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8 Correlation and Regression
(l) [)A
49 1x
x
94, ) x >
1 1000 ~d
(iD(@) | » =-0.62016 ~ —0.620
(ii)(b) | r =-0.99371=-0.994

(iii) | Based on the scatter diagram, as d increases, p decreases at a decreasing
rate.
Also, |r|=|-0.99371|=0.994 for In p and Ind is closer to 1 as compared to
|r| = —0.62016| =0.620 for p and 4.
Hence, the relationship between p and d is better modelled by
Inp=A+Bnd.
Inp=3.8793-0.25338Ind ~3.88—-0.253Ind ,
where 4=3.88, B=-0.253

(iv) | Inp=3.8793-0.25338Ind
When p=8,
In8=3.8793-0.25338Ind

d =1216.1~1216 mm (to nearest integer)

Even though |r| =0.994 is close to 1, since o =8 lies outside the data range
of p, the linear relation may no longer hold, hence the estimate is not
reliable.

(v) | The product moment correlation coefficient will be the same, as 7 is

independent of the scale of measurement.
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Hypothesis Testing

®

Since the weights of apples should be close to the mean of 200g,
using D (x —200)2 instead of sz ensures the sum is manageable

and not too large.

OR

By coding the summarised data of (x — 200) with reference to the

mean of 200, it reduces the value of summarized data into a number
that can be more easily handled when finding unbiased estimates.

(i)

An unbiased estimate for the population mean is x= :33;)_0 +200=199

An unbiased estimate for the population variance is

2
s2=_1_[1800_(—30) ]21770

29 30 29

(iif)

Let u be the population mean weight of apples, in g.

H,: x=200

H,: 4 <200

Under Hy, Since n=30 is large, by Central Limit Theorem,
1770 )

WJ approximately.
X -200

1770

(29)(30)

Level of significance: 10%

Reject H, if p-value < 0.1.

X~ N(ZOO,

Test Statistic: Z =

Under Hy , using GC, p-value = 0.24162 (5 5.f) =0.242 (3 5.)

Since p-value =0.242>0.1, we do not reject HO and conclude that

there is insufficient evidence, at 10% level of significance, that the
population mean weight of apples sold by the fruit seller is less than
200g. Thus the fruit’s claim is valid.
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(iv)

Let Y be the weight of a randomly chosen orange, in g.
Let ,, be the population mean weight of oranges, in g.

H,:pu, =120

H, :p, #120
_ 2
Under H,, Y ~ N(120,82) = Y~N 120,§—
30
Test Statistic: Z = Y8_120
/ V30

Level of significance: 10%
Reject H if z-value <—1.6449  or  z-value >1.6449

Since H, is rejected,

y8—120 <-1.6449 or y8—120 >1.6449
WA Vi
y<117.60 or  y>122.40
y<117 or  y>123

{;ER+Z;<117 or;>123} or {;eR:O<;<ll7or;>123}
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10

Binomial Distribution

(i) | The probability that a randomly chosen key chain is defective remains
constant at 0.03 for all key chains in a box.
Whether a randomly chosen key chain is defective is independent of
any other key chains in a box.
(ii) | Let X be the number of defective key chains out of 2 key chains in a
box.
X ~B(n,0.03)
P(X <2)<0.95
when n =27, P(X <2)=0.9538>0.95
when »n =28, P(X <2)=0.9494 < 0.95
Least value of n =28
(iii) | Method A:
Let Y be the number of defective key chains out of 20 key chains in a
box.
Y ~ B(20,0.03)
P(Y <2)=0.97899 =0.979 (3 5.f.)
Method B:
Let W be the number of defective key chains out of 10 key chains in a
box.
W ~ B(10,0.03)
P(a batch is accepted)
= P(W =0)+ P(W =1)P(W <1)
=0.95762
=0.958 (3s.f)
@iv)
Expected number for Method A =20
Expected number for Method B
=10x(1-P(W =1))+20xP(W =1)
=123 (3s.f)
Since the expected number of keychains to be sampled for method B is
lower, the company might choose B instead of A as it saves time in
checking (or any other valid reason).
\2) P 23)=1-P(Y £2)=1-0.97899 = 0.02101

Let .S be the number of boxes with 3 or more defective key chains out
of 30 boxes.

S ~ B(30,0.02101)
Let T be the number of boxes with 3 or more defective key chains out
of 14 boxes.
T ~ B(14,0.02101)
P(T =2)x0.02101x(0.97899)"
P(S=3)

=0.0224

Required probability =

Normal and Sampling Distribution
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@)

Let X and Y be the volume of oil in a randomly chosen barrel of light

and heavy oil respectively.

X ~N(110, 2.5%) Y ~N(145, 3.5?)

P(104< X <116)=0.984

(i)

104

(i)

Required Probability

=P(142 <¥ <150)' xP(¥ >150)x P(¥ <142)" x

=0.0863

7!

@iv)

3.5°
n

Let 7o tithattY, and;~N(l45,
n

Y>k 203

PZk145

145
35

%
1.84

k<l45+ —

Jn

<0.52440

)

Let T=0.83(X,+X,+ X, )+0.94(%, + Y, +---¥y,)

E(T)=0.83(110x25)+0.94(145x30)=6371.5 (exact)

Var(T)=0.83"(2.5* x25)+0.94(3.5” x30) = 432.363625 (exact)

T ~N(6371.5,432.363625) (exact)

P(T +25(5)+30(8) > 6800)
=P(T > 6435)
=0.00113

(vi)

The distributions of the volume of all types of oil are independent of

one another.
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